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Abstract

We are concerned with a stochastic mean curvature flow of graphs over a periodic
domain of any space dimension. For the first time, we are able to construct martingale
solutions which satisfy the equation pointwise and not only in a generalized (distribu-
tional or viscosity) sense. Moreover, we study their large-time behavior. Our analysis
is based on a viscous approximation and new global bounds, namely, an L, , esti-
mate for the gradient and an L2 ., bound for the Hessian. The proof makes essential
use of the delicate interplay between the deterministic mean curvature part and the
stochastic perturbation, which permits to show that certain gradient-dependent ener-
gies are supermartingales. Our energy bounds in particular imply that solutions become
asymptotically spatially homogeneous and approach a Brownian motion perturbed by
a random constant.
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1 Introduction

The mean curvature flow (MCF) of hypersurfaces is one key example of a geometric
evolution law and is of major importance both for applications and for the mathemat-
ical theory of surface evolution equations, see for example [17,42,55] or [4] and the
references therein.

Given a family (I'());~0 of smooth n-dimensional hypersurfaces in R"*! mean
curvature motion is characterized by the evolution law

Vx,t)=H(x,t) fort>0,xel@®)

where V' describes the velocity in direction of a fixed smooth normal field v and H
denotes the mean curvature with respect to the same normal field (in our notation H
is given by the sum of the principle curvatures).

The motion by mean curvature has attracted much attention. It is the simplest gra-
dient flow dynamic of the surface area energy, that is a relevant energy in numerous
applications. There are several analogies to the heat equation, as can be seen in the
distance function formulation of MCF (see for example [4]) or the approximation by
mean curvature flow for nearly flat graphs. One of the consequences is that a compar-
ison (or inclusion) principle holds and that convexity is conserved. On the other hand,
MCEF is a nonlinear evolution, governed by a degenerate quasilinear elliptic operator.
This in particular leads to the possibility that singularities appear in finite time and that
the topology changes. For example, balls shrink in finite time to points and for cer-
tain dumbbell type initial shapes a pinch-off of components happens. Such challenges
have been the origin and motivation for several important developments in geomet-
ric analysis, starting with the pioneering work of Brakke [9] on geometric measure
theory approaches, level set methods as developed by Evans and Spruck [21-24] and
Chen et al. [13], De Giorgi’s barrier method [5,6] or time discrete approximations as
introduced by Luckhaus and Sturzenhecker [41] and Almgren et al. [1].

The formation of singularities on the other hand can be excluded in particular
situations such as the evolution of entire graphs, where solutions exist globally in
time [19] or for initial data given by compact, smooth and convex hypersurfaces [31].
In the latter case the surfaces become round and shrink to a point in finite time.
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Existence of martingale solutions and large-time... 409

Several of the techniques developed for mean curvature flow have been successfully
applied to deterministic perturbations of the flow [2,3,12,13,43] that are present in a
number of applications. A random forcing was included to mean curvature flow in [34]
to account for thermal fluctuations. In this paper we study a particular stochastic
perturbation in the case of hypersurfaces given as graphs over the n-dimensional flat
torus. To motivate the equation let us start from the general case of a random evolution
(T(1));=0 of surfaces in R"*! that are given by immersions ¢; : I' — R+ of a
fixed smooth manifold I". We then consider a real-valued Wiener process W defined
on some probability space (€2, F, P) and the stochastic differential equation

dgp (x) = v(x, ) (H (x, Dt 4 odW (1)), 1

which is possibly the simplest stochastic perturbation, by a one dimensional white
noise acting uniformly in all points of the surface in normal direction.

If we further restrict ourselves to the case of graphs over the flat torus T" (repre-
sented by the unit cube and periodic boundary conditions), that is,

T'(w, 1) = graphu(w, -, 1) = {(x, u(w, x,1)) € R" | x € T}

for a (random) function u : Q x T" x (0, 00) — R, we are lead to the following
Stratonovich differential equation

du = Q(Vu) V- (v(Vu)) dt + Q(Vu) o dW 2)

where Q(Vu) denotes the area element and v(Vu) the horizontal projection of the

normal to the graph
Q(p) :==/1+Ipl? ©)
P
v(p) = ——, peR™. “
V1+Ipl?

The choice of the Stratonovich instead of an Itd differential in (2) is necessary to
keep the geometric character of the equation, see the discussion in [40]. Despite its
origin from a rather simple stochastic forcing, the evolution equation for the graphs
presents severe difficulties. In particular, the presence of a multiplicative noise with
nonlinear gradient dependence in combination with the degeneracy in the quasilinear
elliptic term are challenges for a rigorous analysis and it is at first place not clear
whether or not solutions stay graphs.

The deterministic mean curvature flow for graphs was considered in [18], where an
a priori gradient bound was proved and the long-time behavior was analyzed, see [30]
for graphs over a given domain with vertical contact angle. Lions and Souganidis pre-
sented a general well-posedness theory and introduced a notion of stochastic viscosity
solutions [36-39] for geometric equations of mean curvature flow type (and beyond),
but no regularity properties other than continuity are obtained for the solutions. The
evolution (1) for the case n = 1 was investigated by Souganidis and Yip [51] and
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Dirr, Luckhaus and Novaga [16], where a stochastic selection principle was identified
in situations where non-uniqueness appears for the deterministic flow. In [16] also an
existence result was proved, but only for short time intervals determined by a random
variable that is not necessarily bounded from below. Other (formal) approximations
of stochastically perturbed mean curvature flow equations have been studied, such as
a time discrete scheme in [54] and stochastic Allen—Cahn equations in [7,8,25,48,53].

The Stratonovich differential equation (2) was already considered in the case n = 1
in [20] and, mainly for n = 2 in [28], by von Renesse and the second and third author.
The present paper continues and extends these results in several respects. The most
important new contribution is a uniform (i.e. L with respect to all the three variables
w, x, t) gradient bound for « and an L2-bound for the Hessian in arbitrary dimensions.
This is a major improvement compared to [28] where only H'-estimates for x and
an L>-estimate for the mean curvature were shown. Our gradient bound in particular
shows that a solution stays a graph for all times. More precisely, Lipschitz continuity
of the initial condition is preserved during the evolution. As a consequence of our
improved bounds we are able to prove the existence of martingale solutions that are
strong in the PDE sense for any space dimension. In contrast, in [28] the existence
result was restricted to two dimensions and the solutions were only weak in the PDE
sense.

Our proof of the gradient bound uses a Bernstein type argument [27, Section 14.1]
but in a context of energy methods, which seems to be new even for deterministic
mean curvature flow equations. In the deterministic case this argument reduces to an
argument which is similar to the way the gradient bounds in [18] are derived from
Huisken’s weighted monotonicity formula, but instead of the backward heat kernel a
constant kernel is used.

Especially the L°°-gradient bound and in particular its uniformity with respect to
the randomness variable w may appear somewhat surprising in the field of SPDE:s. It
is a consequence of the geometrical nature of the model and more precisely of the fact
that the structure of the noise respects the underlying deterministic evolution. This is
reflected through our energy-type estimates: by exploring the precise structure of all
the involved quantities we are able to group them in such a way that each term can
be shown to be non-positive and additionally yields a control of second derivatives.
The identification of the non-positive terms makes use of the interplay between the
deterministic mean curvature part of the equation and the stochastic perturbation.

Moreover, we are also able to study the large-time behavior of solutions and prove
that solutions become homogeneous in space and asymptotically only deviate from
a constant value by a Wiener process. This result improves the results of [20] by
obtaining a stronger convergence and extending it to arbitrary dimensions.

In contrast to [28] we will use the abstract theory of variational SPDEs [47] to
handle equation (2). Although (2) itself only has a variational structure for n = 1,
which was exploited in [20], the gradient of a solution will indeed solve a variational
SPDE for arbitrary dimensions. Since (2) lacks coercivity we will approximate it for
e > 0by

du = eAu + Q(Vu)V-(v(Vu)) dt + Q(Vu) o dW, %)
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Existence of martingale solutions and large-time... 411

which is coercive in an appropriate sense. We will call (5) the viscous equation.

Since the viscous equation is not covered by the classical theory for variational
SPDEs [26,47], we include an It6 formula and an abstract existence result for a
large class of equations in “Appendix A”. These results, which hold independent
interest themselves, are generalizations of the results from the pioneering works of
Pardoux [45] and Viot [52].

For a precise formulation of our main results and an overview over the main tech-
niques of the proofs see Sect. 3 below.

We note that under our assumptions on the initial condition the stochastic viscosity
theory a la Lions, Souganidis [36—39] yields the existence of a unique viscosity solu-
tion. Proving the coincidence of our solution with the viscosity solution seems a major
challenge and out of reach at the moment. Comparing the two notions, our solutions
have better regularity properties implying not only space-time Holder continuity but
in addition L?-regularity of second order derivatives in space. In particular the mean
curvature operator is well-defined in a pointwise a.e. sense. Furthermore, we are able
to characterize the large-time behavior. On the other hand, proving uniqueness for our
solutions (which is necessary and most likely also a major tool to obtain the equiva-
lence of the concepts) remains open. For our solutions an energy based approach to
uniqueness seems most appropriate but to require even higher regularity of solutions
and a control of the evolution of quantities like the normal vectors or the surface area
measure.

This paper is organized as follows: After explaining the notation in Sect. 2 we
present our results in Sect. 3. Existence of solutions of the viscous equation will be
established in Sect. 4. In Sect. 5 we prove similarly to Huisken’s monotonicity formula
that certain energies are non-increasing uniformly in €. We apply this to deduce uniform
H? and uniform L gradient bounds for solutions of the viscous equation. In Sect. 6
we prove that solutions of (5) converge to a solution of (2), which in particular proves
that there exists a solution. The large-time behavior of a solution is analyzed in Sect. 7.

