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Characterizations of Two Extended Walras
Solutions for Open Economies

Abstract

Various papers from the intersection of Game Theory and General
Equilibrium Theory have shown that the property of consistency, which
is quite prominent in the framework of cooperative solution concepts,
can be used to characterize solution concepts for economies, as well,
Papers like Dagan [1] and van den Nouweland, Peleg, Tijs [9] show
that using the notion of open or generalized economies is a very fruit-
ful approach to this idea. Here, we will give characterizations for two
interesting extensions of the Walras solution to these open econolnies,
the proportional and the equal sharing equilibrium. To do so, it is used
that both concepts are minimal non-empty consistent extensions of the
empty solution as proved in Korthues [5]. Moreover, Pareto optimality

and variants of converse consistency are employed to get that result.
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1 Introduction

It was recently shown, that the idea of consistency can be appropiatly trans-
ferred from a game theoretic setting to economies. In the case of pure exchange
economies 1t i1s useful to consider so-called generalized or open economies as
was done in Dagan [1] and in van den Nouweland, Peleg, Tijs [9]. Their ap-
proaches use a form of consistency without recontracting possibilities. On the
other hand, Serrano and Volij [10]. developed - inspired by Dagan [3] - no-
tions of consistency with recontracting possibilities, which are very close to
game theoretic approaches to consistency. The authors also show. using the
notion of production possibility sets of subgroups of agents, that production
can be included. However, their approach does not lead to an axiomatic char-
acterization of the behaviour of firms, since production is introduced without
mentioning firms, shares or shareholders.

We will give characterizations of extended Walras solutions by means of
consistency without recontracting possibilities. Considerations of minimal con-
sistency, which was introduced by Thomson in a general setting [15] and for
economnies without private endowments [14] and later on transferred to open
economies (including private endowments) by Korthues 3], play an impor-
tant role. Korthues showed that two Walrasian concepts, the proportional and
the equal sharing one, arc even minimal non-empty consistent on reasonable
classes of open (or generalized} economies. Using this fact, we will be able to
give characterizatious of these two concepts.

Apart from the “top-down™ argument of consistency we will use a variant of
converse consistency called symmetrized converse consistency. A solution con-
cept is called conversely consistent, if it suggests an efficient allocation & for an
economy E, whenever it suggests the projections z of z for the reduced ecou-
‘omy £< for all subgroups S of agents. That is, converse consistency requires
the consideration of all reduced economies. In some cases, especially if an
economy is the “union” of a number of identical or similar disjoint economies.
this treatment is much too restrictive. The notion of symmetrized converse
consistency does justice to this fact.

Moreover, we will use a property of invariance with respect to rescaling in
the commodity space. Proportionality (resp. equal sharing) enters the scene
only via one axiom which provides a rule of division in “comparable situa-
tions”. These are economies the relevant commodity vectors of which lie on

the diagonal of the commaodity space.
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2 Generalized Economies and

Solution Concepts

A generalized or open economy £ is a tuple ((w;)ien, (=:)ien,T). Here, N =
{1,...,n} is the set of the agents of the economy, who are represented by
their initial endowments w; € RfH_ and their preferences =; C R"+ x R.:_. In
addition, T € R’ with Yiwit+T € Rl_l_ represents the net trade vector of
this economy. Its components can be positive {(indicating imports of the com-
modity in question) as well as negative (indicating exports of the commodity
in question). lmports can be distributed among the economy’s agents; exports
have to be brought up by them. In this wider context a usual economy can be
seen as a generalized economy £’ with net trade vector 7 = 0. An allocation
of a generalized economy (for short: economy) E = ({w;)ien, (5)ien, T) is a
vector z = (21,...,2,) € (Rﬂ_)" such that 3 ey z; = 0, w; + T The set of
all allocations {¢| X7, (; = 27, w; + T} is denoted by A(E). A price system
is a vector P in the (! —1)-dimensional unit simplex A'. Often boundary prices

0
will be excluded from consideration. Then we will use the notation P €A/

o
where A is the interior of the price simplex Al

As is known from cooperative game theory, varying the notion of reduced
games has a great impact on what solutions turn out to be consistent. The
specific way of definition of reduced economies seems to be important, too.

