Center for
Mathematical Economics
Working Papers

September 2017

Reflected Solutions of BSDEs Driven by
G-Brownian Motion

Hanwu Li, Shige Peng and Abdoulaye Soumana Hima

Center for Mathematical Economics (IMW)
Bielefeld University

UniversitatsstraBe 25

D-33615 Bielefeld - Germany

e-mail: [imwOuni-bielefeld.de
http://www.imw.uni-bielefeld.de/wp/
ISSN: 0931-6558


mailto:imw@uni-bielefeld.de
http://www.imw.uni-bielefeld.de/wp/

Reflected Solutions of BSDEs Driven by G-Brownian Motion

Hanwu Li* Shige Peng! Abdoulaye Soumana Hima¥
September 21, 2017

Abstract

In this paper, we study the reflected solutions of one-dimensional backward stochastic differ-
ential equations driven by G-Brownian motion (RGBSDE for short). The reflection keeps the
solution above a given stochastic process. In order to derive the uniqueness of reflected G-BSDEs,
we apply a “martingale condition” instead of the Skorohod condition. Similar to the classical
case, we prove the existence by approximation via penalization.
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1 Introduction

El Karoui, Kapoudjian, Pardoux, Peng and Quenez [5] studied the problem of BSDE with reflection,
which means that the solution to a BSDE is required to be above a certain given continuous boundary
process, called the obstacle. For this purpose, an additional continuous increasing process should be
added in the equation. Furthermore, this additional process should be chosen in a minimal way so
that the Skorohod condition is satisfied. An important observation is that the solution is the value
function of an optimal stopping problem.

Due to the importance in BSDE theory and in applications, the reflected problem has attracted a
great deal of attention since 1997. Many scholars tried to relax the conditions on the generator and the
obstacle process. Hamadene [§] and Lepeltier and Xu [I7] gave a generalized Skorohod condition and
proved the existence and uniqueness when the obstacle process is no longer continuous. Cvitanic and
Karaztas [3] and Hamadene and Lepeltier [9] studied the case of two reflecting obstacles. They also
established the connection between this problem and Dynkin games. Matoussi [20] and Kobylanski,
Lepeltier, Quenez and Torres [16] extended the results to the case where the generator is not a Lipschitz
function.

We should point out that the classical BSDEs can only provide probabilistic interpretation for
quasilinear partial differential equations (PDE for short). Besides, this BSDE cannot be applied to
price path-dependent contingent claims in the uncertain volatility model (UVM for short). Motivated
by these facts, Peng [23] 24] systemetically introduced a time-consistent fully nonlinear expectation
theory. One of the most important cases is the G-expectation theory (see [27] and the reference
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therein). In this framework, a new type of Brownian motion and the corresponding stochastic calculus
of Itd’s type were constructed. It has been widely used to study the problems of model uncertainty,
nonlinear stochastic dynamical systems and fully nonlinear PDEs.

The backward stochastic differential equations driven by G-Brownian motion (i.e., G-BSDE) can
be written in the following way

T T T
Y;ﬁ = 5 +/ f(87Y87 Zs)ds +/ g(s7Ysa Zs)d<B>s - / stBs - (KT - Kt)
t t t

The solution of this equation consists of a triplet of processes (Y, Z, K). The existence and uniqueness
of the solution are proved in [10]. In [II] the comparison theorem, Feymann-Kac formula and some
related topics associated with this kind of G-BSDEs were established.

In this paper, we study the case where the solution of a G-BSDE is required to stay above a
given stochastic process, called the lower obstacle. An increasing process should be added in this
equation to push the solution upwards, so that it may remain above the obstacle. According to the
classical case studied by [5], we may expect that the solution of reflected G-BSDE is a quadruple
{(Y2, Zy, Ky, Ay),0 < t < T} satisfying

(1) Y;f = E + ftT f(S7Y87 Zs)ds + ftT 9(87 Y;» Zs)d<B>s - ftT stBs - (KT - Kt) + AT - At;
(2) Y.Z,K) € 6%(0,T) and Yy = Sy, 0 <t < T
(3) {A:} is continuous and increasing, Ag = 0 and fOT(Yt — Sy)dA; = 0.

The shortcoming is that the solution of the above problem is not unique. Thus, to get the u-
niqueness of the reflected G-BSDE, we should reformulate this problem as the following. A triplet of
processes (Y, Z, A) is called a solution of reflected G-BSDE if the following properties hold:

(a) (Y,Z,A) € S&(0,T) and Y; > S;
(b) Y:f = § + ftT f(S7YS7ZS)dS + .I;Tg(s71/;a Zs)d<B>S - ftT stBS + (AT - At)7

(c) {- fg (Ys — S5)dAs}eejo,r) is a non-increasing G-martingale.

Here, we denote by S(0,T) the collection of process (Y, Z, A) such that Y € S&(0,T), Z € H&(0,T),
A is a continuous nondecreasing process with Ay = 0 and A € S&(0,T). Note that we use a “martingale
condition” (c) instead of the Skorohod condition. Under some appropriate assumptions, we can prove
that the solution of the above reflected G-BSDE is unique. In proving the existence of this problem,
we should use the approximation method via penalization. This is a constructive method in the
sense that the solution of the reflected G-BSDE is proved to be the limit of a sequence of penalized
G-BSDEs. Different from the classical case, the dominated convergence theorem does not hold under
G-framework. Besides, any bounded sequence in ME(0,7') is no longer weakly compact. The main
difficulty in carrying out this construction is to prove the convergence property in some appropriate
sense. It is worth pointing out that the main idea is to apply the uniformly continuous property of
the elements in S (0,T).

Actually, the above equations hold P-a.s. for every probability measure P belongs to a non-
dominated class of mutually singular measures. Therefore, the G-expectation theory shares many
similarities with second order BSDEs (2BSDEs for short) developed by Cheridito, Soner, Touzi and
Victoir [I]. Matoussi, Possamai and Zhou [21] showed the existence and uniqueness of second order
reflected BSDE whose solution is (Y, Z, K*') peps satisfying

T T
Yt=§+/ FS(YS,ZS)ds—/ Zy B, + (KX — KF), P-a.s.,
t t



with
Y, > Sy, K — kP = essinf? EP'[KE — kL], P-as., 0<t<T, VP e P},
P'ePy (t+,P)
where (yF, 27, k¥') denotes the unique solution to the standard RBSDE with data (¢, ', S) under P.
The main contribution of our paper is that the triple (Y, Z, A) is universally defined within the G-
framework such that the processes have strong regularity property. Due to this property, the solution
is time-consistent and the process A can be aggregated into a universal process.

Similar with [5], when the reflected G-BSDE is formulated under a Markovian framework, the
solution of this problem provides a probabilistic representation for the solution of an obstacle problem
for nonlinear parabolic PDE. There has been tremendous interest in developing the obstacle problem
for partial differential equations since it has wide applications to mathematical finance (see [6]) and
mathematical physics (see [29]). The method in this paper is called the Feynman-Kac formula which
gives a link between probability theory and PDEs using the language of viscosity solutions. The other
approach is related to the variational inequalities and in this case the solutions belong to a Sobolev
space, see in particular [I5] and [7]. We should point out that both of the solutions studied by these
two methods are in weak sense.

The rest of paper is organized as follows. In Section 2, we present some notations and results
as preliminaries for the later proofs. The problem is formulated in detail in Section 3 and we state
some estimates of the solutions from which we derive some integrability properties of the solutions.
In Section 4, we establish the approximation method via penalization. We state some convergence
properties of the solution to the penalized G-BSDE. Our main results are showed and proved in Section
5. Furthermore, we prove a comparison theorem similar to that in [I1], specifically for nonreflected G-
BSDEs. In Section 6, we give the relation between reflected G-BSDEs and the corresponding obstacle
problems for fully nonlinear parabolic PDEs. Finally, we use the results of the previous section to
study the pricing problem for American contingent claims under model uncertainty in Section 7.
In Appendix we introduce the optional stopping theorem under G-framework using for pricing for
American contingent claims.

2 Preliminaries

We recall some basic notions and results of G-expectation, which are needed in the sequel. More
relevant details can be found in [I0], [IT], [25], [26], [27].

2.1 G-expectation

Definition 2.1 Let Q be a given set and let H be a vector lattice of real valued functions defined
on Q, namely ¢ € H for each constant ¢ and |X| € H if X € H. H is considered as the space of
random variables. A sublinear expectation E on M is a functional E:H—-R satisfying the following
properties: for all X,Y € H, we have

(i) Monotonicity: If X >Y, then B[X] > E[Y];

(ii) Constant preserving: E[c] = ¢;

(ili) Sub-additivity: E[X + Y] < E[X] 4+ E[Y];

(iv) Positive homogeneity: B]AX] = XE[X] for each A > 0.

The triple (Q,H,E) s called a sublinear expectation space. X € H is called a random variable in
(Q,H,E). We often call Y = (Y1,...,Yy),Y: € H a d-dimensional random vector in (Q, H,E).



Let Qr = Co([0,T);R?), the space of R¥-valued continuous functions on [0, 7] with wy = 0, be
endowed with the supremum norm, and B = (B%)%_, be the canonical process. For each T' > 0, denote

Lip(Qr) := {p(Biy, .y By,) :n > 1ty ity € [0,T), 0 € Crip(R¥*™)}.