We present the theory of variational SPDEs in spaces with compact embedding in
“Appendix A”.

In his PhD thesis [15] the first author recently has obtained some extensions to
results of this paper, in particular generalizations to the case of space-dependent noise
and a weak-strong uniqueness result, see Remark 5.8 below.

2 Notation

In this section we introduce the basic notation used throughout the paper.

Hilbert-Schmidt operators

Let U, H be two separable Hilbert spaces and (gx)x an orthonormal basis of U. With
L,(U; H) we will denote the space of all Hilbert—Schmidt operators 7' : U — H
with the norm ||T||%2 WiH) = > 1T gk ||%_1, which is independent of the choice of the
orthonormal basis.
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412 N. Dabrock et al.

Furthermore, for a Banach space E we will use the notation (E, w) resp. (E’, w*)
to denote the space E with the weak topology resp. the dual space E’ with the weak-x
topology.

Stochastic processes

For an interval I = [0,T] with T > 0 or I = [0,00), a stochastic basis
(2, F, (Ft)ter, P) consists of a probability space (2; F, IP) together with a filtra-
tion (F;);er. According to [14] the filtration (F;), will be called a normal filtration,
if

o Ac Fopforall A e F withP(A) =0 and
e forallt € I witht < sup I we have that

Fi=(Fs

s>t

A Wiener process W = (W;);c; with respect to the probability space (2, F, P) is
called a (F;)rer-Wiener process if

o W; is F; measurable for all t € I and
e W; — W; is independent of F; for all s,¢ € I withs < t.

For such an (F;),-Wiener process W on a separable Hilbert space U with covariance
operator Q € L(U), that we always assume to be positive definite, one can define the

space Ug := Q% (U) with the induced scalar product (x, Y>U0 = <Q’%x, Q’% y>U. If
H is another separable Hilbert space and @ is a predictable Lg := Lo (Up; H)-valued

process with
T
P (f 1@ (0)17dr < oo) =1,
0 2

then the stochastic Itd integral
t
f D(s)dWs, 1 €[0,T]
0
is a well-defined local martingale with values in H.

Stratonovich integral

In the situation above, it is sometimes more natural to consider the stochastic
Stratonovich integral

t
f(MﬂodthemJl
0
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Existence of martingale solutions and large-time... 413

which, however, might not be well-defined.
If at least formally one has the evolution law

d® = pdt + o o dW,

with an Lg—valued process u and an Lo (Up; Lg) = Ly(Uy x Up; H)-valued process
o, then formally one has

t t 1 [t | |
| ewoaw = [Cowaw.+3 [ [Z(U(S)ngk)ngk}ds ©)

k

for all ¢ € [0, T'], with (g)r an orthonormal basis of U. The value on the right hand
side does not depend on the choice of (gx ).

Whenever the right hand side of (6) is well-defined, we can think of it as the
definition for the Stratonovich integral on the left hand side of (6).

We will call

N =

1 1
> (c075) 07
k
the It6—Stratonovich correction term.

Periodic Sobolev spaces
For k > 0, p € [1, oco] we will denote with Wk’P(T") the space of periodic Sobolev

functions on the flat torus T”, which for p < oo can be identified with the completion
of the space of [0, 11" periodic C*°(R") functions with respect to the || - ||y« (0,11

norm; we further let W5 (T") := {u € W51 : | D/ u| € L®(T") forall 0 < j < k}.

Matrix scalar product

For matrices A, B, C, D € R"*" we will write

n
A:B .= Z AijBij-
i,j=1

We will use the convention that

n
AB:CD:=(AB): (CD)= Y AyjBjCyDy.
i)k i=1
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3 Results

In this section we will state the main results of this paper. The proofs are given in the
subsequent sections. We will first formulate our solution concept. We are concerned
with solutions that are strong in the PDE sense, that is, an integral form of (2) is satisfied
pointwise. In addition, they may be either strong or weak in the probabilistic sense,
depending on whether the underlying probabilistic elements are given in advance or
not. We define the Stratonovich integral that will be used in the formulation of solutions
by the formal equivalence to its Itd formulation, see Remark 3.2 below.

Definition3.1 (i) Let I = [0,00) or I = [0, T] with T > 0, (R, F, (Ft):er, P) be
a stochastic basis with a normal filtration together with a real-valued (F;)-Wiener
process W and ug € L2(2; H'(T")) be Fo-measurable. A predictable H>(T")-
valued process u with u € L2(; L%(0,1; H*(T"))) for all t € I is a strong
solution of (2) with initial data ug, if

t
u(t) — up = /0 Q(Vu(s) V- (v(Vu(s))) ds

t
+/ Q(Vu(s)) odW, P-as.in L>(T")Vt € I.
0

(i) Let A be a Borel probability measure on H L(T™) with bounded second moments
f H(T™ ||z||§{1 (T,l)dA(z) < 00. A martingale solution of (2) with initial data A
is given by (2, F, (F;)ier, P) together with W, ug and u such that (i) is satisfied
andPoug = A.

In the same way we can define strong solutions and martingale solutions for (5).

In the following we will often just write that u is a strong solution instead of speci-
fying that u is a strong solution for a time interval I with respect to a stochastic basis
with a normal filtration and a real-valued Wiener process. If not otherwise specified the
stochastic basis will be denoted by (2, F, (F;)se1, P) and the Wiener process by W.
Similarly, if there is no danger of confusion, we will often denote a martingale solution
(u, (2, F, (F)rer, P), W, up) just by u, omitting that (2, F, (F;)rer, P), W, ug are
part of the solution concept. If we only use the term “solution” we refer to a martingale
solution.

Remark 3.2 Note that formally for a solution u of (2) one can use the chain rule, which
holds true for the Stratonovich integral, to deduce that

d(Q(Vu) = v(Vu) - V (Q(Vu) V- (v(Vu))) dt + v(Vu) - V (Q(Vu)) o dW.

Hence, according to Sect. 2 the [t6—Stratonovich correction for the integral in Def-
inition 3.1 is given by

%V(Vu) -V (Q(Vu)) = %V(Vu) -D2uv(Vu)
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Existence of martingale solutions and large-time... 415

and the Stratonovich integral in Definition 3.1 has to be understood in the sense that

t t
/Q(Vu(s))odWS :=/ Q(Vu(s))dwy
0 0
t
+% / v(Vu(s)) - D*u(s)v(Vu(s))ds,
0

such that the equation in Definition 3.1 becomes

u(t) —ug = /0[ [Q(VM(S))V' (v(Vu(s))) + %V(Vu(S)) ‘ Dzu(S)V(W(S))} ds
+ QVu()aw,
- /Ot [Au(s) - %V(Vu(s)) -Dzu(s)v(Vu(s))i| ds
+ [ Qutpaw,

Since we take the formal equivalence between It6 and Stratonovich integrals as the
definition of the latter, our use of Stratonovich differential is rather a shortcut for the
corresponding It6 formulation.

Remark 3.3 Note that for a strong solution the stochastic basis and the Wiener process
are prescribed, whereas for a martingale solution, i.e. probabilistically weak solution,
the stochastic basis and the Wiener process are part of the solution. Once this stochastic
basis and the corresponding Wiener process are found, the martingale solution is a
strong solution with respect to this particular choice of stochastic basis and Wiener
process.

Remark 3.4 From Corollary A.3 we infer that a solution of (2) or (5) has a modification
with continuous paths in H'(T") and u € L*(Q; C([0,t]; H'(T"))) for all ¢ €
I. Furthermore, under suitable assumptions on the initial data we deduce that u €
C([0, t]; C(T™)) P-a.s. for all r € I, see Remark 6.1 below.

We are now ready to state the main result of the present paper.

Theorem 3.5 (Existence of martingale solutions) Let A be a Borel probability measure
on HY(T™) with bounded second moments and additionally

supp A C {z € H'(T") | |Vzlloeqrny < L)
for some constant L > 0.
Then for I = [0, 00) there is a martingale solution of (2) with initial data A. For

all such solutions it holds that D*u € L*(2; L*(0, oo; LZ(T”))) and

IVullpeo©,00: 200y < L a.s.
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Our next main result shows that solutions become spatially constant for ¢t — oco.

Theorem 3.6 (Large-time behavior) Let the assumptions from Theorem 3.5 hold and
u be a martingale solution of (2) for I = [0, 00).
Then there is a real-valued random variable o such that

Esup |lu(z) — W(t) — Ol”Hl(']l'n) — 0 forT — oo.
t>T

Remark 3.7 We will deduce existence of solutions (u#?).~¢ of the viscous equation (5)
using the abstract theory of variational SPDEs presented in “Appendix A”. The fact
that (5) can be treated as a coercive equation already yields estimates for the Dirichlet
energy of solutions.

In Sect. 5 we will extend these arguments to prove more general a priori estimates
for solutions which are uniform in ¢ > 0. For this we will make use of a general-
ization of the classical Itd formula to prove that certain gradient-dependent energies
are non-increasing for solutions in a stochastic sense, i.e. they are supermartingales.
In the deterministic case one can use Huisken’s monotonicity formula to get simi-
lar results. With the stochastic perturbation, Huisken’s monotonicity formula does not
hold because the time-derivative of these energies contains additional [t6—Stratonovich
correction terms that are difficult to control. For our gradient-dependent energies we
use integration by parts to prove that these correction terms together with terms stem-
ming from the deterministic motion have a good sign. We will apply this result to
deduce estimates for the Dirichlet energy in Proposition 5.1 and a maximum principle
for the gradient in Proposition 5.2.

