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Chapter 1

Introduction

Asymptotic expansions in the Central Limit Theorem is one of the fundamental prob-
lems in probability theory. To describe the situation let X;, X5, ... be independent
identically distributed random variables with zero mean and unit variance and let us
denote by F,(z) the distribution function of the normalized sum S,, = \/Lﬁ Yo X
Such sums appear in many applications, but unfortunately they cannot be computed
easily. Therefore, it is natural to ask about suitable approximations for them. One
possible solution of the problem is given by the Central Limit Theorem. This theorem
says that F,(x) tends to the standard Gaussian law ®(x) as n — oo uniformly in z.
This means that we can replace the distribution function of S,, by ®(z). To do such
a replacement we just need to estimate the difference between F,,(x) and ®(z). One
of the basic results was obtained independently by Berry [10] and Esseen [22]. If X,
has a finite absolute third moment 3, then the Berry—Esseen inequality provides the
estimate

sup | F(z) — ®(2)| < eBs/v/n, (n>2).

z€R
The distribution function F,(z) also admits an asymptotic expansion in powers of

n~1/2. The first formal expansions of this type were obtained by Chebyshev [43] and
Edgeworth [21]. Let us introduce this result. Assume that the random variable X

has moments of all orders. Then there is a formal expansion in a power series in n~/2:
S Qp()
Fo(z) = @(z) + ¢(z) El TR (1.1)
p:

where i
_ - 1 Ym+2 "
o) ==t [ 15 (5%7)

@(x) is the density of Gaussian law and ~,, is the cumulant of order m of X;. In the
last equality the summation on the right-hand side is carried out over all nonnegative



integer solutions (kq,. .., k) of the equations
ki +2ko+...+pky=p and s=k +...+kp

In terms of characteristic functions, (1.1) has the form

© 2 > P(t)
/ e dF, (x) = e /2 + Z nnget 2, (1.2)
—oe m=1

where

/ h e dQu(z) = Pp(t)e /2.

o0
The first asymptotic expansion with a sharp estimate for the error term was in-
troduced by Esseen [22]. He proved that if X; has a non-lattice distribution and the
third moment m3 and the third absolute moment 3 are finite, then

V(@) +o(n™1?),

_ _ M3 g
F,(z) = ®(z) 6\/5(1)
which holds uniformly in z.

The next important questions concern asymptotic expansions in the Local Limit
Theorem and in the Functional Limit Theorem. As before we consider X, X», ...
independent identically distributed random variables. The Local Limit Theorem states
that if F},(x) has a bounded density p,,(x) for some ny € N, then for n > ng, p,(z)
converges to the density ¢(z) as n — oo uniformly with respect to x. The Functional
Limit Theorem states that under the conditions of the previous theorem [ f(z)dF,(x)
converges to [ f(z)d®(z) as n — oo for every bounded measurable function f. In
both cases p,(x) and [ f(x)dF,(x) admit asymptotic expansions. For more details we
refer the reader to [40], [24] and for the multidimensional case to [11].

A new field for developing asymptotic expansions became free probability. This
theory was initiated by Dan Voiculescu in the mid-1980’s [44]. It started as a tool for
solving the free group factor isomorphism problem. More precisely, if we have a free
group with a given number of generators, we can consider the von Neumann algebra
generated by this group, which is the simplest type II; factor. The isomorphism
problem asks whether the von Neumann algebras are isomorphic for different number
of generators. Since then, free probability has become an area by its own. The theory is
a non-commutative counterpart of classical probability theory: A probability space is
replaced by a non-commutative probability space, independence is replaced by freeness
and a new type of highly non-linear convolution arises. Many free analogues of classical
results have been proved: The Free Central Limit Theorem [44], the Free Law of Large
Numbers [6], the classification of free infinitely divisible law [7] etc.

Nevertheless, there are aspects in free probability which vary from the ones in the
classical case. One difference that we want to stress is the phenomenon of superconver-
gence. Let us consider a normalized sum of identically distributed random variables

4



S, = \/Lﬁ Z;‘:l X with zero mean and unit variance, and assume that X; has compact
support. Then in the classical case, if X;, Xs,... are independent, the probability
{|Sn| > n/2} is exponentially small, but greater then zero. By contrast, in the non-
commutative case, if X1, Xy, ... are freely independent, the probability {|S,| > n/2}
becomes identically zero for sufficiently large n. This type of convergence is called
superconvergence. For more details see [9] and [31]. The effect of superconvergence
also appears in random matrix theory [3], [28]. In this thesis we consider a related
problem. Denote by pu, the distribution of the sum S,, of free identically distributed
random variables with compact support. We are looking for an interval I such that
I C supp(py,) and p,,(x) is positive on I for sufficiently large n . Our result is that
I =[-2+c(p)n=*,2 — c(u)n="/4], where c(p) is a positive constant depending on s
(Theorem 5.10).

It should be noted that free probability is tightly connected to random matrix
theory and its techniques have a great impact. For example, Speicher [41], Pastur
and Vasilchuk [39] proved that if A, and B, are two Hermitian random matrices
such that their spectral distributions converge weakly in probability to p and v as
n — oo and U, is the random unitary Haar distributed matrix, then A,, and U} B, U,
become asymptotically free as n — oo. Moreover, the spectral distribution of a
sum A, + U;B,U, converges weakly in probability to the free convolution p B v
as n — oo. Hence, one can apply R-transfoms and subordination functions (see
Chapter 3) for further study of spectral limit distributions in random matrix theory.
Furthermore, free probability has a number of applications in physics [42] and wireless
communication [19], [34].