Denote by Sy the collection of all d x d symmetric matrices. For each given monotonic and sublinear
function G : S; — R, we can construct a G-expectation space (QT,Lip(QT),]E,IAEt). The canonical
process B is the d-dimensional G-Brownian motion under this space. In this paper, we suppose that
G is non-degenerate, i.e., there exists some o2 > 0 such that G(A) — G(B) > 1o%tr[A — B] for any
A> B.

Let B be the d-dimensional G-Brownian motion. For each fixed a € R, {B#} := {(a, B;)} is a
1-dimensional G,-Brownian motion, where G, : R — R satisfies

Ga(p) = Glaa" )pt + G(—aa” )p~.

Let 7V = {t)¥,--- ,tY¥}, N = 1,2,---, be a sequence of partitions of [0,#] such that u(m}) =
max{[t}; —tN|:i=0,--- ,N — 1} — 0, the quadratic variation process of B® is defined by
N-1
(B*); = lim (Biy )%

pu(rN)—0 o Jt+1

For a,a € R?%, we can define the mutual variation process of B® and B® by
1

(B%, B, = [(B™*) — (B°)]
Denote by Lg;(Qr) the completion of L, (Q7) under the norm ||| e, := (E[|€[°])'/? for p > 1. For
all t e 0,T], B[] is a continuous mapping on Lip(Qr) w.r.t. the norm [[ - [|pz . Therefore it can be

extended continuously to the completion LY, (Qr). Denis et al. [4] proved the following representation
theorem of G-expectation on L (7).

Theorem 2.2 ([4, 12]) There exists a weakly compact set P C My (Qr), the set of all probability
measures on (Qr, B(Qr)), such that

E[¢] = sup Ep[¢] for all € € LE(Qr).
PeP
P is called a set that represents E.

Let P be a weakly compact set that represents [E. For this P, we define capacity
c(A) := sup P(A), A€ B(Qr).
PeP

Definition 2.3 A set A C B(Qr) is polar if ¢c(A) = 0. A property holds “quasi-surely” (q.s.) if it
holds outside a polar set.

In the following, we do not distinguish two random variables X and Y if X =Y q.s..

For £ € Lip(Q27), let £(§) = E[sup,c(o,7) E¢[€]], where E is the G-expectation. For convenience, we

call £ G-evaluation. For p > 1 and ¢ € L;,y(Qr), define [|€][,.e = [E(J€[P)]/? and denote by L% (Qr)
the completion of L;,(€2r) under || - [[,,e. The following estimate between the two norms || - [|z» and
Il - llp,e will be frequently used in this paper.

Theorem 2.4 ([30]) For any a > 1 and § > 0, L& (Qr) C LE(Qr). More precisely, for any
1<y<pf:=(a+9)/a, v<2, we have

* a+d
61152 < 7™ IENG oes + 1477 Copn €Y, VE € Lip(Qr).

Lo
where Cg .y = >y iyt =v/(y = 1).



2.2 (G-Ito calculus

Definition 2.5 Let M2(0,T) be the collection of processes in the following form: for a given partition

{th' . 7tN} =TT Of [OvT]7
N—

ne(w) = Z §i (W) i, 0500 (1),

=0
where & € Lip(Qy,), i = 0,1,2,-- N — 1. For each p > 1 and n € Mg(0,T) let ||nllgz :=

{B[(fy Ino|?ds)?/2 3V, Nlmllagg, := (BLJy |ns[Pds))!/? and denote by HE(0,T), ME(0,T) the com-
pletion of MZ(0,T) under the norm || - lzzs || - lagz, respectively.

=

<

For two processes n € MZ(0,T) and & € ML(0,T), the G-Ito integrals (fot nsdB)o<i<r and

(fot £d(BY, B7)s)o<i<7 are well defined, see Li-Peng [19] and Peng [27]. Moreover, by Proposition
2.10 in [I9] and the classical Burkholder-Davis-Gundy inequality, the following property holds.

Proposition 2.6 Ifn € Hg(0,T) witha > 1 and p € (0,q], then we can get sup,, ¢y 1 | [} nsdBg|? €
L () and

T T
oPe B / s < Bl s | [ Bl < 7GR / In, |2ds)?/2).
t ue t,T t t

Let Sg(O,T) = {h(t,Bipts---, B at) : t1,...,tn € [0,T],h € Cb’LZ-p(R”“)}. For p > 1 and
n € S&(0,T), set [nllsz, = {E[supieio,m In¢|P]}1/P. Denote by S%(0,T) the completion of S2(0,T)
under the norm || - [[gr. We have the following continuity property for any Y € S%.(0,7T) with p > 1.

Lemma 2.7 ([18]) ForY € S%(0,T) with p > 1, we have, by setting Yy :=Yp for s > T,

F(Y):=limsup(E[ sup sup |¥; — Y5|p])% =0.
e—0 t€[0,T] s€(t,t+e]

We now introduce some basic results of G-BSDEs. Consider the following type of G-BSDEs (here
we use Einstein convention)

Vi=¢+ /T f(s,Ys, Zs)ds + /T 9i5(8,Ys, Z5)d(B', B ) — /T Z.dBs — (K1 — Ky), (2.1)
¢ t t
where
ft,w,y,2), gij(t,w,y,2) : [0,T] x Qp x R x R - R,
satisfying the following properties:
(H1’) There exists some 8 > 1 such that for any y, z, f(-,-,v,2),9i;(-,-,y,2) € Mg(O,T),
(H2) There exists some L > 0 such that

d

Ftys2) = FE Y+ S l9is(t9,2) — 9is(t9/s )] < Ly — o/ + 12 — ).
i,j=1

For simplicity, we denote by &%(0,T) the collection of process (Y, Z, K) such that Y € S&(0,T),
Z € H&(0,T;RY), K is a decreasing G-martingale with Ko = 0 and K7 € L&(Q7).



Theorem 2.8 ([10]) Assume that & € LZ(QT) and f,gi; satisfy (H1’) and (H2) for some 5 > 1.
Then for any 1 < o < 3, equation (2.1) has o unique solution (Y, Z,K) € 6%(0,T).

We also have the comparison theorem for G-BSDE.

Theorem 2.9 ([11]) Let (Y}, ZL, K})i<7, | = 1,2, be the solutions of the following G-BSDEs:
. T
=&+ / fi(s,Y4, Z,) ds+/ 9ii(s. Y, Z)d(B", B) + Vi = Vi = / ZydB, — (K7 — Ky),
t

where {V{!}o<i<r are RCLL processes such that E[Supte[O,T] [VHP] < oo, f!, gl satisfy (H1’) and
(H2), € € Lg(Qr) with B> 1. If & > &2, f1 > f2, gL > g%, forij=1,-,d, V;' = V2 is an
increasing process, then Y, > Y2,

3 Reflected G-BSDE with a lower obstacle and some a priori
estimates

For simplicity, we consider the G-expectation space (€, L5 (Qr),E) with Qr = Cy([0,T],R) and

= [[B?] > —E[-B?] = g2 Our results and methods still hold for the case d > 1. We are given
the following data: the generator f and g, the obstacle process {St}’te[(),T] and the terminal value &,
where f and g are maps

flt,w,y,2),9(t,w,y,2): [0,T] x Qr x R? - R,
We will make the following assumptions: There exists some 8 > 2 such that
(H1) for any y, z, f(-.y.2), g( -y, 2) € ME(0,T);
(H2) |f(tw,,2)— F(t,o, 5/, 2]+ lg(t,w,9,2) — g(t,w, 9/, )| < L(ly —y'| + |2 — #]) for some L > 0;
(H3) € € L%(Qr) and € > Sr, ¢.5.;
(H4) There exists a constant ¢ such that {S;};cp0,7] € Sg(O,T) and S; < ¢, for each t € [0, T7;

(H4’) {Si}iejo,r) has the following form

Sy = So + /Ot b(s)ds + /Ot I(s)d(B)s + /Ot o(s)dBs,

where {b(t)}1ep0,17, {(t)}tepo, ) belong to Mg(O,T) and {o(t)}scjo,7) belongs to Hg(O,T).

Let us now introduce our reflected G-BSDE with a lower obstacle. A triplet of processes (Y, Z, A)
is called a solution of reflected G-BSDE with a lower obstacle if for some 1 < a < 8 the following
properties hold:

(a) (Y,Z,A) €S0, T)and Y, > S, 0 <t <T;
(b) Vi =&+ [, f(5,Ys, Zo)ds + [ g(s, Vs, Z)d(B)s = [ ZodB, + (A — Ay);

(c) {— fg (Ys — S5)dAs}eejo,r) is a non-increasing G-martingale.



Here we denote by S&(0, T') the collection of process (Y, Z, A) such that Y € S&(0,T), Z € H&(0,T;R),
A is a continuous nondecreasing process with 4g = 0 and A € S&(0,T). For simplicity, we mainly
consider the case with ¢ = 0 and [ = 0. Similar results still hold for the cases g,l # 0. Now we give
a priori estimates for the solution of the reflected G-BSDE with a lower obstacle. In the following, C'
will always designate a constant, which may vary from line to line.