With our uniform Lipschitz bounds at hand and Proposition 5.1 we deduce that (2)
is coercive and this yields H 2 bounds for (#¢). Furthermore we derive tightness of
their probability laws in appropriate spaces and with the Jakubowski—Skorokhod rep-
resentation we can deduce that the approximate solutions converge in a weak sense.
We then identify the limit in Sect. 6.

The a priori estimates derived for the solution are also one key to analyze the
large-time behavior of solutions.

4 Existence of viscous approximation

We will use the theory presented in “Appendix A” to prove existence for a viscous
approximation (5) of the stochastic mean curvature flow. The key observation is that
the variational framework shall be applied to the equation for Vu, see (7) below,
rather than directly to (5). This is further made possible by the structure of (5) and in
particular by the fact that only the gradient of the solution appears on the right hand
side of (5).

Theorem 4.1 Lete > 0, g > 2 and A be a Borel probability measure on H' (T") with
2
/;11(11‘") ||z||Hl(T,,)dA(z) < oo and
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q
/H‘(’]I‘”) ||Vz||L2(T,,)dA(z) < 00.

Then there is a martingale solution u of (5) for I = [0, 0o) with initial data A.

Proof of Theorem 4.1 We intend to apply Theorem A.5 in order to obtain a martingale
solution to the equation the gradient Vu fulfills for u satisfying (5), which in turn
yields a martingale solution to (5) itself. To this end, we will work with the spaces

V.={Vulue H2(']T”)} with [[Vully := [[Vull g1 pn.gny,

H = {Vu |u € H'(T")} with | Vu| g = | Vul| ;2(pn. g, and

U:=R
We have that V' C H densely and compactly. Furthermore we can identify
L,(U; H)y=H.

We define the operators

A1V =V
(Ae(Vu), Vw)y y

= —/ (SAM +Q(Vu)V-(v(Vu)) + %v(Vu) -Dqu(Vu)> Aw
’]I‘n
= —/ ((1 +&)Au — %V(Vu) ~D2uv(Vu)> Aw

and

B:V->H
B(Vu) := V (Q(Vu)) = D*uv(Vu).

We verity that the Assumptions A.4 are fulfilled:

e Coercivity: Using integration by parts and the fact that the boundary terms vanish
because of the periodic domain we obtain

2(As(Vu), Vu)yr y + [ B(Vw) |1
= / — (28Au +2Q(Vu)V-(v(Vu)) + v(Vu) - Dqu(Vu)> Au
+ | D2uv(Vu)?
= / —2e(Au)* — %|Q(VM)V- v(Vu) |? = (Au)® + | D*uv(Vu)|?
n %v- (V(Vu)) (Q(Vu)2V~ (V(Vu)) — 2Q(Vu)Au>

= / =2e(Au)? — %IQ(W)V v(Vu) |?
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418 N. Dabrock et al.

— %v- (V(Vu)) V-(QVu) — | D*u|? + | D*uv(Vu)|?
- / 26(Au)” — J1Q(V)V-(v(V)

3 1
-5l D%u|?> + | D*uv(Vu)|* + SIV(Va) - D2uv(Vu)|?

< —=2¢)|AullFapm,

2
= _C‘g”vu”Hl('H‘n;Rn)'

Note that we have used the non-negativity of
3522 2 2 1 2 2
ElD ul” — | D uv(Vu)|- — §|V(Vu) - D uv(Vu)|

in the second to last inequality and the periodic boundary conditions as well as a
Poincaré inequality for mean-free vector fields in the last inequality.
e Growth bounds: We have

2
eAu + Q(Vu)V-(v(Vu)) + %V(Vu) -Duv(Vu)

n&wwﬁff
’]I‘n

:/w

< ClIVull i g, ony
IB(Vi) 3 = IV QYD 17 2y < CUVEIGp1

1BVwI < € (1+1Val?,

2
(14 ¢&)Au — %V(Vu) -D*uv(Vu)

(T";R")) )
e Continuity: When Vuy—Vu in V, then Vup — Vu in H and therefore

v(Vug) - D2upv(Vug) = v(Vug) @ v(Vuy) : D?uy
—v(Vu) @ v(Vu) : D*u
= v(Vu) - D>uv(Vu) in L'(T")

and since |v(Vuy)| < 1 also
v(Vug) - D2upv(Vup)—v(Vu) - D>uv(Vu) in L>(T").
The other terms in the definition of A (uy) are linear in uy, hence
A= A®@) in V.
Similarly

B(Vug) = D?upv(Vug)— D*uv(Vu) in L>(T"; R™).
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Existence of martingale solutions and large-time... 419

Now, from Theorem A.5 we can conclude that there is a martingale solution Vu of

dVu =V (sAu + Q(Vu)V-(v(Vu)) + %V(Vu) ~D2uv(Vu)> dt

+ V (Q(Vu)) dW
=V (eAu 4+ Q(Vu)V-(v(Vu))) df + V (Q(Vu)) o dW in V' (7

with a real-valued Brownian motion W.

Next we will show that (7) is also fulfilled in H~!(T"; R"), hence weak in the
PDE sense. For an arbitrary ¥ € H'(T"; R") we take the Helmholtz decomposition
¥ = Vw + ¢ withw € H*(T") and ¢ € H'(T"; R") with V-¢ = 0 and since both
sides of the equation for Vu are orthogonal to divergence-free vector fields, we have
forall ¢ € [0, c0)

t
/w (Vu(t) = Vuo) - ¢ = /O (VQNVu)V-(v(Vu(s))), ¥) g1, g1ds

t
+/0 /w V(QVu(s))) - ¥ o dW(s)

and therefore the equation for Vu is also fulfilled in H —Lern, R,
Now, define for ¢ € [0, 00)

t t
u(t) :==ugp —i—/(; QVu(s))V-(v(Vu(s))) ds +/0 QVu(s)) odW(s). (8)
Note that by assumption uq € L2(Q2; L?(T™)) and also for T € [0, 00)

t
> / Q(Vu(s))V-(v(Vu(s))) ds € L>(Q; L*(0, T; L>*(T™))) and
0

t
m—>/ Q(Vu(s)) o dW(s) € L*(S2; L*(0, T; L*>(T"))).
0
Hence, ii € L%(2; L2(0, T; L*(T™))). Furthermore

t
Vii(t) = Vug +/ V (Q(Vu(s)V-(v(Vu(s)))) ds
0

t
+/ V (Q(Vu(s))) o dW(s) = Vu(t) ¥t € [0, 00) P-ass.
0

and by (8) u is a martingale solution of (5). ]
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5 A priori estimates

In this section we will prove a priori energy estimates for solutions of the viscous
equation (5) which are uniformly in ¢ > 0 and also hold true for solutions of the
SMCEF equation (2). The first proposition basically says that the Dirichlet energy of
solutions is decreasing and extends the coercivity proven in Sect. 4.

Proposition 5.1 (Weak coercivity) Let ¢ > 0 and u be a solution of (5). Then the
energy frﬂ'n |Vu|? is a supermartingale.
Furthermore, we can quantify the decay by

t
BIVUO aqery +26E [ [ 1D7u(o)Pds
t
+ g / / Q(Vu())?|V-(v(Vu(s))) |*ds
2 O ’H‘n

t
—HE/ / <§|D2u|2 — | D%uv(Vu)|> — %|V(Vu) : D2uV(Vu)|2> (s)ds
O n

< E|[Vuoljaen V1 € 1.

Note that 3| D*u|? — | D?uv(Vu)|> — L1v(Vu) - D*uv(Vu)|? > 0.
We also have for q € [1, 2) with a universal constant C, that

2
2 2C 2
Esup [Vu@)ll 2 pny = <2+ —) ElVuoll ;2 pn-
el L2 29 —q* L2

If in addition P- esssup || V|| oo, poo(Tm)) = L < 00, then we have

34+4L2

E[Vu@®l 2, + E R

t
E/O /T |D%u(s)|?ds < E||Vuo||iz(w) Vi el.
In the next proposition we prove that the additional assumptions from Proposi-

tion 5.1 can be verified if the Lipschitz constant of the initial condition is uniformly
bounded.

Proposition 5.2 (Maximum principle for the gradient of solutions) Let ¢ > 0 and u
be a solution of (5). If P-esssup || Vugl| oo (ry < 00 then Vu € L*(I; L*°(T")) a.s.
with
||Vu||LOO(1;L00('ﬂ‘n)) <P- esssup ”VMOHLOO(T”) a.s.
Proposition 5.1 and Proposition 5.2 are proved at the end of this section. Both are

based on an It6 formula for integrals of the gradient of solutions. We summarize this
calculation in the next lemma.