The easiest and most adhoc way of doing it is described in

Definition 2.1 For every economy E, every subset of its agenis S C N and
every allocation z € A(E) the reduced economy ES* is given by

ES* = ((wi)ies, (Ziies, T5°)

with TS =T + Tienmslw; — ;).

The definition follows the idea that every agents who leaves the economy is paid
in commodities according to the outcome x and leaves his initial endowments
in the economy. This automatically leads to the definition of the net trade
vector 7% of the reduced economy. Initial endowments of the remaining
agenls are kept fixed to give them the same starting position for the discussion
of redistribution in the reduced economy.

Throughout the paper, preferences are assumed to be reflexive, transitive,
complete, continuous, monotonic and strictly convex., Sometimes consumers’
tastes will be described by means of utility functions representing their pref-

erences. Iurthermore, generalized economies will be denoted by £ or Er.
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Economies with same initial endowments and preferences but with net trade
‘vector 0 will be called corresponding usual economies and will be denoted
by E,. .

The characterizing aspects of the Walras equilibrium are the market clear-
ing condition and the preference maximization of the agents as regards their
budget constraints. The following definition is made to emphasize these as-
pects, based on which several generalizations of the Walras correspondence can

be obtained by varying only the amount of the budget constraints.

Definition 2.2 (z, P) € A(E) x A' is called an equilibrium of E relative
to the budget constraints v;(P), if and only if

LY =0 w+ T (market clearing condition)
2.z € Bi(P):= {z e R{{P,z) <wy(P)} W
5’. Vz, € B,(P) A SR T Ys.

That 1s, agent : chooses his consumption bundle z; within his budget set
B;(P) .= {3: € RL{(P,2) < v;(P)} such that his preferences are maximized.
Given monotonicity of preferences (P, 2;) = v;{P) is satisfied for all 1 € N.!
Thus -

Su(P) = (A w+T)= (P Yw) 4 (RT)

= S(Pw)+(PT) =S uw(P (AT ()

where w;(P) := (P,w;) are the budget constraints of the corresponding usual
economy. Since the value (P,T} of the net trade vector does not have to be
zero — think for example of T € RI_H, ~, one cannot expect that v; and w; are

always equal. To give a starting point for our discussion we state

Definition 2.3 (z, P) is called a simple equilibrium, if it is an equilibrium

relative to the budget constraints v,(P) := w;(P).

In the case of T' = 0 this coincides with the original Walras equilibrium.

~ Obviously, for almost every net trade vector there will be no simple equilibrium.

"Independent of monotouicity of preférences this equality has to be fulfilled in equilibrium,
because if anyone does not choose z; in the boundary of his budget set, someone else has to

. exceed his budget set, which is not allowed in equilibrium.
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2.1 The Proportional Equilibrium

We are now looking for new concepts which generalize the concept of Walras
equilibrium. As it will, in general, not be possible to choose budget constraints
v; = w; for all 1 € N, one has to think about how to deviate from equality
without causing too much damage (and without violating equation (1), of
course). One way to solve the problem is to do it proportionally, i.e. to choose
budget constraints v; such that v; /w; is independent of . This ensﬁres equality
vi{ P) = w;{ P) in the case that (P, T) = 0, which leads to the concept of simple

equilibrium.

Definition 2.4 (z, P) is called a proportional equilibrium, ¢f it is an equi-
librium relative to the budget constraints vi(P) := A(P, ¥ _jw; + T} with
A,‘ = (P.w,)/(P, Z}lzl wj).

Since monotonicity of preferences is assumed, j's share of the value of total

endowments is the same in E7 := ((w;)ien, (=:)ien.T) and £y :=
({wi)ien, (>=i)ien, 0), e

wlP) ___w(P)

ol P) (P 4 1)

{(Pwi)  wilP)
(B i w) Tl wi(P)
The foregoing concept is the same as the one defined by the budget constraints

(P wi)
(Pv ;’L:l wj)

T(P) = (Pwi) + A(P,T) with A :=

Here, agents get their budget constraints w; plus their shares A; of the value
of the net trade vector, where J; is proportional to w;.? Both ways lead to the
same concept because the budget constraints are equal as can be seen from

the following chain of equations.