Proposition 3.1 Let f satisfies (H1) and (H2). Assume

T T
Y: :§—|—/ f(s,Ys,Zs)ds—/ ZsdBs + (A — Ay),
t t

where Y € S&(0,T), Z € H&(0,T;R), A is a continuous nondecreasing process with Ag = 0 and
A€ S5&(0,T) for some a > 1. Then there exists a constant C := C(«,T,L,a) > 0 such that

. T N . R T
E [(/ |Z2ds)#] < C{E([ sup Y]] + (B[ sup IKIQDUQ(Et[(/ |£(5,0,0)lds)*])'?}, (3.1)

s€[t,T] se[t,T] t
T
Eif|Ar — Ae|*] < C{E] S}lp ] |Ys|%] + Et[(/ | f(s,0,0)|ds)*]}. (3.2)
selt,T t

Proof. The proof is similar to that of Proposition 3.5 in [10]. So we omit it. m

Proposition 3.2 Fori=1,2, let £ € LZ(QT), £ satisfy (H1) and (H2) for some B > 2. Assume
. T T , .
=& f’(&YEaZs)ds—/ ZydB; + (A — A)),
t t

where Y' € 5&(0,T), Z* € H(0,T), A" is a continuous nondecreasing process with Ay = 0 and
At € 8&(0,T) for some 1 < a < 3. Set Y, =Y - Y2 Z, =z} — 72, A, = A} — A2, Then there
exists a constant C := C(«a, T, L,a) such that

~ T N a A
f[( / 12Pds)%] <Col(B] sup %I 1/22 [ sup [Yy]e]L2

t€[0,T] te[0,T]

T
+(E[(/ |£(5,0,0)|ds)*])!/*] + E[ sup_[¥i]"]}.
0 t€[0,7]
Proof. The proof is similar to that of Proposition 3.8 in [10]. So we omit it. m

Proposition 3.3 Fori=1,2, let £ € LZ(QT) with & > Sk, where
¢ ¢
S +/ bi(s)ds—&—/ o'(s)dBs.
0 0
Here {b*(s )} € Mﬁ(O T), {o'(s)} € H =(0,T) for some B> 2. Let f* satisfy (H1) and (H2). Assume
that (Y, Z', AY) € 8¢(0,T) for some l<a< 6 are the solutions of the reflected G-BSDEs correspond-
ing to &, f' and S®. Set Y, = (Y} —S}) — (Y2 — S?). Then there exists a constant C := C(a, T, L, o)
such that

T
Y[* < CRJIE + sup |Si[* + / R0 ds],
s€t,T] t

T
[Ve|* < CE[l¢]* +/ (As] 4 15" +155]%)ds],
t

where € = (61 =57)—(62=53), Ay = [1(5, Y2, 22) = f*(s, Y2, Z2)], ps = b (5) =0 (s) [ +-|o (5) =0 (s),
Ss =51 = 52 and M® = |f(5,0,0) + [bi(s)| + |0 (s)].



Proof. We will only show the second inequality, since the first one can be proved in a similar way.

For any ¢ > 0, set fy = [1(t, Y], Z}) — [2(, Y2, 2D), [t = PP (LY Z)) — fH(6 YR 28), Ay =
Al — A2 Z, = (Z} — o' (b)) — (22 — 02(t)), €a = (1 — a/2)T and V; = |Vi|? + £4. Applying Itd’s
formula to )_Q% e™, where r > 0 will be determined later, we get

T T
5_/;0‘/26”4-/ TersZa/QdS_i_/ %ersZa/Q—l(Zs)2d<B>s
t t

T T
_ (5(1 + |£|2)a/26rT +a(1 . %)/ 6rs?§a/272(?9)2(25)2d<B>S 7/ aers?ﬁa/Qfl}};stBs
t t
T _ o T N B .
- / ae" Y2V (fy + b (s) — b%(s))ds + / e Y Y dA, (3.3)
t t

T o — A A
< (ea + €227 4 / e VT |1 4 BL(s) — BP(s)] + Ae}ds

t

T
va( =) [ e T2 ). - (M - M)
t

where M; = fot ae™ Y PN Y, Z,dB, — (Y)Y dAL — (Y,)~dA2). We claim that {]M,} is a G-martingale.
Indeed, note that ~
Vo= - SE4 S v? <V - Sk
Consequently, R
Y)r <V -S)t =Y -5
Then we obtain
T T
0>~ [ (Ttaalz - [ - shaal
t t
Thus we can conclude that
X T R T
02 &l [ (Fyraal 2Bl [ - shaal <o
t t

It follows that the process {K} }iepo,r] = {— fot (Ys)*dAL},co,7] is a non-increasing G-martingale. Set
{KZYicpr = {— fot(ffs)_dAf}te[O,T]. Both {K}} and {K?} are non-increasing G-martingales, so is

{fg aersYsa/Q_l(ng +dK?2)}, which yields that {M;},c(o,7) is a G-martingale. From the assumption
of f1, we derive that

T a1
/ ae™ VT[4 b (s) — B(s)|ds
t

T a1 B B .
< / ae™Ys ® {L(Ysl + | Zs]) + (L V 1)(|Ss] + 1ps]) s
t

) - - (3.4)
< (aL—|— QZ((j;Li 1))/f ersi/sa/QdS_"_ 01(044 1)/t ersYSa/2—1(Zs)2d<B>s
T a—1
+(L\/1)/ Qe Y, T {|S4] + 1o Vs,
t
By Young’s inequality, we have
T a1 .
/ ae™Ys ® {|As] + |9s] + |psl s
t (3.5)

T T
§3(a—1)/ eTsifg/?dH/ e {IA® + 9] + |94 | V.
t t



By..andsettmgr—S(L\/l)(a—l)-l-aL—i—a( iy + 1 we get

T
T2 4 (M = M) < (o + ER)72T 4 [ (Al 4 16u]" +150[%)ds).
t
Taking conditional expectation on both sides and then by letting € | 0, we have
T
T < CRE" + [ (Rul” +15.17 + |31 sl
t

The proof is complete.

Proposition 3.4 Let (¢, f,S) satisfy (H1)-(H4). Assume that (Y,Z,A) € S&(0,T), for some 2 <
a < B, is a solution of the reflected G-BSDE with data (&, f,S). Then there exists a constant C :=
C(a,T,L,0,c) >0 such that

T
Vil < B+ [¢]” + / 1£(5,0,0)[ds].
t

Proof. For any r > 0, set Y; = |Y; — c|?. Applying Ité’s formula to }N/ta/ze”, noting that Sy < ¢ and
A is a nondecreasing process, we have

~ /2 T ~ «a T ~
Y;)I/ et +/ ,r,ersy*sa/2ds + 5/ e'rsy*sa/QflZ52d<‘B>S
¢ ¢
T . a. [T
Sl —ele T 4 [ ae T Y ) Yay s +all - ) [ TR Y, 2 22(),
¢ ¢
T } T .
- / e YN Y, — ¢) ZydBs + / e YN Y, — ¢)dA,
¢ ¢
T e o (T
<le e+ [ ae T \f (s Ve Z)lds a(U= 5) [ T2 B ~ (M - M)
¢ ¢
where M, = ftT 046”1750‘/2_1(1/5 —¢)ZsdBs — ftT 046”1750‘/2_1(}/5 — 85)dAs. By condition (c), M is a

G-martingale. From the assumption of f and by the Young inequality, we get

T a1 T
/ ae™Ys 2 | f(s,Ys, Zs)|ds §/ aeY, T [|f(s ¢,0)| + L|Y,| + L| Z,|)ds
t t

al? T Cra /2 T v /2
< L - T’SYO( _1 TSYOL 3.6
<le +Qz(a—1))/t Y + (o )/t ey (36)

0 /T T
O[(CV4 ) / ersysa/271Zg<B>s +/ e”|f(s,c, O)P‘ds.
t t

Setting r = a + aL + and by the above analysis, we have

m
T
ﬁame” + My — M; < |€ —¢|%T + / €| f(s,¢c,0)|ds.
t
Taking conditional expectations on both side yields that
T
Yi—ef" < CRllE —el+ [ [f(5.c.0)"ds]

Noting that for p > 1, we have |a + b|P < 2P~ 1(|a|? + |b|P). Then the proof is complete. m



Proposition 3.5 Let (¢!, f1,SY) and (€2, f2,5%) be two sets of data, each one satisfying all the
assumptions (H1)-(H4). Let (Y, Z%, A") € S&(0,T) be a solution of the reflected G-BSDE with data
(€%, F4,8Y), i = 1,2 respectively with 2 < a < 3. Set Y, = Y - Y2 S, = St — 82, éz &1 — €2, Then
there exists a constant C := C(a, T, L,c,c) > 0 such that

T a—1
m\asc{mnaw/ Aalds] + (B[ sup |53 0% ),
t

s€[t,T]

where Ay = |f1(s, Y2, 22) — (s, Y2, Z2)| and
2 . 4 T
Uyp = By sup E,[l+ |§l|a+/ |f*(r,0,0)[*dr]].
=1 s€t,T] t

Proof. Set Z, = Z} — 72, fi = f'(t, Y}, Z}) — f2(t, Y2, Z2) and f} = fL(t, Y4, Z1) — (¢, Y2, Z2).
For any r > 0, by applying It6’s formula to Ytame” = (|V3]?)*/2e"t, we have