Lemma5.3 Let ¢ > 0 and u be a solution of (5). For a function f € C*(R") with
bounded second order derivatives and

Z(t) :=/ F(Vu@), tel
']I‘)l
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we obtain

dI:/ —esz(Vu)Dzu:Dzu—i-/ —%f(Vu)W.(v(Vu)) 2
'H‘n

T)l
+f D%u (Id —v(Vu) ® v(Vu))

S (Vu)
: <W (Id —v(Vu) @ v(Vu)) — sz(Vu)) D?udt

_/ F(Vu)V-(v(Vu)) dW.
T’l

Proof To abbreviate the calculations we will write Q := Q(Vu) and v := v(Vu).
With this notation we have VQ = V (Q(Vu)) = Dzuv(Vu) = D%uv. We can apply
Corollary A.3 to infer

dZ = /T —D?f(Vu) : D’u <8Au + OV-v+ %v : vg) dr
+/w %VQ~D2f(Vu)Vth ©)
+ /T Vf(Vu) - VAW =: eptviscous + %umcf - %upmdz +odW
with
Iviscous = /T =D?f(Vu) : D2uAu,
Mmet = /T =D?f(Vu) : D2uQV-v,
Mpert = /T —D?f(Vu) : D’ulAu+VQ -D?f(Vu)VQ,

0:/ V£ (Vu)-VO.
’I[‘n

The term tyiscous coOrresponds to the time derivative of Z along solutions of the heat
equation. It is weighted with ¢ because it appears due to the additional viscosity added
to the equation. The term pmcr corresponds to the time derivative of Z along solutions
of the unperturbed mean curvature flow of graphs. It is weighted with the factor %
because the other part has to be used in ftpere to handle the additional terms coming
from the perturbation. We handle (iyiscous> Mmef and ppert separately using partial
integrations and the periodicity of the functions. For pyiscous We calculate

Mviscous = / —V-(Vf(Vu)) Au
Tn

= / —D?f(Vu)D*u : D’u.
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For pumer we calculate

fhmef = / — F(VW)|V-v] + Vou (f(Vu)V-v — QD f(Vu) : Dzu)

’ﬂ‘}’l

= — F(Vu)|V-v]> + V-uV-(f(Vu)v — QV f)
’I[‘l’l

= / —f(Vw)|V-v]* + Dv" : D (f(Vu)v — QV f)
"ﬂ‘l’l

=f — f(Vw)|V-v]?
’I[‘n

+ / DT : (v ® D2uV £ (V) + f(Vu)Dv — V f @ D2uv — QD> f D2u)
'H‘n

- / — F(Vu)|V-v]? + DT (f(Vu)Dv — QD D2u>

’ﬂ‘n

= | —f(Vw|V-v]?
']rl‘l

+/n (Dzu (i —v®v)) : <f(QV2u)(Id v @) —D2f> D2u.

For pupert we calculate

Ihpert = fT —V-(Vf(Vu)Au +VQ -D*f(Vu)VQ
= /T —D(Vf(Vu)) : D*u+VQ -D?f(Vu)VQ
= f —D%u(ld —v ® v) : D* f(Vu) D?u.
For o we calculate
o =/ V(f(Vu)-v= —f f(Vu)V-v.
T” T"

Inserting these calculations into (9) yields the result. O

We will next explore for which choices of f Lemma 5.3 yields a control on appro-
priate quantities. We therefore choose f as a function of Q(Vu), which gives more
geometric meaning to the estimates and is still sufficient to obtain the required esti-
mates, see the remarks below.

Lemma5.4 Let ¢ > 0 and u be a solution of (5). Let g € C*([1,00)) be a
non-negative, monotone increasing and convex function with bounded second order
derivative and g'(1) — g(1) > 0 and

(1) = /T 8Q(Vu(M). el
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For g € [1,2] we have that

t
EZ(1)? + eqE f Z(s)?! / ¢"(Q(Vu(s))| D*u(s)v(Vu(s))|*ds
0 "

! —1 g (Q(Vu(s))) 2 2 2 2
+eqE /0 Z(s)? WWQD U = DuV(Vu(s)I?) ds
29 —q* [ 4o 2
+2 Lk /0 () /T 2QVu())V-(¥(Vu(s))) [Pds

t /
N / (g(Q(Vu(s)))_g(Q(Vu(s))))
T ./0 O Tt T 20vacs)?

. (| D%ul? = 2| D*uv(Vu)|> + [v(Vu) - Dqu(Vu)|2) (s)ds

t
+qE /0 Z(s)?! /T 8" QVu(s)
: (| D2uv(Vu)[? — |[v(Vu) -Dzuv(Vu)Iz) (s)ds
<EZ0) Vtel.
Furthermore, there is a constant C > 0 such that for g € [1,2)

2¢?
EsupZ(®)? < |2+ o EZ(0)4.
29 —q

tel

Remark 5.5 (i) Note thatall terms on the left hand side in Lemma 5.4 are non-negative.
Especially non-negativity of | D>u|? — 2| D?uv(Vu)|> + [v(Vu) - D*uv(Vu)|* can
be deduced from

|D?ul? — 2| D*uv(Vu)|* + [v(Vu) - D*uv(Vu)|?
= 0°D (v(Vu)) : D (v(Vu))T
= (Id —v(Vu) ® v(Vu)) D*u : D*u (Id —v(Vu) ® v(Vu))

and Lemma 5.6. The term D (v(Vu)) : D (V(Vu))T is the squared norm of the
second fundamental form of the graph of u. Hence Lemma 5.4 yields a bound for
this geometric quantity, see also Remark 5.7 below.

(ii) The condition g’(1) — g(1) > 0 in Lemma 5.4 is not very restrictive since one can
subtract a constant from g and use the fact that dZ = d (Z — const).

Lemma5.6 Let A, B, C € R™™" be symmetric matrices with B, C > 0. Then

AB:CA = (AB); j(CA); ;> 0.

Proof Write B = DDT and C = EET. Then

AB:CA=ADD" : EETA=|ETAD|*> > 0.
O
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Proofof Lemma 5.4 Let f(p) := g(Q(p)) for p € R". Then

Vp) =g Qp)v(p),
Id—
D2 £(p) = 8" Q(P)V(P) ® v(p) + g'(Q(p)) LY PO VD)

A R".
Q) pe

Since g” is bounded we infer that g’ grows at most linearly and therefore D f is
bounded. Furthermore, we calculate

2 f(p)
D f(p) — 20()2 (Id—v(p) ® v(p))
g'Q() 2@Q(p)
= — Id
( Ay 2Q0) ) (10)
" _ 8'QW) | gQ)
+ (g Q(p)) Q) + 20002 ) v(p) @ v(p).
Note that

d
o (8'(0)o — g(0)) =g"(0)0 =0 Vo € (1, 00).

Thus o — g'(0)o — g(o) is an increasing function with g’(1) — g(1) > 0.
Now the eigenvalues of (10) are given by

QM) _¢Qp) _

0 and
Qp 22 ="
gQ(p) g@Qpm) IpI?
— 0
Qp} 20t T8 QPQee =

which shows the non-negativity of (10). We will again use the notation O = Q(Vu)
and v = v(Vu). We can apply Lemma 5.3 to Z(¢) and deduce

_ % 2 o0, 80 212 202
dI_/Tn—zs(g (0)| D2uv| —}—T(IDM — | D2uv) ))

1 2 2
+/ ——2(Q)|V-v] _/ Du (Id —v ® v)
™ 2 T
, ((g’(Q) Q)
—/ g(Q)V-vdW.
’]I‘n

) d-v®v)+g"(0Ove® v) D?udt

Because of the non-negativity of (10) and Lemma 5.6, Z is a non-negative local

supermartingale. We can apply Fatou’s Lemma to get rid of the locality and deduce
that
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E/ g(Q())
"

wok [ [ (¢ @uniptuntor + S2D (107 - Dhunk) ) o

+§JE// g(Q(s)|V-v(s)|*ds
0 JT"

(86D 8QODY (1p s s b
B[ L (5o~ Sour) (0P —2iDul 4 oD s

t
+ E/ f ¢"(Q(s)) (| D’uv|* — |v ~D2uv|2> (s)ds
0o JT"

< E[ 2O Vi e 1.
'H‘Yl

Now, for g € [1, 2] we want to use the It6 formula for the function x > |x|?. This
function is not twice continuously differentiable for ¢ < 2, so the classical It6 formula
does not apply directly. Nevertheless, we can first do the calculations for ¢ > 0 and
the function x > (¢ + x)9 which is twice continuously differentiable on [0, co) and
then send ¥ — 0. We infer

d7% = —eq79"! / <g”(Q)|D2uv|2 A0 (102 - |D2uv|2)>
™ 0
_%14-1/ 2(Q)|V-v?
’]I‘n

—q797! / D?u (Id —v ® v)
™

) ((g’(Q) 8(Q)
' Q 202

4@ =1 _, » ?
+ TI g(O)V-v | dr
'JI'I

—q77! /T ¢(Q)V-vdW

) d-v®v)+g"(0Ove® v) D?udt

—1 1 2 g'(0) 2 D2uvl?
< —eqT* /Tn(g(Q)IDuI+ o (PP =D uv|))
+(—%+—"("2_1))14—1f <(Q)IV-0P

’]I‘n

—q797! f D%u (Id —v ® v)
™

) <(8’(Q) 8(Q)
' Q 202

—q777! /T g(Q)V-vdW.

) d-vev)+g"(0Ove v) D?udt

@ Springer



426 N. Dabrock et al.

As before, since the stochastic integral defines a local martingale and using Fatou’s
lemma, we get

E (Z(1)?)
t
+qu/ T(s)d!
0

g'(0(s))
0(s)

_ 2 t
+2q—q]E/ I(s)"“/ g(Q()|V-v(s)[*ds
2 0 IR

t /
e[y q_1/ <g(Q(S))_g(Q(S))>
+qf0 O LU0 T 2060

: (| D2uf? — 2| D2uv)? + |v - Dzuv|2> (s)ds

3l <g”(Q(s))|D2uv|2(s) + (ID2u)? - |D2uv|2<s>)> ds
’]I‘I‘l

t
+qE/ I(s)q—lf ¢"(0(s)) (|D2uv|2— |v~D2uv|2) (s)ds
0 "
<E(T(0)) Vr e .