7 (P) _ (Pw)+ MPT)
(P, Z?=1 wj + T) (P, ;'1=1 Wy + T>
. _ (Pwiy (P Yo wy) + (PT)
(P ey (P w4+ T)
- a = vi( P)

(P iw; +T)

2.2 The Equal Sharing Equilibrium

Another idea of sharing {FP,T'} is, of course, to distribute it equally among the

agents. This may sometimes lead to problems since not every agent is able to

2This concept is due to Thomson, see [13] and [15].
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bear the nth part of the net trade vector and has to declare bankruptey, i.e.
is assigned the commodity bundle 0. But in this context, we will also speak of
an equilibrium, if for one agent 7 the bundle w; +7/n 1s not in the strictly pos-
itive orthant but equilibrium trades lead him to a strictly positive commodity
bundle. Since for agent 7 the necessity to declare bankruptcy heavily depends

on prices, definition of equal sharing equilibrium is necessarily a bit blown up.
Definition 2.5 (z, P) is called equal sharing equilibrium, if a permutation
Mi=1p: N—=N

exists with 0 S (P, wn“)) S ‘e S (P, (A)n(n)) and

. ]. 1—1
m = m(P):=min{ : |(Pwny) > ———— (P, T+ > _wny))} .
: n—i+1 =

such that (z, P) is an equilibrium relative fo the budgel constraints

{ 0 i (i) < m(P)
(Powi) + s (P T + 255 wny) b o T1(E) 2 m(P)

The easiest way to understand the definition is to assume first that the agents

v P) =

are without loss of generality ordered by increasing value of initial endowments
evaluated at prices P. Then, the definition just means that agents beginning
with the poorest declare bancruptcy until all of the remaining agents can pay
their part of |{ P, T)| diminished by the value of the private endowments of the

bancruptcy declaring agents.

2.3 Solution Concepts

We will get more insight into the nature of the equilibrium notions we defined
up to now, if we compare them in different economies. This will be done by
considering solution concepts. A solution concept (or just solution) ¢ on
F is a correspondence that assigus to each economy E € F a.-(possibly empty )
set of allocations ®(£) C A(E). For the largest possible class of generalized

economies, £, we are now able to introduce the following solution concepts.

Definition 2.6
o Empty solution ¢ with B(£) := 0,

e Solution of all allocations A with A(E) consisting of all allocalions

of economy E,
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e Pareto optimal solution PO with PO(E) consisting of all Pareto op-

timal allocations z € A(E),

s Proportional solution Wp with Wp(£) consisting of all proportional

equilibrium allocations of F,
¢ Equal sharing solution Wg with Wg(E) consisting of all equal sharing
equilibrium allocations of F.

We will characterize Wp and Wg and will use 0, A and PO ouly for the sake

of comparison.

3 The Axioms

For our characterizations we will be especially interested in top-down and

bottom-up arguments, such as consistency or variants of converse consistency.

3.1 Consistency

Consistency, i.e. consistent treatment of economic situations by solution con-
cepts, 1s, of course, a question of the considered class of economic situations.
too. To start with, we shall first define some classes of generalized economies

we will discuss later on.

Definition 3.1 The class of all gencralized economies is denoted by €. The
class of all economies with all agents having strictly conver and monotone
preferences representable by n times continuously differentiable utility functions
is denoted by £m.

To avoid emptyness of Wg for some economies of the considered domain we

introduce

Definition 3.2 By £& we denote the class of all generalized cconomies E
which satisfy

Vie N(E}: w,+T(E)/neR,
&g is defined analogously.

Then, cousistency can be defined as follows:

Definition 3.3 (Consistency) A solulion concept ¢ is called consistent on

F if for all E € F and for all x € O(E)} we get

VS#£B0,5C N: e (I)(E'S‘I) whenever £ ¢ F



o

3 THE AXIOMS

If one considered E5% € F as a consequence rather than as a condition, the
consistency notion would be much stronger. It would then imply closedness
of F with respect to formation of reduced economies. Since we will consider
consistency only on closed classes of economies, this would not change any-
thing. The following two propositions can be found, for example, in Korthues

[5]. Proofs will therefore be omitted.

Proposition 3.4 The solution concepts §, A. PO, Wg and Wg are consistent

on the class £ of generalized economies.