T T
i/ta/26rt_|_/ ,r,ersi/;a/2ds+/ %BTSYSOC/271(ZAS)2d<B>S
t ¢
~ « T _ N ~ T _ ~ A
_ |§|ae7'T +OZ(1 _ 5)/ ersYSo(/2—2(YS)Q(ZS)2d<B>S _/ Oéers}ga/Q_l}/;stBs
t t
T - o T - o
+/ ae”Y;O‘/HmfsdH/ ae™ Y2y dA, (3.7)
¢ t
~ o T _ ~ T _ A ~
< [¢]%e + a1 - 5)/ e YN (Z,)2d(B), +/ ae™ Y18, dA,
t t
T — a—1 ~ ~
+/ ae”Ys 7 {|f; |+ [Asl}ds — (Mr — M),
¢
where M, = ft ae™ Y, 7.dB, — ft oze”Ya/Q_l(Y S,)"dA? — ft aeTSYa/2_1(Y S)tdAL

By a similar analysis as the proof of Proposition [3.3] we conclude that {Mt}te 0,7] is a G-martingale.
By Young’s inequality and the assumption of f!, 51mllar with inequalities (3.4)) and ( .7 we have

T S . -1 /T T
[ e {2+ [Ayas <201 [ vz [ e
t t t
al? o
ltalt 2 rsya/2s,
+ (« + +g2(a—1))/t ™Y M ds

Set r =a+al + (7 Taking conditional expectations on both sides of , we obtain

B < CRAER + [ o] 4 B[ 528 4L+ D))
t t
By applying Holder’s inequality, we get

T
Bl [ Vel NSl + 4] < Bl sup VS|4 - A1+ 143 - A2)
t

s€[t,T)
< (B[ sup [8,]°])3 (B[ sup V2/2))°% ZEt | A% — AJ°])w
s€[0,T] seft,T]

From Proposition [3.1] and Proposition we finally get the desired result. m
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Remark 3.6 If we require that the solution of a reflected G-BSDE is a quadruple {(Yz, Zy, K, Ay),0 <
t < T} satisfying conditions (1)-(3) in the introduction, the solution is not unique. We can see this

fact from the following example.
Let f = =1, £ = 0 and S = 0. It is easy to check that (0,0,0,t) and (0,0, =="—5(c*t —

(B)t), === (5%t — (B);)) are solutions of reflected G-BSDE with data (0,—1,0) satisfying all the

) g2 —0o2

conditions (1)-(3).

4 Penalized method and convergence properties

In order to derive the existence of the solution to the reflected G-BSDE with a lower obstacle, we shall
apply the approximation method via penalization. In this section, we first state some convergence
properties of solutions to the penalized G-BSDEs, which will be needed in the sequel.

For f and ¢ satisfy (H1)-(H3), {Si}tejo,r) satisfies (H4) or (H4’), we now consider the following
family of G-BSDEs parameterized by n = 1,2, .-,

T T T
V=g [ g yrzdsan [ o7 - syds [z (oKD, @)
t t t

Now let L} = nf*(YS” — S5)7ds, then (L}):eo,7) is a nondecreasing process. We can rewrite

reflected G-BSDE (4.1) as
T T
Y=g+ [ fs s - [ ziap. - (g - KD+ (LG - L) (4.2)
t t

We now establish a priori estimates on the sequence (Y, Z™ K™, L™) which are uniform in n.
Lemma 4.1 There exists a constant C independent of n, such that for 1 < a < f3,
~ S A ~ T o
E[ sup. V"%l < C, E[[Kz|*] < C, E[lL7|*] < C, E[(/ |Zp[?dt) 3] < C.
telo, 0

Proof. For simplicity, first we consider the case S = 0. The proof of the other cases will be given
in the remark. Vr,e > 0, set Y; = (Y;*)? + &4, where ¢, = (1 — a/2)". Note that for any a € R,

a x a~ < 0. By applying It6’ formula to f/taﬂe” yields that

T T
Y/toz/2ert_|_/ TerSYSQ/QdS—F/ %ersﬁa/Qfl(Zg)2d<B>s
t

t

T T
= (g +ea) 2T +a(l - ) / VTRV (ZY)A(B)s + / ac" YT LY

T T
+/ ae" YT (s, Y 20 ds — / ae" YN Y] Z0dB, + Y] dKY)
t t
a « T ~
< (g +ea)?e +a(l - 3) / YTV Z) d(B) s
t

T
b [ e e (s, 2 ds — (M - ),
t

where M; = [\ aems V> 1 (Y Z0d By + (Y?)TdK?) is a G-martingale. Similar with inequality (3.))

11



we have

T a1 T ala—1) [T .-
[ et sy aias < [ erlpso.opds+ 2O [ e vee ),
t t t

04[12 T o2
-1 L+ —— Ty & =ds.
+ (« +a +g2(a—1))/t ™Y M ds

Set r=a+al + #Lil) We derive that

~ 2 a T

Vet + My — My < ([€2 +eq)E e + / €| f(s,0,0)|%ds.

t

Taking conditional expectations on both sides and then by letting ¢ — 0, we obtain

. T
Yo < CR[lg + / 1£(5,0,0)[ds].

By Theorem , for 1 < o < B, there exists a constant C' independent of n such that E[supte[oﬂ Y 7] <
C. By Proposition [3.1] we have

~ T o ~ ~ 1, T 1
E[(/ 1Z7[?ds) %] < Co{E[ sup [¥/"|*] + (B[ sup IWI“]P(E[(/ | f(s,0,0)|ds)*])2 },
0 te[0,7T] te[0,7T) 0

. R . T
BIL ~ 1% < CulE] sup [V717]-+ I / 1£(5,0,0)[ds)*]}.

where the constant C,, depends on «, T, and L. Thus we conclude that there exists a constant C
independent of n, such that for 1 < a < f3,

T
B([ Izrpant)<c. BILy - ki) <C
0
Since L7, and —K7 are nonnegative, it follows that
R . T
BRI <. B3 = nBI([ (7)) <0
]

Remark 4.2 If the obstacle process {Si}icjo,1) satisfies (H4), set f’t" =Y/ —c. It is simple to check
that

T T T
Vr=¢—c +/ (8, Y + ¢, ZM)ds +/ n(Y" — (S5 —c¢))"ds — / Z'"dB,s — (K} — K7').
t t t
By a similar analysis as the proof of Lemmal[].1}, we derive that
~ . T
71" < CRillg — el + [ 17(s,c,0)"ds]
t

If S satisfies (H}’), for simplicity we suppose that l = 0. Let i/v;" =Y -5 and Zt” =7 —o(s),
we can rewrite (4.1)) as the following:

T T T
Vr—e- s+ / (5. V7 + S0, 27 + 0(s)) + b(s))ds + 1 / (Vr)~ds - / ZrdB, — (K} — K7).
t t t

12



Using the same method, we get
_ A T
71" < CRille = Sri+ [ 1£(5,Sus0(5) + b(s)*ds]
t

Thus we conclude that in the above two cases, for 1 < a < 3, there exists a constant C independent
of n such that Elsup,co 71 |Y{*|*] < C. By Pmposz'tion we have

. X R T R T .
BRI < C, BILE|") = n°B[( / (Y7 — S.)~ds)*] < C, and E( / \Z02de) ] < C.

S

Lemma implies that (Y™ —S)~ — 0 in M}(0,7T). The following lemma which corresponds
to Lemma 6.1 in [5] shows that this convergence holds in S&(0,T), for 1 < o < f. It is of vital
importance to prove the convergence property for (Y™).

Lemma 4.3 For some 1 < a < 3, we have

lim K[ sup |(Y" —S;)~[%] = 0.

N0 tel0,T)

Proof. We now consider the following G-BSDEs parameterized by n =1,2,-- -,

T T T
yr=¢ -|-/ f(s, Y, Z)ds —|—/ n(Ss — yo)ds — / zodBs — (kT — kY).
t t t

—nt

By applying G-1t6’s formula to e™""y;", we can get
R T T
o =Bl T [ neSids+ [ e (s, v 20
t t
By the comparison theorem we have for all n > 1, Y;* > Y,! and
. T
V=S >y — Sy = B[S + / e f(s, Y, Z1)ds],
t
where S = (=T (¢ — 8,) + ftT ne™(t=9)(S, — S;)ds. Tt follows that
o T
(Y = 8)7 < (g — Se)” < E|SP] + \/ ") f(s, Y, Z0)ds]).
t
Applying Holder’s inequality yields that
T ies) 1 T 2 1/2
e" TV (s, Y, Z0)ds| < —— s, Y, ZM)ds
[ ety zyis < o[ vz
c 2 T o 2 7.1\1/2
< SCswp VP [ P6,0,0) 420 as)
VI sefo.m) 0

By Lemma [£1] for 1 < o < 8, we have
T

E[ sup | et f(s, Y, Z™)ds|*] — 0, as n — oo. (4.3)
tel0,T] Jt
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For € > 0, it is straightforward to show that

5 T t+e
157 = =T (¢ — §,) + / nemt=5)(S, — S,)ds + / net=2)(S, — §,)ds|
t+e t
< e”(t*T)|§ —Si|+e™™ sup |S;—Ss|+ sup |Ss— S
s€t+e,T) sE [t t+e]

For T > § > 0, from the above inequality we obtain

sup |5’t”| <e ™ sup } |€ = Si|+e ™ sup sup |S¢— Ss|+ sup sup |Ss — S|

te[0,7—6) tel0,T—48 te[0,T—6] s€[t+e,T) te[0,T—6] s€[t,t+e]
< e ™( sup |S¢|+|€]) +2e7" sup [Si|+ sup sup |Ss — S
t€[0,T) t€[0,T] tel0,T] s€[t,t+e]