Note that all terms on the left-hand side are non-negative. We therefore obtain in
particular that E fé Z(s)77! [0 g(Q(s))|V-v(s)|*ds remains uniformly bounded in 7,
which we use in the following calculation. For the stochastic integral we apply the
Burkholder-Davis—Gundy inequality and obtain

t
E sup [ / Z(s)4~! / g(Q(s))V-v(s)dW(s)]
tel 0 T"

1

[ psup ! 2 2
< CE f (I(r)q—l / g(Q(t))V-v(t)> dr}
0 "

sup [ %
< CE f <I(t)2’1_1/ g(Q(t))IV'v(t)Iz)dt]
0 T

1

sup / 2

< CE |supZ9(1) / ' (I(z)‘f—l / g(Q(t))IV-v(t)l2) dtT
0 "

Ltel

sup /
< QEsupI(t)q + EE/ ’ (I(t)‘f‘l/ g(Q(t))|V~v(t)|2> dt
2 tel 26 0 ™

Cé
< TE supZ(1)? +

C
— K (Z(0)?
tel 8(2q—q2) ( © )

for any § > 0. Thus

Cé
EsupZ(t)? < EZ(0)? + —EsupZ(t)? +

——FEZ(0)4.
tel 2 el 3(2q — qz)
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Now choose § = % to infer

202
EsupZ(®)? < |2+ 5 EZ(0)9.
29 —q

tel

m}

After Lemma 5.4 has been established we can apply it to prove Proposition 5.1 and
Proposition 5.2.

Proof of Proposition 5.1 In the situation of Lemma 5.4 we choose g(r) = r2, hence
2Q(p) = 1+1p.

Note that dan [Vul> = dan 2(Q(Vu)). Then by Lemma 5.4 forg = 1,

t
EIIVu(t)IIiz(Tn) +28E[0 /T | D%u(s)|?ds
1 t
+-E / / Q(Vu(s))*|V-(v(Vu(s))) [*ds
2 0 ’H‘n

t
—HE/ / <%|D%¢|2 — | D%uv(Vu)|> — %|V(Vu) .Dzuv(w)|2> (s)ds
0 n

< E||Vuoll 2, V1 € 1.

(T

Furthermore there is a constant C > 0 such that for g € [1, 2)

C2
Esup [ Vu(®)[3% ) < <2+—>E||VM0|| "

Now let P-esssup || Vu|l poo(s. oo (7)) = L < 00. Then we can estimate

|Vl L

QVu) — «/ 14+ L2

lv(Vu)| = <1

and

31D%ul? — 2| D*uv(Vu)|? — |[v(Vu) - D*uv(Vu)|?
> (3= 2V = V(Y |*) | D%

3(1+LH?—2L2A+ L) -L* , ,
= (1 +L2)2 D7l

3—|—4L| o

T+ L2
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Hence
+4L2 5 5
E(I V()] 2 g, + T L2)2 | 1D Pds

As the next step, we establish the maximum principle.

Proof of Proposition 5.2 For M > 0 let g3y € C*([1, 00)) be a modification of o >
(o0 — M), with the following properties:

gm =0,

gy monotone increasing and convex,
iy bounded,

gy (1) —gu(l) = 0and

gmo) >0 0> M.

For example, one could choose

0 o <M,
gu@) =y (c—-M?* oeM,M+1),
20—-2M — 10 €[M+1,00).

From Lemma 5.4 we deduce that
E /T em(Q(Vu®) <E /T gm(Q(Vu(O)) Vi € 1.
Now, if [[Vug|| poo(rny < L P-a.s. then we can conclude that

IQ(Vu(0) | popny < V1 + L2 P-as.

Hence
E./;r" /i Q(Vu(1) =0Vvr e I,

which implies [|Q(Vu()||poo(rry < V1 + L? P-as. for all t € I. Therefore

IVullpoo(s.oo(rny) < L.
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Remark 5.7 We can also use Lemma 5.4 for g(r) = r to deduce bounds for the gth
moment of the area. In particular for ¢ = 1 and ¢ = 0 we get

1 t
E / QVu(®) + SE / / Q(Vu(s)) |V-(v(Vu(s))|* ds
T}l O T}l
t
+%IE// Q(Vu(s))Dv(Vu(s)) : Dv(Vu(s))  ds an
o J1"

< E/ Q(Vu(0)).
’]I‘ﬂ

In geometrical terms (11) becomes
1 t
EH" (I(1)) + —]E/ / (Hz(s) + |A(s)|2> dH"ds < EH" (I'(0))
2 Jo Jro

where I'(¢#) = graphu(¢), H(t) is the mean curvature and |A(¢)]| is the length of the
second fundamental form of I'(¢) for t € I. Compare this with the deterministic MCF,
where for a solution (I'(¢)),>0 the natural energy identity is

t
H™ (T(r)) + f H?(s) dH"ds = H" (T'(0)).
0 JI'(@)

However, we will not use this estimate since an L* bound for the gradient and an L?
bound for the Hessian are available via Proposition 5.2 and Proposition 5.1.

Remark 5.8 The first author has recently proved some generalizations in his PhD the-
sis [15]: Consider colored noise in the form

> Q(Vuyg o dp!

leN

with ¢; € C°(T") satisfying appropriate summability conditions. Then modified
a priori estimates corresponding to Lemma 5.3, Lemma 5.4 hold. Under additional
assumptions on the initial data there exists a martingale solution. On the other hand
the gradient bound as stated in Theorem 3.5 is not valid any more.

Furthermore a weak-strong uniqueness result is proved in [15, Theorem 6.1]. Here
for the more regular solution in particular a uniform bound in L (2 x T" x (0, T))
for the Hessian is required.

6 Vanishing viscosity limit
With the above uniform estimates at hand, we are in position to pass to the limit as

& — 0 and establish the existence of a martingale solution to the stochastic mean
curvature flow (2).
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Proof of Theorem 3.5 From Theorem 4.1 we deduce that for ¢ > 0 we can find
a martingale solutions u® of (5) with initial data A. Since the solutions u® are
constructed with [33, Theorem 2] we can fix one probability space (2, F,P) =
([0, 11, B([0, 1]), £) such that for each ¢ > 0 we can find

e anormal filtration (F});¢[0,00),

e areal-valued (F;)-Wiener process W* and

e a (F;)-predictable process u® with u® € L2(Q; L%(0, T; H*(T™))) forall T €
[0, c0)

such that

t
ut (1) — uf(0) =/ eAu®(s) + Q(Vu (s) V- (v(Vu(s))) ds
° (12)
+/ Q(Vut(s)) o dWE in L2(T") Vr € [0, 00)
0

and P o (u®(0))~' = A. Because of the assumption on the support of A we have
| Vuf (0) || poo(rny < L P-a.s. From Proposition 5.2 we deduce

VU || oo (0,00; Loo(Tny) < L P-as.
and from Proposition 5.1 we deduce for all g € [1, 2)

2C?
&124 & 2q
||Vl/t ”Lz‘i(Q;C([O‘OO);LZ(Tn))) S (2 + 26] _ q2> E”VM (O)HLZ(Tn) S Cq,L and

” DZMS ”LZ(Q;LZ(O,OO;LZ(Tn))) =< CL ”Mé‘(o) ”LZ(Q;HI(T"))‘
(13)

Using Corollary A.3 we infer that

Al Nz ony = /T,, 2u
1
: <8Au£ + QYUY (v(Vu)) + Zv(Vue) D%ﬁv(V:f)) dr
+/ Q(Vu®)?dt + 2/ ufQ(Vu®)dw
" "

< Ol s ony+ CIDP gt +2 [ Qo).

with a constant C that does not depend on . We can estimate the supremum with the
Burkholder-Davis—Gundy inequality and get
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E sup [|uf ()25, — Elluf (0)]|% 5
sel0,t] L") LA

t t
< CEf 124" ()17 2 oy s +CIE/O DU ()17 2 g,

+ C]E |:/ ||M (S)”LZ(Tn)”Q(vu (s))”LZ(']I*n ]
< CE/ lu® (S)||L2(T” ds+CIE/ I D2u€(s)”L2('[[‘"

2 2
# 5E sup 100y + CE [ 1O 0

From (13) we infer for all T > 0 and ¢ € [0, T'] that

t
E sup [u*(s)]122pn, < CE / ()12, ds + C.
s€[0,7] 0

with a constant that only depend on the initial condition A and 7. Using the Gronwall
lemma we conclude that there is a constant C which only depends on A and T such
that

]E Sup ”I/l (S)”LZ(TM <C
t€(0,T]

Because of (13) we know that the deterministic integral in (12) is uniformly bounded
in L2(Q; €% ([0, T]; L2(T"))). With the factorization method [49, Theorem 1.1]
and (13) we infer that there is a A > 0 such that the stochastic integral in (12) is
uniformly bounded in L?(2; C%*([0, T1; L?(T"))). Hence, for some 2 € (0, 1)

112
E”M ”CO'A([O,T];LZ(T")) < CA,T

uniformly in . We conclude that (u®),-¢ is uniformly bounded in
12 (@ L2, 75 H(T") N (10, T1; H'(T") N C*((0, T); LA(T")))

and (W)~ is uniformly bounded in L? (Q; C%*([0, T]; R)).

In the remaining part of the proof we will show that these bounds imply the existence
of a convergent subsequence in a weak sense and we will identify the limit with a
solution of (2). We will follow the same strategy in the proof of Theorem A.5, where
we pass from the finite-dimensional approximations to a solution. Since the line of
arguments is very similar but slightly more involved in the case of Theorem A.5 we
give a detailed proof only for the latter Theorem and here just comment on the main
ideas and on differences between both proofs.
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Using the compactness of the embeddings, the joint laws of (u., W) are tight in
xl < al
with

X7 .= C([0, TT; (H'(T"), w)) N L2(0, T; H'(T")) N (LZ(O, T: HX(T")), w) ,
Xy = C([0, T]; R).