Proposition 3.5 Intersections and unions of consistent solution concepts are

-consistent as well,

The last proposition enables us to consider minimal consistent extensions
(MCE) of solution concepts as proposed in a general setting by Tlomson
[15]. Furthermore, we can define a minimal non-empty consistent extension
(MNCE) of some solution concept @, being a minimal extension among the
non-empty and consistent extensions of ®. A solution concept may possibly

have several MNCEs, whereas it has a unique MCE

¢ = m 1\l

¥od, ¥cons.

Then, we get

Theorem 3.6 (Korthues [5], Theorems 3.9 and 3.11) Wp is a MNCE
(minimal non-empty consistent catension) of § on & and Wg is .a MNCE

of 0 on EL.

3.2 Converse Consistency

One can also consider consistency the other way round from the bottom to
the top: Let z be an allocation of some generalized economy E, such that
all reduced economies E5F with § C N, S # N agree upon z° as one (but
not necessarily the only) reasonable outcome. Why then not choosing r as an

outcome of economy E?7 Formally we have

Definition 3.7 A solution concept ¢ is called conversely consistent (C0-
CONS) on F, if for every economy £ € F with at least 3 agents and 2 € A(E)

we get

VS C NS <2: B € F and +% € 9(E>) = ¢ € (1)) .
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The restriction to |E£| > 3 is quite important. Dropping this assumption and
considering all proper subsets S of the set of agents N leads to the fact that
only A would be conversely consistent and everywhere non-empty.*

Van den Nouweland, Peleg and Tijs {9] use a weaker version of converse
consistency, since their definition only requires considering allocations r €
PO(E) rather than general allocations.” They characterize the simple Walras
solution by means of converse consistency and are thus interested in a version
of converse consistency which is as weak as possible. Their definition makes
PO conversely consistent by definition. The following three propositions apear

in Korthues [5] not will therefore not be proved.

Proposition 3.8 The solution concepts B and A are conversely consistent on

E. Moreover, PO, Wy, Wi and Wp are conversely consistent on the class E'.

Proposition 3.9 Intersections of conversely consistent solution concepts arc

conversely consislent as well.

Proposition 3.10 Unions of conversely consistent solution concepts are not

necessarily conversely consistent.

3.3 A Variant of Converse Consistency

Converse consistency means that starting from a special allocation in the orig-
inal economy one counsiders all proper reduced economies. If the solution con-
cept proposes the projection of the allocation onto the set of agents S for every
proper subset of agents 5, then it should also propose the original allocation as
an outcome of the original economy whenever this allocation is Pareto optimal.
Consider the case, where z° € ®(E%*) not for all proper subset of agents S,
but only for those S in a proper subset & of the power set P{N)? Are we still
able to say something about the outcome @(£) of the original economy? In
general, the minimal requirements we need to make statements on G(L) are,
that

e cvery agent 1s at least in one of the considered coalitions § € S, 1.e. S is

a covering of N, and

3Let (z1,z2) € A(E) be an allocation of a two-agent economy. If & is an everywhere
non-empty concept we get for the one-agent reduced economies ®(E**) = {z;}. If converse
consistency had been defined without the restriction, converse consistency of & would imply
{z1,z2) € ®(E) and thus A(E) C ®(F£) for all E.

41u their case dropping the restriction |E| > 3 would lead to the fact that only extensions

of PO could be conversely consistent and everywhere non-empty.
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e agents are somehow linked together by coalitions of &, i.e. for every
i,7 € N there exists S1,..., Smij) € S such that 7 € 51, 7 € Sug and
forall p=1,...,m(i, 7} — | we get S, NS, #0.

However, in special symmetric cases it may be reasonable to neglect the second
item. One of the symmetric cases we will consider here, is the symmetrization

Ex; of some economy E = ((wi)ien, (=i)ien, T} which is defined as

En := ((wni)renien: (Zri)menien, Tu)

where II is the group of permutations {of names of commodities) on {1,..../}.
For m € 11 we define |