It is easy to check that for each fixed €, > 0,

E[ sup |SPI°) < C{(e ™ 4+ e )R sup [S,|° +|¢|°] + B[ sup  sup S, — Si|°)}
te[0,7—46] te[0,T] te[0,T] s€t,t+e] (4 4)
— CE[ sup sup [Ss —S:|?], asn— oco. '
te[0,T] s€[t,t+e]
Forl<a< fand 0 <dé < 7T, we have

E[ sup |(Y;" = S)7I°] < B[ sup [(¥)" = S)7[*]+E[ sup (¥} = S,)7|]
te[0,T] te[0,7—6] te[T—4,T)

T
<E[ sup {E[|S¢[+ I/ " f(s, Y Z0)ds [} + Bl sup (Y - ST
te[0,7—4] t te[T—6,T (4 5)

T
<C{E[ sup E; sup [S}|?]]+E[ sup Ei sup |/ e"(tfs)f(s,Y;‘",Zg)dsm]}
t€[0,7—8]  ue[0,T—3) te[0,7—8]  wel0,7] Ju

+E[ sup (Y = 8)7I*) =T+ E[ sup |(¥}' -~ 57|,
te[T—46,T) te[T—6,T)

By Lemma noting that Y — S € $&(0,7) and (Y} — Sr)~ = 0, we obtain

mE[ sup |(V,' —S,)7|*] = 0.
=0 te[r—5,1)

By Theorem and combining (4.3)), (4.4), we derive that

I<C{E[ sup sup |Ss—S|°]+ (B[ sup sup |Ss—S:|°)*?}, as n — oo.
te[0,T] st t+e] te[0,T] st t+e]

Now first let n — oo and then let £,§ — 0 in (4.5). By Lemma again, the above analysis proves

that for 1 < a < 8, R
lim E[ sup [(V}" —S:)7|¢]=0.

n=o0 tel0,T)

]
Now we show the convergence property of sequence (YY) ;.

Lemma 4.4 For some 3 > a > 2, we have
lim K[ sup |Y;* —Y;™|*] =0.

n,m—0o0 te [O,T]
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Proof. Without loss of generality, we may assume S = 0 in ([4.1). For any r > 0, set Y; = |Y;* —Y;"|?,
fi = f@, Y, zZry — f(t, Y™, Z™). By applying 1t6’s formula to Y;a/ze”, we get

o T - T, .
Y;a/ ert+/ Ters}fsa/2d5+/ §6TSY;X/271(ZS)2d<B>S
t t

T T
—a(-9) / TV OI22(Y,2(2,)2d(B) s + / Qe V21V g
t t

T T
+ / ae* Y2y, fods — / ae™ YUY, Z,dB, + Y.dK,)
t t

T — ~ ~ T _a—1 .
<a(-5) [ VRGP B+ [ VT | ds
t t
T B T B
- / ae™ Yoty ngrm — / e Y2y maL — (Myp — M),
t t

where M; = fot aem YT (Y, Z,dB, + (V) TdK™ + (Y,)~dK™) is a G-martingale. Similar with (3.4)),

we have

T I al? r ala—1) [T .
TSy 2 |ds < (aL rsya/Qd / rsya/Z—l 7, QdBS.
eV s < an s ) [ ey SO [ ey ztam)
alL?

Let r=14alL+ (o) By the above analysis, we have
}/ta/Qe'rt 4 (MT _ Mt) < _/ aersys(x/2—1ysndL";n _ / ae’!‘sYSa/Q—l}/SmdL?.
t t
Then taking conditional expectation on both sides of the above inequality, we conclude that
— A T — T —
Y;a/Qert SEt[_/ aersyvsa/Q—IY'SndL;n _/ aersna/Q—ly'smdL’gL]. (46)
t t
Observe that
A T — A~ T —
Bil- [ ae et L) < ae B[V ) (v ds
t t
. T . T
< CBA [ nl(V) " (V) ds) + OB | nl(v) [ (7))
0 0
From (4.6) and taking expectations on both sides, we deduce that

T
E[ sup V" —Y"[*] <CE[ sup {Et[/ (n+m)|(Y]) ">~ (Y,™) " ds]
t€[0,T) t€[0,T] 0 (4 7)

. T
LR / (n 4+ m)| (V) [ (V) ds]})

For 2 < a < B3, there exist o/, p, q, r, p’, ¢ > 1, such that %—i—%—i—% =1, ;—i—% =1, (a=2)a'p < 8,

o/q < B, a'r < B, (a—1)a/p’ < B and o'q’ < 8. Applying Lemma [1.1] Lemma and the Holder
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inequality, there exists a constant C independent of m,n such that
A T ’
B[ i) 0]

~ 7 ’ T !
<E[ sup {|(Y) 7| (v 7|° }(/ n(YJ")"ds)* |
s€[0,T] 0

(4.8)
T
< (B[ sup [(Y7)7|@= 2P 5 (B[] sup |(¥Y;™)~|*')) 7 (B]( / n(Y;)"ds)* "))
s€[0,T] s€[0,T] 0
< C(B[ sup |(Yy™)~|*'9))7,
s€1[0,T)
and
T
E[(/O ml(Y)~ 12 () ds)”]
A /7 T !
<E[ sup (V)" | ( / m(Y™)~ds)”
s€[0,T] 0 (4‘9)

~ /N 1 A T Y] 1
< (B[ sup (Y1)~ [@Dew )P (& / m(Ym)~ds)” 1)
s€[0,T] 0

< C(E[ sup |(v;)~ [P,
s€[0,T)

Then by Theorem and Lemma inequalities (6.1])-(6.3]) yield that
lim K[ sup |V, —Y"[*] =0.

n,m—oQ te [O,T]

5 Existence and uniqueness of reflected G-BSDE with a lower
obstacle

Theorem 5.1 Suppose that &, f satisfy (H1)-(H3) and S satisfies (H4) or (H4’). Then the reflected
G-BSDE with data (&, f,S) has a unique solution (Y, Z, A). Moreover, for any 2 < a < 3 we have
Y € 52(0,T), Z € H&(0,T) and A € S&(0,T).

Proof. The uniqueness of the solution is a direct consequence of the a priori estimates in Proposition
Proposition [3.9] and Proposition [3.5

To prove the existence, it suffices to prove the S = 0 case. Recalling penalized G-BSDEs (4.1)), set
Y, =Y"-Y" Zi=Z'-Z" Ky =K - K", Ly =L} - L} fxnd fe=f@&, Y™, 20 — f(6, Y™, ZM).
By Lemma there exists Y € Sg(0,7) satistying lim, oo E[sup,ejo 4 [Y: — ¥3"%] = 0. Applying
2

Ito’s formula to |V;]2, we get

T
GiP s [ 1zPas).
t
T T R T T
— / 2V, fods — / W, dK, + / 9V, dLs — / 9V, 7.dB,
t t t t

T

T T T
§2L/ [IYSFHKHZsllds—/ 2stf<s+/ mdﬁs—/ 2V, Z,dB.
t t t t

16



Note that for each € > 0,

T N . T . T R
L/ V|| Z,|ds < L2/5/ |Y5|2ds+s/ |Zs|2ds.
t t t

Choosing € < g2, we have

T . T . T R R T R R T o
/ |Zs|2ds§C’(/ |YS|2ds—/ stKS+/ stLs—/ Y, Z,dB,)
0 0 0 0 0

T
<C(sup [T+ sup (V(KF + [KP| +|Lfl+ |3)) ~ [ TiZudB.)
s€[0,T] s€[0,T] 0

(5.1)

By Proposition for any & > 0, we obtain
~ T A A @ A T A ~ a
B(| V.2.dB)%) <CBI(|[ V22297
0 0

<C(E[ sup |¥,[*)"*(E [(/ |Z,[2ds)2])/?

t€[0,T]

C A~ A A o o
< C8y sup 9]+ OEI([ 12,92
te[0,T] 0

Applying Lemma and the Holder inequality, choosing &’ small enough, it follows from ([5.1) that

T
B[( / 27— 27 2ds) 3] < C{B[ sup |V4]] + (B[ sup [%4[*))/2).
0 t€[0,T) t€[0,T)

It is straightforward to show that

n,Mm—00

T
lim fE[(/ |z — Z™?ds) %] = 0.
0

Then there exists a process {Z;} € H&(0,T) such that ]I:][(fOT |Zy — Z7|?ds)*/?] — 0 as n — oo. Set
A} = Ly — K7, it is easy to check that (A})¢c(o,7] is a nondecreasing process and

t t
Ay — AT =Yy - Y} —/ fsds—i-/ ZsdBs.
0 0
By applying Proposition and the assumption of f, it follows that

T t
Bl sup 47 — 477 < CE[ sup 9" + / Flds)y + sup | [ ZedB.l*)
te[0,T] telo,T 0 tel0,7] Jo