Since T > 0 is arbitrary this also implies the tightness in X, x Xy with

Xy = Cioe ([0, 00); (H'(T™), w)) N L} (0, 00; H'(T™))
N (leoc(O, oo: HX(T™)), w) ,
Xy = Cloc([0, 00); R)-

Now we can argue via the Jakubowski—Skorokhod representation theorem for tight
sequences in nonmetric spaces [33, Theorem 2] to deduce the existence of a subse-
quence €k "\ 0, a probability space (Q, F, IP’) and X, x Xw-valued random variables
ik, W) fork € Nand(u W) such that i — i a.s.in X, W — W a.s. in X and
the joint laws of (i*, wk) agree with the joint laws of (1%, W) for k € N.

Let

Ft = o (@101, Wilo1, 14 € F 1 B(4) =0)), 1 €[0,00), k € N
s>t

F=o (ﬁnm, Wlio.s). (A € F | P(A) = 0}) . 1 €0, 00).

s>t

One can prove that W* is a real-valued (]t'tk),—Wiener process and @* is a solution
of (5) for &, and the Wiener process Wk,

With the a.s. convergences in Xy resp. &, and the uniform bounds derived before
one can pass to the limit in the equations and infer that W is a real-valued (F,);-
Wiener process and # is a solution of (2). In opposite to the proof of Theorem A.5 the
operator in the deterministic part of the equation changes, but the convergence u®—u
in H(T"™)) implies

eAu’ + Q(Vu*)V-(v(Vu®)) + %V(Vuf) - D2ufv(Vub)
—~Q(Vu)V-(v(Vu)) + %v(W) - Duv(Vu) in L2(T"),

which is enough to pass to the limit in the equation. Because of the uniform bounds
of (u®) in L*>(; L?(0, T; H*(T™))) forall T > 0 we know that the limit # is already
a martingale solution. O
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Remark 6.1 Note that under the assumptions of Theorem 3.5 for a martingale solution
u of (2) we have u € C([0, t]; H'(T")) and Vu € L*®(0, oo; L% (T")) P-a.s. for all
tel.

For a function w € L'(T") with Vw € L®(T") we have w € W1 (T") with

lwllwioeny < C (Iwllprepry + VWl oo (rn)) -

Hence, u € L>®(0, t; WH°(T")) P-a.s. forall r € I.

From the proof of Theorem 3.5 we deduce that u € L2(2; CO*([0, t]; L2(T™))) for
all r € I and some A > 0. In combination with the previous result and [50, Theorem
5] this yields u € C([0, ¢]; C(T")) P-a.s. for all t € I. Using sharper interpolation
results one can prove that the solution is pathwise Holder continuous in space and
time.

7 Large-time behavior

In this section, we study the large-time behavior of solutions to (2).

Proof of Theorem 3.6 The uniform estimates in Proposition 5.1 and Proposition 5.2
imply that

D2u € L2(Q; L2(0, 0o; L2(T")))
and
IVull oo ©0,00:20(T?y) < L a.s.

For the convergence as T — oo we note that by Corollary A.3

d (u—W):/ Q(Vu)V(v(Vu))dt—i—/ (Q(Vu) — 1) 0 dW
T" T”

"

=—1f V(Vu)-Dqu(Vu)dt+/ (Q(Vu) — 1)dw.
2 ™" ™

Let

Q= |'[r1"| (/wuo— %/0 /nV(Vu(t)) D2u(t)v(Vu(r))dt

+ / / (Q(Vu(t))—l)dW(t)>.
0 "

To bound the drift we estimate

'/ v(Vu) - D*uv(Vu)
TVL

< [ [P 191 = 190 0, <UD,

@ Springer



434 N. Dabrock et al.

where we have used |v(p)| < min{|p|, 1} and a Poincaré inequality, and infer

212
S C” D u”Lz(Q;LZ(O,OO;LZ(T"))) <0

E ‘[w/ v(Vu(t)) - D2u(t)v(Vu(t))dt
0 T"

Furthermore we have Q(p) — 1 < |p| and therefore for the martingale part of « the
bound

oo 2
E ‘/ / Q(Vu(r)) — 1) dw(r)
0 ™

* 2

oo
2 2
< CE [ IDPu0) sy < o0,

hence o € L'() is a well-defined random variable.

We find a sequence () ey of increasing times #y — oo such thatE|| D2u(s) ||
0 for k — oo.

Now, we apply a Poincaré inequality to obtain

2

).

(14)

lu(t) = W(t) = all g1y < (nwanz(w) + ’ /T @) = W) — )

From Proposition 5.1 we infer that || V|| is a non-negative supermartingale and

L2(T")

Esup [|Vu ()7

t>T

< CE||Vu(T)|7, CE||VM(tk)||L2(rﬂ~n

T = (T =

for t; < T. Hence

T—o00 t>T T'—o0 t>T

2
hm (]Esup ||Vu(t)||L2(Tn)) < hm E sup ||Vu(t)||L2(Tn

IA

. 2
C kll>nc:o EllVu(t) “Lz(T'l)

. 2 2 _
< € lim E| D’u(t)[}2 g, = 0.

For the second term in (14) we have with the Burkholder—Davis—Gundy inequality
and the estimates from above

E sup / (u@®)— W) —a)
t>T n
<Esup|—= / / v(Vu(s)) - D2u(s)v(Vu(s))ds
t=T "
+ E sup / / (Q(Vu(s)) — 1) dW(s)
t>T
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1

2
||Vu<r>||iz(w)dr)

< CE/T I D2 ()2 gy dt + C (E/T

— O0for T — oc.
O

From Theorem 3.6 we can deduce the next corollary which extends the one-
dimensional result from [20, Theorem 4.2] to higher dimensions. Furthermore it
improves the convergence in distribution in Ciec ([0, 00); L*(T™)) to convergence in
L'(; C(10, 00), H'(T"))).

Corollary 7.1 Let u be a solution of (2) with

P-esssup || Vugll oo 7y < 00.

Then for T — 0o we have

(T +1) —u(T))r=0 — (W(T +1) = W(T))i=0 = 0

in L' (Q; Cp([0, 00); H'(T™))).
Proof We estimate

IEsugIIM(T + 1) —u(T) = (W(T +1) = W)l g1 (T
=

< 2Esup [lu(t) — W () — || 17y — O.
t>T
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Appendix A. Variational SPDE under a compactness assumption

In this section we will consider infinite-dimensional stochastic differential equations
with a variational structure. In “Appendix A.1” we will present an Itd6 formula for
this kind of equation, which will be used in “Appendix A.2” to show existence for
variational SPDEs.

During the whole section we will work with the following assumptions.
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Assumption A.1 Let V and H be separable Hilbert spaces with V. C H ~ H' C V'
and V densely and compactly embedded in H. Furthermore we will consider another
separable Hilbert space U, which will be the space where a Wiener process is defined.

With L1(H) we will denote the space of all nuclear operators T : H — H with
the norm

o o
I Wz, = 1inf 3 Y llawllmllgrlla | (@ox € H, (@ € H', T = Zakwk} .
k=1 k=1

It is well known that (L1(H))* = L(H) and that the weak-* topology on L(H)
coincides on norm bounded subsets with the weak operator topology on L(H ), which
is the weakest topology such thatforallx, y € Hthemap L(H) — R, T +— (Tx, y)y
is continuous.

For notational convenience we will restrict the presentation to the case of infinite-
dimensional spaces, although finite-dimensional spaces could be treated as well.

Then we can find an orthonormal basis (ek)keN of H which is an orthogonal basis
of V and we will use the abbreviation Ay = ||ek||%, for k € N. We will assume that
the (e)y, are arranged such that (A )y is a non-decreasing sequence. Furthermore we
will denote by (g1)ien an orthonormal basis of U.

If not otherwise specified then a cylindrical Wiener process W on U with respect to
a filtration (F;); will always be assumed to have the representation W =Y, 1B
with (B))1en mutually independent real-valued (F;)-Brownian motions.

A.1.1t6 formula

The following result states a generalized Itd formula for variational SPDEs, cf. [47,
Theorem 4.2.5], [45, I1.I1.§4] and [52, 1.§1 Theorem 1.3].

Proposition A.2 (It6 formula and continuity) Assume that T > 0, (2, F, (Fi)tef0,71, P)
is a stochastic basis with a normal filtration and W a cylindrical Wiener process on
U. Furthermore let ug € L*(Q; H) be Fy-measurable and u, v, B be predictable
processes with values in V, V' and L,(U; H), respectively, such that

ue L?(; L%(0,T; V), ve L*(Q; L*(0,T; V'), B € L*(Q2; L*(0, T; Lo(U; H))),
and

t t
u(t) —ug = / v(s)ds +/ B(s)dW(s) in V' P-a.s. ¥Vt € [0, T]. (15)
0 0

Then u has a version with continuous paths in H and for this version it holds that
u e L2(Q; C([0, T1; H)) with

t
a3 — lluoll; = /0 2(v(s), u()) v,y + I BOIL, 0. s
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t
+ 2/ (u(s), B(s)dW(s))y YVt € [0, T].
0

Furthermore, if F € C'(H) and the second Gateaux derivative D’F : H — L(H)
exists with

e F, DF and D*F bounded on bounded subsets of H,

e D°F : H — L(H) continuous from the strong topology on H to the weak-
topology on L(H) = (L1(H))* and

e (DF)|y : V — V continuous from the strong topology on V to the weak topology
on 'V and growing only linearly

IDF@)lly = CA+|x]lv) Vx €V,

then P-a.s. forall t € [0, T]
d 1
F(u(t)) = F(uo) = /0 (v(s). DF () yry + 5 tr [ D2 Fu(s) BGs)(B(s)* | ds
t
+ /0 (DF w(s), BE)AW(5) .

Proof For the first part we refer to [47, Theorem 4.2.5]. For the second part one follows
the arguments in [52, [.§1 Theorem 1.3]. O

We will apply Proposition A.2 to the appropriate spaces for (2).