® I, .= (11:71-(/\))}‘=]‘___‘[ for all = € R:__i_,
® W= (W),

o -, defined by z, >, ¥» :& z = y (or in terms of utility functions: If

> can be represented by u then =, can be represented by u, given by

Ur{2-) := u{z)) and

¢ Th =% enTn

The set Ny of agents of the economy En is given by the cross product Il x NV of
the set of permutations [l and the set of agents N of the original economy L.
Eq is built together by economies of the type E, := ({wri)ien: (Zmi)iensTx)
being almost cloned versions of E. The difference between £ and E, is that
agents’ endowments of and preferences on commodity A in E are equal to
agents’ endowments of and preferences on commodity m(A) in L. If there
exists an agent in economy F who likes apples and dislikes pears having a
high initial endowment of bananas, there exists a permuta,ti'on 7 such that the
corresponding agent in £, likes pears and dislikes bananas having a high en-
dowment of apples (or likes pears and dislikes apples having high endowments
of bananas, etc.). :

En wipes out the effect extremists can have on the economy: If there is ap
agent who wants to consume almost only apples, then there will also be agenté
in Eq who want to consume almost only pears resp. almost only bananas. Ep
is called symmetrization of E because endowments of the agents of all groups
II x {¢} (and thus also total endowments) sum up to a positive multiple of
I=13(1,...,1). Remind that Ep is different from Uren Ex since T is taken
to be the sum of all T, rather than the vector consisting of the components
1.
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Definition 3.11 (.S'ynnnetriﬁd Converse Consistency (SYMCONS)) A solu-
tion concept & on F ezhibits symmetrized converse consistency, if for
every FF € F with En € F,

z € O(F) and xn € PO(EqR) imply zn € ®(Eq)

That is, if ® suggests z for an economy E and the symmetrization 2y is Pareto
optimal, then zp should be a reasonable outcome for the symmetrization Ep,

as well.

Remark 3.12 Symmetrized converse consistency is really a variant of con-

verse consistency.

This can be seen as follows: Suppose zp € PO(ER). For 7 € Il and § :=
Se:={r} x N C Np we get

(zn)° = . and

Eq™ = E,
The identity for the reduced economies holds because

(Tn)™ " = Tn+ 3 Y (ww, — 200))

TiET JEN
= Tn- Y Ty
w#ET
= T,

Thus, we do not make assumptions on every proper subset S of the set of

agents Ny, but only on those § of the shape § = S, where 7 € II.

3.4 The Other Axioms

It does not make sense to define proportionality of budget constraints to be an
axiom, since that would imply that we a priori restrict ourselves to considering
solution concepts which make use of the notion of a budget set. But we
can speak of proportionality if all the available data, i.e. initial endowments,
net trade vector and the commodity bundles assigned to every agent by an
allocation, are comparable in the sense that they all lie on the same line through
the origin in R, Then, every part of the data is a scalar multiple of some other
part of the data and vice versa unless one of the two parts happens to be zero.
Such situations could be called “comparable”. However, we will only refer to

comparable situations if all relevant data lies on the diagonal of the commodity
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space, which will make the axioms using comparable situations more gencral.
Requiring that all data lie on the diagonal will sometimes be too much, so that
we will also talk of a comparable situation if the data lies on the diagonal after

an aggregation on suitable sets of agents.

Definition 3.13 Let E be an economy, x € A(E) be an allocation of E and
T 1= {7, 72} be a non-trivial partition® of the set N(E) of agents of the econ-
omy E. Then (E,7,z) is called a comparable situation if

Zu)j,ZEjER+] forx =12
JETx €T
As a counsequence, the net trade vector T of an economy E belonging to a

comparable situation (£, 7,) has to lie on the diagonal, since

:ij—zwj:Z::cj—Zuj—}-ij—ijeRl

JEN JEN JET JET JET2 JET

We shall say that vectors of R are comparable if they lie on the diagonal of
R'.

Definition 3.14 (Proportzoualzty tn comparable situalions (PROCS)) A so-
lution concept ® on F erhibits proportionality in comparable situations,

if for every E € F, for every partition 7 := {1, 1,} of the set N of agents of
E, and for every x € ®(E) such that (E,7,z) is a comparable situation, there
erists en of := ag, € Ry, so that

Z;vj:ag\zwj fore=1,2 "

jETN jefﬂ
The ag given by this definition is the solution 2 of 2jen ;= B30 1 w; and
is thus independent of the chosen partition (if there is more than one partition
satisfying the conditions of the definition).