T
< C{E sup %]+ EI( | |Z.Pds)"2)) >0,
te(0,T) 0

Then there exists a nondecreasing process (A¢)c(o,r] satisfying that

lim E[ sup |A; — A?[*] =0
N0 (0,7
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In the following it remains to prove that Y; > 0, ¢ € [0,7] and {ff(;5 YsdAs}iep,r) is a non-
increasing G-martingale. For the first statement, it can be deduced easily from Lemma Set

t
:/ Y,dK".
0

Since Y; > 0, V0 <t < T and K" is a decreasing G-martingale, then K"isa decreasing G-martingale.
Note that

t
sup |—/ YydA, — K| < sup {| — /YdA +/ YdA"|+\/ Y,)dA"|
te[0,T] 0 te[0,T7]
w1 o vz o) [ —vemas)
0 0

t t
< sup {| [ Vmacar — a) +| / (Y, — VM) d(A? — A,)]}
0

tefo,7]  Jo
+ sup Yo = YP[[J[A7] + |K7[] + sup (V)7 |L7|
te[0,T] te[0,T]
=I+I1I+1I1+1V,
where 37;’" = Z?fol Y;S;”I[t;",tﬂl)(t) and t7" = %, 1=0,1,--- ,m. By simple analysis, we have

m—1

Z sup |Ys( ‘At’" = A |+ |A At;”m

= s€lo,T] o

<(E[ sup_ Y,[)*? Z{ — Agn PNV + (B[ AR — A [P])V23,
s€|

E[IT] <(E[ Sup Y, =Y ])1/2{( [AZP])Y2 + (B[l Ar ]2},
E[I11] <(E e Y, = Y7 PDY{EIAR)Y? + (B[ KZ[P)Y?Y,
E[IV] <(B[ sup |(YV;")~[PDM2(E[ILE])Y2.

s€[0,T]

Then for each fixed m, first let n tends to infinity, we conclude that

t
lim B[ sup | — / YodA, — K7|] < C(E[ sup |Y, — V72DV,
n=0o0  tel0,T) 0 t€[0,T]

By Lemma 3.2 in [I0], sending m tends to infinity, we get lim,, o IAE[supte[O,T] |— fg Y,dA,— KM = 0.
It follow that {— f(f Y,dA;} is a non-increasing G-martingale. m

Furthermore, we have the following result.

Theorem 5.2 Suppose that &, [ and g satisfy (H1)-(H3), S satisfies (H4) or (H4’). Then the reflected
G-BSDE with data (€, f,g,S) has a unique solution (Y, Z, A). Moreover, for any 2 < a < 8 we have
Y € S&(0,T), Z € HA(0,T) and A € S&(0,T).

Proof. The proof is similar to that of Theorem[5.1] m
We next prove a comparison theorem, similar to that of [I1] for non-reflected G-BSDEs. The proof
is based on the approximation method via penalization.
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Theorem 5.3 Let (&%, f1, g, SY) and (€2, f2, 9%, S?) be two sets of data. Suppose S* satisfy (Hj) or
(H{), €, f' and g* satisfy (H1)-(H3) for i = 1,2. We further assume in addition the following:

(i) & <& qs.;
(i) f1(t.y,2) < f2(t,y,2), g'(t,y,2) < *(t,y, 2), V(y,2) € R?;
(iii) S} <S2,0<t<T,g.s..

Let (Y, Z! A?) be a solution of the reflected G-BSDE with data (£%, fi,g%,S%), i = 1,2 respectively.
Then
YVP<Y? 0<t<T gqs.

Proof. We first consider the following G-BSDEs parameterized by n = 1,2, - -,
T T T T
=€ [ s [ g st dB)r [ onp - shyds— [ sndB. - (K- KD,
t t t t

By a similar analysis as the proof of Theorem it follows that lim,,_ oo IAE[supte[O,T] Y, —yr] =0,
where 2 < a < 3. Noting that (Y2, 22, A%) is the solution of the reflected G-BSDE with data

(€2,%,¢%,5?) and Y2 > S2, 0 <t < T, we have

T T T T
Y2=ey / (.2, 22)ds + / 25, Y2, Z2)d(B) . + / (Y2~ 52)"ds— / Z2dB, + (A2 — A?).
t t t t

Applying Theorem yields Y;2 >y, for all n € N. Letting n — oo, we conclude that Y2 > Y,!. m

Remark 5.4 Actually, A can be represented as the sum of two nondecreasing processes A and A?
such that

T
/ (Y, — S,)dA2 =0,
0
and for any 0 < s <t < T,

IES[/Ot(ST ~Y,)dAL] = /Os(sr —Y,)dAL (5.2)

Indeed, set A} = fot Ity,>s,dAs, A7 = fot Ity,—s,ydAs. It is easy to check that A = A' + A? and
A? satisfies the Skorohod condition. We now show that A' satisfies (5.2)). Set f(t = fg(Ss —Y,)dAs.

By Theorem K isa decreasing G-martingale and K, € L2.(Qy) for some 1 <p < g, Vi € [0,T].
Choose a sequence of bounded, nonnegative and Lipschitz continuous functions ¢ (x) such that o(x) 1
I{m>0}. Set

t t
K; = / on(Y, — S)dK, = / (Ss — Y3)on(Ys — Ss)dAs.
0 0

Applying Lemma 3.4 in [10], We obtain that K is a decreasing G-martingale. Furthermore, we have

t t
/ on(Ys — S.)dE, ¢/ (S, — Ya)dAL € L (),
0 0
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where Lg () is defined in the Appendiz. By the extended conditional G-expectation defined in [15],
we derive that

11335[/0 (S, —Y,)dAl] = lim ES[/O (S, — V) on (Y, — S, )dA,]

n—oo

S

= lim (S =Y. )on (Y, — S.)dA,

n—oo 0

:/ (S, — Y, )dAL,
0

6 Relation between reflected G-BSDEs and obstacle problems
for nonlinear parabolic PDEs

In this section, we will give a probabilistic representation for solutions of some obstacle problems for
fully nonlinear parabolic PDEs using the reflected G-BSDE we have mentioned in the above sections.
For this purpose, we need to put the reflected G-BSDE in a Markovian framework.

For each (t,z) € [0,T] x R, let {X!’* ¢t < s < T} be the unique R%valued solution of the SDE
driven by G-Brownian motion (here we use Einstein convention):

X7 — g 4 / b(r, X%V dr + / Ly (r, X17)d(B, BY), + / o4(r, X7V d B, (6.1)
t t t
We assume that the data (£, f,g,.5) of the reflected G-BSDE take the following form:
g = QS(X’;':Q:)’ f(saya Z) = f(saX‘?xa Y, Z)a
Ss :h(st?x)a gij(87yaz) :gij(S7X£’$’yvz)’

where b : [0,7] x RY — R4, [;; : [0,T] x R? - R% 0, : [0,7] x R4 — RY, ¢ : R - R, f,g: :
[0,7] xR xR xR — R and h: [0,7] x R? — R are deterministic functions and satisfy the following
conditions:

(A1) l;; =1l and g5 = gj; for 1 < i, j < d;
(A2) b, l;;, 04, f, gij are continuous in t;

(A3) There exist a positive integer m and a constant L such that

d d
bt ) — bt a) + 3 [yt o) — i (62 + 3 ot @) — as(t, )| < Ll — o),
i,j=1 i=1
|¢(x) — o(2)] < LA+ |z[™ + [2'|™) |z — 2],
d
|f(t,x,y,z) - f(t7$/7y/7zl)‘ + Z |gij(t,$,y,2) - gij(taxlaylvz/)‘
ij=1

S LI+ [a|™ + ™) = 2’| + |y — ¢/ + |2 = 2']].

(A4) h is uniformly continuous w.r.t (¢,2) and bounded from above, h(T,z) < ®(x) for any x € R%;
(A4’) h belongs to the space C’i’é([& T) xR and h(T,z) < ®(x) for any 2 € R%, where C12 ([0, T] x

Lip
R?) is the space of all functions of class C12([0,T] x RY) whose partial derivatives of order less
than or equal to 2 and itself are Lipschtiz continuous functions with respect to x.
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We have the following estimates of G-SDEs, which come from Chapter V of Peng [27].

Proposition 6.1 ([27]) Let &,¢' € L%(Q;RY) and p > 2. Then we have, for each § € [0,T —t],
B sup [X[C—XDEP) <Ol
€[t t+0]
B[l X017 < C(L+ [¢7),

B sup |XDE—¢P] < O(1+ [¢7)6v/2,
sE[t,t+0)

where the constant C' depends on L,G,p,d and T'.
Proof. For the reader’s convenience, we give a brief proof here. It is easy to check that {Xﬁ’f}se[t’T],

{Xg’gl}se[t,T] € MZ%(0,T;R?%). By Proposition we have

E sup [X0S— XL
sEt,t+4]

t+5
<CE[l¢ — € + / XUE  XPEPds + sup | / (0(r, X1€) — o(r, X2€'))dB, |
t SGtt+§

s ) e /
<Cllg =€+ Bl [ 1XEE - XUEPas 1 Bi( [ X0 - X Pasyrr?)
t t

t+0
<cflg—¢+ [ Bilsup X0 - X1 Pas)
t

relt,s]

By the Gronwall inequality, we get the first inequality. The others can be proved similarly. m
It follows from the previous results that for each (t,z) € [0,T] x R?, there exists a unique triple
(Yh®, Zb* Ab") se ), which solves the following reflected G-BSDE:

S

s T T T T T T T T T x [ i
(i) YIo = o(Xp") + [, flr, X2, Y00, Z00)dr + [ gy (r, X0, Y00, Z17)d(B, BY),
— [T ZbrdB, + A - AT, t<s < T

(ii) Y2" > h(s, XL"), t < s <T;

(iii) {A%"} is nondecreasing and continuous, and {— [’ (V,"* — h(r, X1®))dAL* t < s < T} is a
non-increasing G-martingale.

We now consider the following obstacle problem for a parabolic PDE.