CorollaryA3 Let T > 0, (2, F, (Fi)ieo.1],P) be a stochastic basis with a
normal filtration and W a cylindrical Wiener process on U. Furthermore let
ug € L2 HY(T™) be Fo-measurable and u,v, B be predictable processes
with u € L*(S; L*(0,T; H*(T™)), v € L*(Q; L*(0,T; L*(T")) and B €
L2(S%: L2(0, T; Lo(U; H'(T™)))) such that

du = vdt + BdW in L*(T"). (16)

Then u has a version with continuous paths in H'(T™) and for this version it holds
thatu € L*(Q2; C([0, T1; H'(T"))). If F = F(z, p) € C2(RxR") with3F, 3,V , F
and D]%F bounded then we have

/ F(u(), Vu(t))dx — / F(ug, Vugy)dx
’]I)l T'I

t
:'/‘0 /E" [(azF—V(VpF)) U(S)+%ZGZZF|BZ(S)|2

leN

1 1
+3 % 9.V, F -V <|Bz(s)|2) ds+ 5 gl\; VBi(s) -D,%FVB,(S)}JS

t
+Z-/O /IF” [aZFBl(s)+VPFVBI(S)]dﬂl(S)

leN

a7
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a.s. for all t € [0,T], where By := Bg;, | € N. Note that we have omitted the
arguments (u(s), Vu(s)) of F on the right hand side in favor of readability.

Proof We consider the spaces V = H?*(T") and H = H'(T"). To work in the
framework from above we have to do the rather unusual identification of w € H'(T")
with Jgw := —Aw + w € H' where

(Jrw, @) g g = (W, @) gi(rry = /w Vw - Vo +we, g € H'(T").

Then for all w € H?(T")

d(JHI/l, u))H/yH :d<l/t, _Aw+u)>L2(Tn) (18)
= (U, —Aw + w>L2(TVl)dt -+ <BdW, —Aw + w>L2(Tn),

which is an equation for Jyu in V. We consider the function G : H'(T") — R with
G(w) ::/ F(w(x), Vw(x))dx, w € Hl(']T”).
’]I‘n

Since F € C? it easy to check that G € C L(HY(T™)) and that the second Gateaux
derivative DG exists. We calculate for w, @, € H(T™)

DGw), )y .y = f . F(w, Vw)p + V, F(w, Vw) - Vo,
’H‘n
DG ), = [ 0F 0 Ywrpw 0.5, P, Yu) - Vi +950)

+/ Vo - D}F(w, Vw) V.
Tﬂ

By standard arguments one can prove that G satisfies the assumptions from Proposi-
tion A.2.

Note that for the application of Proposition A.2 we shall have an equation for du
in V’, whereas (16) is an equation for du in L2(T™). Therefore we have to use (18) to
infer that a.s. for all r € [0, T']

t
G(u(t))—G(u0)=/O (7r06), I 0 @) | ds

%48
1 t t
+5 fo tr [D2G(u(s) Bs) (Bs)* | ds + /O (DG (u(s)). Bs)AW () 1 gz
which implies (17). O
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A. 2. Existence for variational SPDEs

We will adapt the approach of [46, Section 2.3.3], which goes back to [52], to prove
existence of weak solutions for variational SPDEs

du = A(u)dt + B(u)dW

u(0) = uop. (19)

In addition to Assumption A.1 we will make the following assumptions.

AssumptionA4 Let A:V — V'and B : V — Lo(U; H). We will write B* : V —
Ly(H; U) for the adjoint operator B*(u) := (B(u))*. We assume:

o Coercivity: There are constants o, C > 0 such that
204G, Wy v + 1B@I .y = —elully +C (1+ lul}) Yue V. 20)

o Growth bounds: There is a constant C > 0 and § € (0, 2] such that

law, = ¢ (14 ul}) Yue v, @
IBa)IZ, . ;) < C (1 + ||u||2V) VueVv, (22)
1B oy = € (1 Nl + Nl ) (23)

o Continuity: A : V — V' is weak-weak-x sequentially continuous, that means

ui—uinV = AGup)—~A@)in V' (24)

and B* 1V — Ly(H; U) is sequentially continuous from the weak topology on
V to the strong operator topology on L(H; U), that means

up—uinV = B*(ur)h — B*(u)hinU VYh € H. (25)

The assumptions (20), (21) and (24) are the same as in [46], whereas (25) is weaker.
Furthermore we have replaced the sublinear growth bound from [46] for B(u) by the
weaker assumptions (22) and (23). These weaker assumptions are necessary to apply
the theory to the viscous equation (5). To prove this generalization we have to prove
bounds for higher moments of the || - || gz norm of the approximations, whereas in the
proof in [46] only the second moment of the || - || 7 norm needed to bounded. This will
be done in Proposition A.7 under the additional assumption that the corresponding
higher moment of the || - ||z norm is bounded for the initial data. Similarly to the
ideas of [28], we will use the Jakubowski—Skorokhod representation theorem [33]
for tight sequences in non-metric spaces to prove that our approximations converge
on a different probability space. We will make use of similar arguments as in [10] to
handle the unbounded time interval. Finally, we will show that this limit is a martingale
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solution of (19) using a general method of constructing martingale solutions without
relying on any kind of martingale representation theorem, which was introducedin [11]
and already used in [44] and [28], among others.

We will use a standard Galerkin scheme (compare with [46, Chapter 2.3]) to prove
that there is a martingale solution of (19) if the initial condition has bounded gth
moment in H for some ¢ > 2. With the (¢X)zen as in Assumption A.1 we will write

Vy = span ({617.-.6, eN}), N eN.

Our main result is:

Theorem A.5 Let g > 2 and A be a Borel probability measure on H with finite qth
moment

f IzllF,dA(z) < oo.
H

Then there is a martingale solution of (19) with initial data A. That means, that there
is a stochastic basis (2, F, (F1)ie[0,00), P) with a normal filtration, a cylindrical
(Fy)-Wiener process W on U and a predictable u with u € L*(Q; L*(0,T; V)) N
L*(Q; C([0, T1; H)) forall T > 0 and

t

t
(@), v)g — @), v)y :/0 (A(u(s)), v)y vds +/0 (B(u(s))dW(s), v)u

t t
= /0 (A@(s). v)yryds + Y /0 (B(u(s))g1. v) ydfi(s)

leN
P-a.s. forallt € [0,00) andv € V, and P o u(O)’1 = A.

To prove Theorem A.5, we will consider (19) on the finite-dimensional space Vy.
Due to Assumption A.4 one can apply a classical theorem for finite dimensional
stochastic differential equations with continuous coefficients, that grow at most lin-
early, cf. [29, Theorem 0.1] and [32, Theorem 1V.2.4], to conclude the following
theorem.

Theorem A.6 Let N € N and A be a Borel probability measure on H. Then there is
a weak solution of the finite-dimensional approximation of (19).

That means, that there is a stochastic basis (2, F, (Fi)te[0,00), P) with a normal
filtration, By, .. .c, By mutually independent real-valued (F;)-Brownian motions and
a predictable Vy-valued process u withu € L?(€: C([0,T): Vn)) forall T > 0 such
that

t N
(u@), vy — W), v)y = [0 (A(u(s)), v)yr yds + Z/(; (B(u(s))gi, v)ydpBi(s)
=1
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P-a.s. for all t € [0, 00) and v € Vi, and
Pou©) ' =Ay:=AoPy",

where Py : H — Vy is the orthogonal projection with respect to H.

It is a standard application of Proposition A.2 and a Gronwall argument to deduce
bounds for the second moments of ||u(¢)| g for a solution . Under Assumption A.4
it is even possible to bound higher moments, as we will state in the next proposition.
One can argue similarly to the proof of Lemma 5.4, we omit the details here.

Proposition A.7 (Estimates for the norm) Assume thatT > Oand (2, F, (F;)tef0,71, P)
is a stochastic basis with a normal filtration. Then there is a constant C > 0 that only
depends on the constants from Assumption A.4, such that for all mutually independent
real-valued (F;)-Brownian motions (B;)1en, N € N and all Vi -valued predictable
processes u € L>(Q; C([0, T1; V)) with

t N
(u@), vy — (u0),v)y =/0 (Au(s)), v)yr yds +Z/O (B(u(s))gi, v)ydpi(s)
=1
P-a.s. forallt € [0, T] and v € Vi, we have

T
E sup {lu()| +E/ @I} dr = Ce<T (1 4+ Eu(@)13 )
t€[0,T] 0

Additionally, there is a qo > 2 such that u(0) € L1(2; H) for some q € (2, qo)
implies u € L*(0, T; LY(2; H)) with

Elu)% < e (1 +Elu(0)||%,) vt € [0, T1.
LemmaA.8 Let T > 0 and
X, = (L*0,T; V), w)NL*0,T; HYNC(0, T]; (H, w))

with C ([0, T1]; (H, w)) endowed with the compact-open topology. Thenforeachv € V
the mappings A : X, — LP(0,T) for p <2 and B* : X, — L*(0, T; U) with

(A@) (@) := (A@u(®)), v)yy and  (B*(w)(t) := B*(u(t))v, t € [0, T]

are sequentially continuous.

Proof Let (uy);r C X, be a sequence with uy — u in X,. For M > 0 we consider the
functions

Mo Jue@) it lur@llv < M,
e (1) = { u(t) otherwise » 1€l0,T]keN.

@ Springer



442 N. Dabrock et al.

Note that

lut' Ollv < lux@lly + lu@lly  and  Nu) Ollg < lux@lla + lu@la (26)

hold. Since u € L2(0, T; V) we conclude that for almostevery ¢ € [0, T'] the sequence
(u,}(v’ (t))keN 1s uniformly bounded in V. Furthermore we know for every ¢ € [0, T]
that u,i”(t)—\u(t) in H, because uy — u in &}, implies

(@) = .1} | < 1ux ) = w0, Byl — Oas k — 0oV € H.