A similar axiom can be stated for the equal sharing case.

Definition 3.15 (Equal sharing in comparable situations (EQSCS)) A solu-
tion concept ® on F crhibits equal sharing in comparable situations, if
for every K € F, for every partition 1 ;= {r1, 72} of the set N of agents of E.
and for every x € ®(£) such that (E,7,x) is a (.'mﬁpm‘able stluation,

D_{w;

IT1| JET ITQI JET2

*A partition 7 := {r, 73} is called non-trivial, if 7, # @ for & = 1,2.
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Then, the averaged excesses for 7 and 7, are equal to Il = v(1,...,1) for
some real number v = yg ,, which is independent of the partition 7 since

(NI = nlyll 4 [n[yl = 37 (25 —w;) + Y (25— wj) = Y (2~ wj) = T

Ji€n €T JEN .
The axiom can be described as follows: If the basic data of the economyy and
what the concept proposes as commodity bundles for the agents appropiatly
aggregated according to the partition 7 lie ou the diagonal, then aggregated
excesses should be proportional to the size of resp. 72. Especially, if 7y and
72 both contain only one agent, the excesses z; — w; and z; — wy should be
both equal to /1. .

The axioms PROCS and EQSCS are basically of the same shape. Both give
reasonable splittings of excesses in comparable situations, if the initial data
and the outcome proposed by the solution concept fit into some symmetrical
framework. However, they only provide insight for one-dimensional problems,
for which the problem of dividing excesses can be easily treated. In addition,
they do not require solution concepts to propose outcomes on the diagonal if
the initial data are on the diagonal. They just propose a division of excesses if
the initial data as well as the outcome proposed by the solution concept lie on
the diagonal. For some solution concepts PROCS and EQSCS could very well
be empty assumptions, if, for example, these solution concepts never propose
tuples of commodity bundles which lie on the diagonal {and not even in an
aggregated form).

Solution concepts satisfying PROCS resp. EQSCS will in general propose
different outcomes in comparablé situations unless T = 0 of the size of =;
relative to the size of N is as big as the fraction it owns of total endowments.®

®If 7;’s initial endowments sum up to w; ¥ and

v _ I
wy+wy N

then a concept satisfying PROCS and a concept satisfying EQSCS yield the same outcome.

To see this let £F1 resp. £FI be the aggregated consumption bundle of 7; proposed by a

concept satisfying PROCS resp. by a concept satisfying EQSCS. Furthermore, let T = ¢I.
11 wWa+4t

Then, we get for the proportional factor « = ag = wire, and for the equal sharing

constant ¥ = yg = DtV[ That yields

I P
& = aw; = nlNl(ul + ws)
= I~ ';(w]+w,+t)_M(wl+u:q)+|fih
|N] |V i

= wit|nly=¢&
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Up to now in this section, we have restricted ourselves to comparable sit-
uations, i.e. to cases on the diagonal. Often, the data lie on a line different
from the diagonal. These cases are very similar to comparable situations and
they can be mapped to comparable situations by only rescaling commodi-
ties. It makes sense to assume that rescaling commodities does not change
the outcome proposed by a solution concept, since the input data are ba-
sically the same, apart {rom the normalization of the axes in the commodity
space. Redefining units of commeodities should not do any harm to the solution
proposed by a reasonable solution concept. Let a € ]RfH. Then rescaling com-
modities in economy F = ((w;)ien, (Ui )ien, T') by o leeds to the new economy
ax E = ((whien. (Z)ien, T") defined by

! .
0 W= ook wy,

i

o ! defined by z =l y & (a7 x ) = (o7 *y)
(or in terms of utility functions: If >, can be represented by u; then !

can be represented by u! defined via u'(z) 1= ui(a™! * z).) and
e T'i=axT.

Here, a * & := (az))a=1,.. is defined to be the componentwise product.

a1 = (ay =1, is defined to be the componentwise inverse of «. For

*

¥ = (Y1, -.¥n) € (R we will write a *xy 1= (@ *y1,...,a*y,) using the

operator also for tuples of vectors with [ components.