{min(—@tu(t@) — F(D2u, Dyu,u, x,t),u(t,r) — h(t,z)) =0, (t,z) € (0,T) x R?, 6.2)

u(T,m) = ¢($)7 xT € Rd7
where

F(D?u, Dyu,u, x,t) =G(H(D*u, Dyu,u,z,t)) + (b ( x), Dyu)

+ f(t,x,u, {(o1(t, ), Dyu),- - - (od(t x), Dyu)),
H(DZ2u, Dyu,u, x,t) =(D2uc;(t,x),0;(t,x)) + 2(Dyu,li;(t,x))

+2g;(t, z,u, (01(t, ), Dyu), - -+, (oa(t, z), Dyu)).

We need to consider solutions of the above PDE in the viscosity sense. The best candidate to
define the notion of viscosity solution is by using the language of sub- and super-jets; (see [2]).

21



Definition 6.2 Let u € C((0,T) x R?) and (t,z) € (0,T) x RY. We denote by P>Tu(t,z) [the
“parabolic superjet” of u at (t,x)] the set of triples (p,q, X) € R x R? x Sy which are such that
u(s,y) <u(t,z) +p(s —t) + (¢.y — @)

(X(y—ax),y—a)+olls—t|+ |y —z[*).

+

DN | =

Similarly, we define P*>~u(t,x) [the “parabolic subjet” of u at (t,z)] by P>~ u(t,x) := —P>T(—u)(t, ).
Then we can give the definition of the viscosity solution of the obstacle problem (6.2)).

Definition 6.3 It can be said that u € C([0,T] x R%) is a viscosity subsolution of (6.2) if u(T,x) <
é(x), x € R, and at any point (t,z) € (0,T) x R?, for any (p,q, X) € P>Tu(t,z),

min(u(t, x) — h(t,z), —p — F(X, q,u(t, ), z,t)) <O0.

It can be said that v € C([0,T] x RY) is a viscosity supersolution of (6.2)) if u(T,z) > ¢(z), z € RY,
and at any point (t,x) € (0,T) x R%, for any (p,q, X) € P>~ u(t,z),

min(u(t,z) — h(t,z), —p — F(X, q,u(t, z),z,t)) > 0.

u € C([0,T] x RY) is said to be a viscosity solution of (6.2) if it is both a viscosity subsolution and
supersolution.

We now define
u(t,z) == Y"", (t,z) €[0,T] x RY. (6.3)

It is important to note that u(t,z) is a deterministic function. We claim that « is a continuous
function. For simplicity, we only consider the case g = 0 in the next three lemmas. The results still
hold for the other cases.

Lemma 6.4 Let assumption (A1)-(A3) and (A4’) hold. For eacht € [0,T], x1,22 € RY, we have
u(t, 21) = u(t, z2)| < C(1 4 [a1[™2 + 2| ™) |21 — o).
Proof. From Proposition since u(t, x) is a deterministic function, we have
fult, 1) — ult, 22)[* < CLBI(GXG™) — h(T, X57)) — (S(X57) — (T, X572

T
+ / |f(S5X,§,xl7}/;‘t7wl7Z£7xl) - f(S7X£7x25Y9t7x17Z§7x1)‘2d8
‘ (6.4)

+ /tT b (s) = b(s) | + |13 (s) = I55(s)* + |oi (5) — o (5)]
+ (s, X0™) = h(s, X2)2ds] + [A(t 01) — h(t, 22)[*},
where for k=1, 2,
V¥ (s) = Dsh(s, X17) 4 (b(s, X", Dyh(s, XbTr)),
1 (5) = (Dah(s, X0™), Iig(s, X)) + 3 (D2h(s, X0)ar(s, X0, 0505, X0™)),

ol (s) = (o4(s, XI™*), Dyh(s, XL™)).
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Set X! = X1 — X!*2 By the assumptions (A3), (A4’) and Proposition we have

2 T 2
u(t, 1) — ult, w2)[> CLR[(1+ Y [ X5" ™) X5 7] + / E[(14 > |XLm ™) XL ds
k=1 t k=1

T 2 T
[ B Y X PR + [ BRI+ o - aaf?)
t k=1 t

SO+ |21 4 faa PV { (B sup, [ XUDY2 + |21 — a2}
se(t, T

SO+ o [P+ [P |21 — 2o,
The proof is complete. =
Lemma 6.5 Let assumption (A1)-(A4) hold. For each t € [0,T], z,x’ € R, we have
u(t, z1) = u(t, 22)* < C{L+ |1 [ + |22 ™) a1 — w2l + (14 |21 4 o) |21 — 22}

Proof. From Proposition [3.5 and Proposition [6.1] by a similar analysis with the above lemma, we
get the desired result. m
The following lemma states that (¢, z) is continuous with respect to ¢.

Lemma 6.6 The function u(t,z) is continuous in t.

Proof. We only need to prove the case where (A1)-(A3) and (A4’) hold. The case that (Al)-(A4)
hold can be proved in a similar way. We define Xt := z, Y% := Y'* Z4% := 0 and AL" := 0 for
0 < s < t. Then we define the obstacle

G _ h(t,z) + [ b(s, X0®)ds + [ 1;;(s, XE®)d(B?, BI)s + [ 6:(s, Xb%)dBY, € (t,T);
" | At ), u € [0,1],

where
b(s, X5%) = Ah(s, X%) + (b(s, X1®), Dyh(s, Xb7)),
~ 1
lij(SaXz)I) = <Dmh(svXg’I)’lij(saXz)i» + §<D?€h(8, sz)o—i(svX?I)?O—j(s’X?z»a
5—2(57X§’$> = <0i(SvX£’z)>Drh(st?I»'

It is easy to check that (Y/*, ZL% AL®) cio) is the solution to the reflected G-BSDE with data
(p(XE"), 1=, §5%) where

ft’””(s,y7 z) = I 7)(8) f (s, X;”E,y7 z).
Fix x € Rd, for 0 < t; <ty < T, by Proposition we have
uty, 2) — ulty, z)* = [Yg' = Yo

<SCLE[|(p(X7") = W(T, X37)) = (H(X") = h(T, X)) * + |h(tr, x) — h(ta, )|
T
+/ ‘)\t11t2 (8)|2 + |/3t17t2 (8)|2 + |h(87X§1)$) - h(37X£2)$)|2d8]}v
0
where

5\tl,tg(s) = |I[t1,T](8)f(sﬂX§17w7Yst27wa Z?)x) - I[t27T](s)f(s’X§27$7Y5t27w’ Z§2)I)|7
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and
Per iz (8) =T, 1(8)b(s, X17) = I, 7y (5)b(s, X 12%))|
+ ey 1 ()13 (5, X) = Ty oy ()13 (5, X 27|
+ Ly 1y(5)G3(5, XE07) = Tjey 1 (5) G (5, X))
Set X# = Xt# — X'2= By Holder’s inequality and assumptions (A3), (A4’), we deduce that

fu(ts, @) = u(ta, @) SCLE[(L+ [ X2 + [ X2 [™)2 K5 + [h(tr, @) — h(ta, 2)

T
+ [ Bl X X2 K s

to

t2 ~
b [ B xe @ gyt 2)ds)

t1

5 t2, X" . o .
Note that X? = X" — X'% for s € [to, T]. Applying Proposition it follows that

Juty, @) = ults,@)] < CL1+ 2] FOV3) [ty — 11] 2 + |h(t, 2) — h(tr, @)}

The proof is complete. =
We will use the approximation of the reflected G-BSDE by penalization. For each (¢,z) € [0,T] x
R n €N, let {(Yhe, Zmte KMte) ¢ < s < T} denote the solution of the G-BSDE:

T T
sznyt’m :¢(X;$) + / f(rv Xi,x’}/rn,t,x7zﬁ,t,az)dr+/ gij(rv X'ﬁ’maan’t,z7zﬁ,tw)d<Bl7BJ>r

T T
+ n/ (Y5 — h(r, X5%)) " dr — / ZmbTdB, — (Kph* — Kby t<s <T.
We define
Un(t,x) =Y, 0<t<T,zeR%

By Theorem 4.5 in [I1], w, is the viscosity solution of the parabolic PDE

{—8tun(t,x) — Fp(D2up(t, %), Dytin(t, ), un(t, ), 2,t) = 0, (t,z) € [0,T] x RY (65)

un (T, x) = ¢(x), z € RY,

where
F.(D?u, Dyu,u,z,t) = F(D2u, Dyu,u, x,t) +n(u — h(t,z)) .

Theorem 6.7 The function u defined by (6.3)) is the unique viscosity solution of the obstacle problem
(6.2).
Proof. From the results of the previous section, for each (t,x) € [0,T] x R¢, we obtain

un(t, ) T u(t,z), as n — oo.

By Proposition 4.2, Theorem 4.5 in [I1] and Lemma [6.4}Lemma [6.6] u,, and u are continuous. Then
by applying Dini’s theorem, the sequence u™ uniformly converges to u on compact sets.