The weak precompactness of bounded sequences in L?(0, T'; V) and an identification
argument then yields that u,i” (t)—u(t) in V for k — oo for almost every ¢ € [0, T].
The continuity assumptions (24) on A and (25) on B imply

AWM @) = (Aw) @), B @H)(1) — B*w)(1)

for almost every ¢ € (0, T). Furthermore, using (21) we get

aathof <c (1 1uol) .

Now, with Vitali’s convergence theorem we infer that .A(u,i” ) = A(u) in LP(0, T)
forall p < 2.
For B* we have with the growth bound (23) and (26)

2
| B @O - B o, < (1B g+ IBEOR g, ) 101

= € (1 NI + 1@ I3 + N O + 1)1 ) 1015

The right hand side is uniformly integrable, because ||uk(t)||%,_8 is bounded in
LZZTE(O, T) and ||uk(t)||%1 is convergent in L'(0, T). Therefore by Vitali’s conver-
gence theorem B*(uM) — B*(u) in L*(0, T; U).

Let E,i” = {t € [0, T] | llux(@®)|ly > M} for k € N. For the measure of E}" we
estimate

T t 2
|E,’Z’|§/ IIMk()IIthS
0

c
M2 M2

because (ux)keN is uniformly bounded in L%(0,T: V).
As above one can conclude from the growth assumptions (21), (23) and by (26)
that

Ay~ Aath|” and 5w -8 @),
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are uniformly integrable with respect to k and M. Hence,

AW = AW .1y = [ A = Awh)|

+ |Awth - Aw|

LP(EM) LP(0,T)

and

“B*(“k) - B*(u)”LZ(O,T;U)

= |0 - B @)

+ B @ - B

L2(EM;U) L2(0,T:U)
converge to 0 by first choosing M large such that the first terms on the right hand side
become small and then choosing k large and using the convergences derived above.

Proof of Theorem A.5 For N € Nlet Vi := span({e!, ...c, V}) and consider the V-
valued process u” from Theorem A.6. The process u” is a weak solution of the finite-
dimensional approximation of (19) for a Wiener process W on U with covariance
operator Qn : U — span ({g1,...c, gn}), which is the orthogonal projection. We
can assume that the processes (u™) yen are defined on one common probability space
(R, F,P) = ([0, 1], B([0, 1]), L), because the proof of [29, Theorem 0.1] could be
adapted to yield existence of weak solutions for the finite-dimensional approximation
on this particular space. (cf. [32, Theorem IV.2.3 and Theorem IV.2.4])

Furthermore, we can always assume that ¢ > 2 is sufficiently small such that the
following arguments hold. We can apply Proposition A.7 to infer that for all T > 0
the sequence uN)yenisin N € N uniformly bounded in

L2(Q; C([0, T1; H)) N L?(: L*(0, T; V)) N L0, T; L1(Q; H)).

With (23) and a factorization argument one can prove that uN e L2(Q; 02 ([0, TY; Z2))

is uniformly bounded for a sufficiently weak space Z D V' and a A > 0. Furthermore

one can find a space U; D U such that the covariance operators of W are uniformly

bounded in L{(U;) and the W are uniformly bounded in LZ(SZ; CO’)‘([O, T1; Uy)).
For A > 0 the embeddings

CO’A([O, T; Z)NC(0,T]; H) —» C([0,T]; (H, w)) and
c%*(10,T); Z)NL*>©0, T: V) — L*(, T: H)

are compact because of [50, Theorem 5] and the Ascoli theorem [35, Theorem 7.17].
Also the embedding

([0, T1; Uy) — C([0, T1; (Uy, w))

is compact because of the Ascoli theorem [35, Theorem 7.17]. Thus, the joint laws of
@™, W) are tightin X x X}, with
u

xT.=cqo0,T); (H,w)) NL*0,T; H) N (LZ(O, T;V), w) and
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Xl = C (0. T): (U w)).

Since this holds for all 7 > 0 and since a set is compact in X, x Xy with

Xy 1= Cioe(10, 003 (H, w)) N L (0, 00 H) N (L0, 00: V), w) and
Xw = Cioc ([0, 00); (U1, w)) ,

where Cioc ([0, 00); (H, w)) and Cioc ([0, 00); (U, w)) are endowed with the compact-
open topology, if and only if for all 7 > 0 the set (with all of its elements restricted to
[0, T']) is compact in XMT X XV[T,, we conclude similarly to [10, Proof of Proposition
4.3] that the joint laws of (™, W¥) are tight in X}, x Xy .

We can apply the Jakubowski—Skorokhod representation theorem for tight
sequences in nonmetric spaces [33, Theorem 2] to deduce the existence of a prob-
ability space (Q, F , I@’), an strictly increasing sequence (Ny;)meny C N, A, -valued
random variables &, i1 and Xy -valued random variables W’”, W form € N such that

" — i P-as.in X, W™ — W P-as. in Xy

and the joint law of (@™, W™) coincides with the joint law of (™=, W) for all
m € N. To simplify the notation, we will assume that N,,, = m for m € N.

Let (Gt)te[0,00) be the natural filtration of the process (i, W). Furthermore, let
N =[Me F | Iﬁ’(M ) = 0}. We will consider the augmented filtration (]j',),e[o,oo)
which is defined by

F o= ﬂa(gs UN), 1 € [0, 00).

s>t

The augmented filtration (F); is a normal filtration. For m € N we can do the same
construction to define the natural filtration (G;"); and the augmented filtration (F}");

of (@™, W™).
We fix k € N and define for ¢ € [0, c0)

t

i@ =i, &)~ (a0, ) - /

i (A(zz(s)), ek>v s

MM (1) = <ﬁ’" ), ek>H - <ﬁ’" 0), ek>H — /0 l <A(ﬁ”’(s)), ek>V,’Vds 27)
M (1) = <um(t), ek>H — <um(0), ek>H — /Ol <A(u'"(s)), ek>v/’vds.
For ¢t € [0, o0) we have

t
M (1) =/ <B(um(s))dW’”(s),ek>
0 H
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Fors € [0, ¢] let y : C([0, s]; (H, w)) x C([0, s]; (U1, w)) — R be a bounded and
continuous function. We will use the abbreviations

Y™ =y ("o, Wos1)» 7" —V(M 0,51, W™ |[Os) 12 —V(Ml()s Wl[Os)-

Since the joint law of (", W™) coincides with the joint law of (u™, W™), we infer
for /1, I, € N and m large enough that

0= & (7 (#70 ~ w).
(t — )8 na} = <;7 W”‘(t) gu) <W’”(t),gzz>U1>

( (s, 8 (W’"<s),gzz>Ul) (8)

and

0= (5" (370~ 1"(s))).
0=E ( ’"(( )Q(t)_(Mm)z(S)_[ ‘}QmB*(ﬁm("))ek"zd(’))’
0=E (7" (11 o(W" ). 1) — "W). 81), )

_R

t
(;7'” / <B(ﬁm(0))g11, ek>Hdo) . (29)

The Burkholder-Davis—Gundy inequality for W” yields the uniform bound

3
EIW™ )7, =EIW" Oy, < Ci3.

Now, with the Vitali convergence theorem we can pass to the limit in the equations (28)

and infer
(Vo - W),

B (7
(t —5) 8,07 =E ( (va, gll>U1<W(I)v gzz)m) (30)

y
—]E< (W(S) g11> ]<W(S)’glz>u])'

Similarly, because of Lemma A.8 and the convergence Q,, — Id in L(U), we
conclude that in each of the above equations in (29) we have the pointwise convergence
of the variables for m — oo. Furthermore, the Burkholder—Davis—Gundy inequality
for M™, the growth bound (23) and the estimates in Proposition A.7 imply for some

0=
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qg>2

¢ q
B|M™(1))9 = E|M™ (1) < CE [/ B*(u" (5))e" Hi ds} ’
0

T
=Gk (1 +E/ lu” ()15, ds 4+ sup IEIII/"(S)IIL}{)
0

s€[0,7]

< Crr (L +E[u" O)%) < Cr (1 +/ IIZII%dA(Z)) :
H

Again with the Vitali convergence theorem, we can pass to the limit in the Egs. (29)
and infer

0=E(7 (M) - 1)),

0=E ()7 ((M) (1) — (W1(s) - f |ows*@ond | da))

=2 (5 (10 011}, - 5|00, ))
_& (;7 /st <B(ﬁ(0))gll,ek>Hda> .

Since the equations in (30) hold for all y, we conclude that W is a square-integrable
(Gy),;-martingale with (G;);-quadratic variation in U given by

<(W(z))> — 1. (32)

Since W is continuous, we infer that W is also a square-integrable (f})t—martingale
and (32) also holds for the quadratic variation with respect to (]3,), By the Lévy
martingale characterization [14, Theorem 4.6] we conclude that W is a cylindrical
(.7-',) +~Wiener process on U. Similarly, as (31) holds for all y, we conclude that M is
a square-integrable (G;);-martingale. Since M is continuous by definition (27), it is
also a square-integrable (.7?,) s-martingale. From (31) we also infer

<<M _ /.<B(ﬁ(s))dW(s),ek> >> — 0. (33)
0 H

Thus
t
M(t) — M(s) =/ <B(ﬁ(o))dW(0), ek>H P-as.

forall0 < s <t < oo and k € N. Furthermore we have

A~Pou™0) ' =Poa™0) ' 2P oa0).
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Continuity of & follows from Proposition A.2. O

Data availability statement

Data sharing not applicable to this article as no datasets were generated or analysed
during the current study.
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