Definition 3.16 (Invariance with respect to rescaling commodities (IRC)) A
solution concept ® on F exhibits invariance with respect to rescaling
commodities, if for every E € F and for every o € RY, | such that axE € F,
we get that

dla* E) = ax®(LF)

4 The Characterizations

The characterization results we will provide here will essentially make use of the
property of minimal non-empty consistency, which both Wp and Wy exhibit.
Thus, the axioms consistency and non-emptyness will be of special interest. In

addition to the axioms we introduced above we will need Pareto optimality.

‘Theorem 4.1 Every solution concept ® on £ thal satisfies Non-emptyncss,

CONS, SYMCONS, PO, PROCS and [RC is equal to Wp.
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Proof: Note that by minimal non-empty consistency of Wp all we have to show
is that ® C Wp.

Let £ € € and z € ®(E} C PO(E). Then there exists a unique price
system P € A' that supports every z; by choice of the considered class of
economies £2. Choose a := P and look at the economy e * E. Then I is the
unique price system that supports a * z; in a * £. Since I is permutation-
invariant, we get that I is the unique price system that supports (o # z),; in
(a * E),. Therefore, I is the unique price system that supports (a * ), for
all i and 7 in (o * E)n.” Hence, (a* z)n = ((« % 2)ri)rerLien € PO(En)®and
therefore,

(e *z)n € ®(En)

by SYMCONS.
Now, define a partition 7 := {7, 7]} for every agent 1 € N by 7{ := {1} x Tl

and 7} := N \ {#} x II. Check that

Z(a*w)j = Z(a*wi)ﬁ

JET] nell
= > (o *wi)rpy)amt,e
‘rrEﬂl {
= =D AZ::](Q*Wi)A I
Y (axa); = (l_ll)!g(a*x,-),\l
jer] , _

TMore precisely we have
zr € PO(ER) & Vr € IIVi € Ngrad ur (zx ;) € Ry y 1

For the gradient of a function u the following chain of equations holds under a slight abuse
of notation:

rad uy(r) raduo ™ x) = 7 'grad u(w ' (x)
3 g

{grad u(z -1))r—1

- = grad up(zy) (grad u(z)),—

That implies, that for all 7 and for all { we get grad u;{x;) € Ry4vs, so that v has to he
permutation-invariant. Without loss of generality, we can assume v = L.
&The proceeding notation is consistent with the notation chosen before:

{(a*z)n = ({a* (@:)ien)r)ren = (( * 2idien )ren

It

((C‘t * f:’)w)nen.ieN = ((“ * m)n‘i)weﬂ,z’EN
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and analogously

Z(a*u)j = Z Z(a * Wi )

jers r€ll k#i

!
- (l—j—IFZZ(a*wkh 1,

' ki A=1

1 {
Z(a*:z:)j = mzZ(a*xi),\l

jen ki A=l

What we have proved up to now is that ((a* E)p, 7%, (e z)n) is a comparable
situation. From PROCS we then know that there exists a 4 > 0 such that

Z(a*m)jzﬂzm*u)j forall k = 1,2

JETL JET

The summation of all components of a vector is invariant with respect to

permutations of the components. That is why we get

(Lowa) = 5 laxa))

jer|
1 .
= ,B(lv ﬁ Z(O* t“))J'>
JET]
= ﬁ(la ok LU,')
= (I, o * 1) is a proportional equilibrium of o + E.
= axz € Wpla* E)=ax*xWp(E) by IRC.
Finally, we get that 2 € Wp(E). o

. Theorem 4.2 Every solution concept ® on EE thal satisfies Non-emptyness.

CONS, SYMCONS, PO, EQSCS and IRC is equal to Wg.

Proof: The proof is similar to the foregoing one. Define the same o and the
same partitions 7' of Nyj. Showing that ((o* £)py, 7%, (e *x)p) is a comparable
situation is exactly the same than in the foregoing proof. From EQSCS we

then know that

=D _((axz); — (axw);) =41

JET 73] JET}

independent of 7 for some v € Ry,. The summation of all components of a

vector is invariant with respect to permutations of the components. That is
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why we get 7

1 .

(La*z; —axw) = ﬁ(la Z(a*m)i — (a*w);)
togerf
vl
- ll!ll(lall) =7

= (I, o * z) is an equal sharing equilibrium of a « E.
= axzx € Wglax E)=a*x Wg(FE) by IRC.
We hence get z € Wg(FE). |
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