We first show that u is a subsolution of (6.2). For each fixed (t,z) € (0,T) x R?, let (p,q, X) €
P2Fu(t,x). Without loss of generality, we may assume that u(t,z) > h(t,z). By Lemma 6.1 in [2],
there exists sequences

n; — oo, (t;,z;) — (t,z), (p;,q;,X;) € P2’+unj(tj,acj)7
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such that (p;,q;, X;) = (p,¢,X). Since u™ is the viscosity solution to equation (6.5)), it follows that
for any j,

—Pj = Fny (X 0y un, (8, 25), 25, 5) < 0.
Note that w, is uniformly convergence on compact sets, by the assumption that w(¢, x) > h(t,z), we
derive that for j large enough wu,,, (t;,2;) > h(t;, z;); therefore, sending j goes to infinity in the above
inequality yields:
—p— F(X,q,u(t,z),z,t) <O0.
Then we conclude that u is a subsolution of (6.2]).
It remains to prove that u is a supersolution of (6.2). For each fixed (t,z) € (0,T) x R%, and

(p,q,X) € P?~u(t,xz). Noting that {Y/*},cp 1 is the solution of reflected G-BSDE with data
(53 fagvs)a where Ss = h(stg’m), we have

u(t,z) = Y > h(t, z).
Applying Lemma 6.1 in [2] again, there exists sequences
n; — oo, (tj,z;) = (t,z), (pj,q5,X;) € P> un,(t;,z;),

such that (p;,q¢;, X;) = (p, ¢, X). Since u” is the viscosity solution to equation (6.5)), we derive that
for any j,

—pj — Fn; (X5, 5, un; (t5, 5), 75, t5) > 0.
Therefore
—p;j — F(Xj, qj,un, (tj,25),25,t;) > 0.

Sending j — oo in the above inequality, we have
—D — F(Xaqau(ta l’),.’I},t) 2 07

which implies that u is a supersolution of . Thus u is a viscosity solution of .

Analysis similar to the proof of Theorem 8.6 in [5] shows that there exists at most one solution of
the obstacle problem in the class of continuous functions which grow at most polynomially at
infinity. The proof is complete. m

7 American options under volatility uncertainty

Now let us consider the financial market with volatility uncertainty. The market model M is intro-
duced in [31] consisting of two assets whose dynamics are given by

dyy = rydt, v =1,
dSt = ’I"Stdt + Std.Bt7 S() =9 > 0,

where r > 0 is a constant interest rate. The asset v = (7:) represents a riskless bond. The stock price
is described by a geometric G-Brownian motion. Since the deviation of the process B from its mean
is unknown, this model shows the ambiguity under volatility uncertainty.

Definition 7.1 ([31]) A cumulative consumption process C' = (C}) is a nonnegative Fy-adapted pro-
cess with values in L (), and with nondecreasing, RCLL paths on (0,T], and Co = 0, Cr < oo,
q.s.. A portfolio process m = (m;) is an Fi-adapted real valued process with values in LE(QT).
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Remark 7.2 Let (Qp,F, P) be the classical probability space, where Qp = Co([0,T],R) and F =
B(Qr). Furthermore, there exists a process W = {W;} which is a Brownian motion with respect to P.
Then the filtration in the above definition is given by Fy = o{W;|0 < s < t} VN, where N denotes
the collection of all P-null subsets.

Definition 7.3 ([31]) For a given initial capital y, a portfolio process w, and a cumulative consump-
tion process C, consider the wealth equation

d as,
dXt = Xt(l — Wt)i + Xtﬂ'tit — dCt
Tt St

= TXtdt + WtXtdBt — dCt

with initial wealth Xo = y. Or equivalently

t t
X =y — / Yo tdC,, +/ Yol XymudBy, Vt<T.
0 0
If this equation has a unique solution X = (X;) := X¥™C it is called the wealth process corre-
sponding to the triple (y,m,C).

Definition 7.4 ([31]) A portfolio/consumption process pair (mw,C) is called admissible for an initial
capital y € R if

(i) the pair obeys the conditions of Deﬁmtion and '
(i) (mXP™C) € M3(0,7);

(iii) the solution XY™ satisfies
XPmY > L, Vt<T,qs.

where L is a nonnegative random variable in LZ%(Qr).

We then write (m,C) € A(y).

We denote by 7 the set of all stopping times taking values in [s, ], for any 0 < s <t < T. Then
the American contingent claims may be defined by the following:

Definition 7.5 ([14]) An American contingent claim is a financial instrument consisting of
(1) an expiration date T € (0, 00];

(ii) the selection of an exercise time T € Tor;

(iii) a payoff H, at the exercise time.

We should require that the payoff process { H;};c[o, 1) satisfy (H4) or (H4’) in Section 3. Since the
financial market under volatility uncertainty is incomplete, it is natural to consider the superhedging
price for the American contingent claims.

Definition 7.6 Given an American contingent claim (T, H) we define the superhedging class
U:={y>073(r,C) e Aly) : for any stopping time 7, X?"™C > H,,q.s.}.
The superhedging price is defined as

hup = inf{uly € U}.
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Theorem 7.7 Given the financial market M and an American contingent claim (T, H), we have
hup = Yo, where Y = (Y;) is the solution to the reflected G-BSDE with parameter (Hr, f, Hy) with

fly) =ry.

Proof. Let y € U. By the definition of U, there exists a pair (7, C') € A(y) such that for any stopping
time 7, X¥™¢ > H,. Applying Lemma 3.4, Lemma 4.2 and Lemma 4.3 in [19], we derive that for
any n € MZ(0,T)

E[/ nsdBs] = 0.
0

Then we obtain

E[y + / Y XY™, dB,]
0

[y+/ %IlXZi’”’CﬂudBu—/ Vo HdC]

0 0
Bl ' X200 > By, H).

v
=

It follows that h., > sup,cr, . E[y ' H,).
Now we turn to prove the inverse inequality. Consider the following reflected G-BSDE

Y, = Hr — [ #Yids — [ Z,dB, + (Ar — Ay),
Y, > Hy.

By Theorem [5.1} there exists a unique solution (Y, Z, A) to the above equation. Let C = A, 7 = %

Then H, < Y XYor ¢ which implies Yy € U. Tt follows that hup < Yo. Applying It6’s formula to

Y, = 7 1Y;, we conclude that Y is a solution to the reflected G-BSDE with data (v Hr, 0,7 H).
By the following proposition, we finally get the desired result. m

Proposition 7.8 Let (Y,Z, A) be a solution of the reflected G-BSDE with data (€, f,S). Then we
have

Yo = sup E[/ f(S, Ys, Zs)ds + S.,—I{.,.<T} + fI{T:T}].
T€To,T

Proof. Let 7 € 7o p. Note the fact that

]E[/ ZdB,] =0
0

Then we have
Yy = fE[/ f(s,Ys, Zs)ds + Y, + A,]
0
> B[ 06,V Zo)ds + Slp <y + €l
0

We are now in a position to show the inverse inequality. By the definition of the solution of the
reflected G-BSDE, we may define



then K is a non-increasing G-martingale. Let
D”:inf{ogth:Yt—St<%}AT.

By example [A-4] D™ is a x-stopping time for n > 1. It is easy to check that D™ — D, where
D=inf{0<t<T:Y;—S;=0}AT.

Noting that A is nondecreasing, by Theorem it follows that

which yields E[—Ap»] = 0. By the continuity property of A, we have E[—Ap] = 0. Then it is easy to
check that

D
Yo = E[/ f(5,Ys, Zs)ds + Splip<ry + {1 p=T}]-
0

Hence, the result follows. m

A

In this section, we mainly introduce the extended conditional G-expectation and optional stopping
theorem under G-framework. More details can be found in [13].

Let (2, L; (), E[]) be the G-expectation space and P be a weakly compact set that represents E.
We set

L) := {X : Q = [~00,00] and X is B(f2)-measurable},
L(Q) :={X € L°(Q) : Ep[X] exists for each P € P}.

We extend G-expectation E to £(Q) and still denote it by E. For each X € £(f), we define

E[X] = sup Ep[X].

Then we give some notations

LP(Q) = {X € L°(Q) : E[|X ] < o0} for p > 1,

LL(Q):={X e L}(Q) : 3X,, € L5(Q) such that X,, | X,¢.5.},
LE(Q) = {X € LY(Q) : 3X,, € LY (Q) such that X, 1 X, ¢.s.},

L& (Q) == {X e LY(Q) : 3X,, € L& (Q) such that E[|X,, — X| — 0]}.

Set Q; = {w.a 1w € Q} for t > 0. Similarly, we can define L°(Q;), £(Q¢), LP(Q), LE (), Lle ()
and f/éi‘ (€24) respectively. Then we can extend the conditional G-expectation to space Eé* Q).

Proposition A.1 ([15]) For each X € Eg (Q), we have, for each P € P,

E[X] = esssup T Eg[X|Fi], P-a.s.,
QEP(t,P)

where P(t, P) = {Q € P : Eg[X] = Ep[X],VX € Li()}.
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We now give the definition of stopping times under G-expectation framework.

Definition A.2 A random time 7 : Q — [0,00) is called a *-stopping time if I{>4 € Lg () for
each t > 0.

Definition A.3 For a given x-stopping time 7 and £ € Eg (Q), we define ET[f] = M., where M; =
E4[€] fort > 0.

We then give an example of *-stopping time.

Example A.4 Let (X;)ic,r] be an d-dimensional right continuous process such that X, € L ()
fort € [0,T)]. For each fized closed set F € RY, we define

T=inf{t>0: X; ¢ F} AT.
Then T is a *-stopping time.

Now we introduce the following optional stopping theorem under G-framework.

Theorem A.5 ([13]) Suppose that G is non-degenerate. Let My = B.[€] for t < T, € € L2(Qr) with
p > 1 and let o, T be two *-stopping times with c <7 <T. Then M,, M, € f/é* (Q) and

M, = ]I:ZU[MT], q.S..
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