As we have already mentioned the first Free Central Limit Theorem was proved
by Voiculescu [44]. This theorem states that the distribution of a normalized sum of
free selfadjoint identically distributed random variables with compact support, zero
mean and unit variance converges weakly to the standard semicircular law as the
number of summands tends to infinity. This result was extended by Maassen for
random variables with finite variance [35]. The Local Limit Theorem for densities was
proved by Voiculescu and Bercovici [9] for bounded random variables. This result was
extended to the class of Borel probability measures by Wang [47].

Asymptotic expansion in these Free Limit Theorems is a new challenging area of
research. Chistyakov and Goétze [15] established a free analogue of the Berry-Esseen
inequality for free selfadjoint identically distributed random variables with zero mean,
unit variance and bounded absolute forth moment [15]. Independently, Kargin derived
the same type of inequality [30], but under a stronger condition, namely, the random
variables must be of bounded support.

The first asymptotic expansion in the Free Central Limit Theorem was obtained
by Chistyakov and Gotze [17]. They obtained the Edgeworth type expansion for
distribution functions of normalized sums of free random variables under minimal
moment conditions. The expansions in the Free Local Limit Theorem for bounded



random variables were obtained as well in [17], and for random variables with finite
8th moment in [18]. In order to establish these results approximation by the free
Meixner distribution was applied.

In this thesis we deduce Edgeworth type expansions in free probability for free
identically distributed random variables with compact support. We will focus on one
unifying style for deriving Edgeworth type expansions in classical and free probability.
Our technique was introduced by Gotze in [25] and differs from the ones in [17] and
[18]. In the sequel, we briefly sketch the main idea of the method. For the sake
of simplicity assume that X, X, ... are independent identically distributed random
variables, the distribution function Fj(z) of X; has a density and finite moments up to
order s > 3. Denote by Fn the Fourier transform of .S,,. Then Fn admits an asymptotic
expansion up to order O(n=(¢~2/2) as n — co. Denote by ¢ a random variable with
a standard Gaussian distribution and consider the sum & 4+ ¢, X, + ... + ,X, with

Fourier transform Fs(t; £1,...,Es), Where €1, ..., &, are small arbitrary weights. Under
appropriate conditions (see Chapter 1) we can obtain the Edgeworth expansion for F,
by means of derivatives with respect to e1,...,e5 of Fs(t;e1,...,65) at g = ... = g5 =

0. In order to establish an estimate for the error term we have to show that the Fourier
transform of €1 X7 + ... + €15 Xim1s has bounded derivatives up to order s on the set
of weights vectors (e1,...,em+s) € E such that all but ¢(s) components are equal to
m~1/? and the remaining weights are bounded in absolute value by n=/2, m > n. This
scheme can be applied to a wide class of functional limit theorems as well. In order to
apply this method in free probability we replace (classical) random variables by non-
commutative ones, the condition of independence by freeness, the Gaussian random
variable £ by a semicircle one ¢ and the Fourier transforms by Cauchy transforms.
This thesis is organised as follows: In the second chapter we introduce the general
scheme from [25]. The original paper was difficult to follow due to a number of
misprints, just a very short explanation of the condition (2.1) and the proof of the
essential Lemma 8.1 was sketched only. We fill these gaps and present the revised
versions of the proofs in the Appendix. Moreover, the conditions of Theorem 2.3 were
formulated not correctly, we reformulate these conditions and discuss them in Remark
2.4. Chapter 3 is dedicated to the main aspects of free probability. In Chapter 4
we formulate our central results, namely, Edgeworth type expansions for the Cauchy
transforms (Theorem 4.4), densities (Corollary 4.5) and distributions (Corollary 4.6)
of free identically distributed random variables with compact support. In Chapter 5
we are looking for an interval such that the density of ¢ + >/, &,X;, |g;| < n~12 is
positive (Proposition 5.6). In the sequel we use this result to construct an analytic
extension for the Cauchy transform of \/Lﬁ > or, Xi (Theorem 5.11). Our main tool
is a subordination result for analytic functions. In Chapter 6 we are looking for an
interval such that the density of \/—% SPTX AT e X, gl <nTV2 =1, 2,
m > n is positive (Theorem 6.4). Then we construct an analytic extension for the
Cauchy transform of \/—% STTX A+ T e X |l <nTV2 =12, m >0



(Theorem 6.5) and show that this extension is uniformly differentiable with respect to
€9, (Theorem 4.1). Finally, we apply the technique described in Chapter 2 to prove
the Edgeworth type expansions. The techniques of this chapter are similar to those
of the previous one.

Throughout the text we denote by ¢, ci,¢a..., c(u),c1(p), ca(ps), ... and c(p,r),
c1(p, ), ca(p, r),. .. positive constants, positive constants depending only on the mea-
sure i and positive constants depending only on the measure 1 and a parameter r,
respectively. The constants are allowed to vary from place to place.
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Gennadiy Chistyakov, Dr. Martin Venker, Dr. Dirk Zeindler and Dr. Alexey Naumov
for many discussions. In addition I wish to thank Holger Sambale for carefully reading
this thesis.

I appreciate very much the financial support from the DFG through the Interna-
tional Research Training Group IRTG 1132.






Chapter 2

A general scheme for asymptotic
expansions based on symmetry

This chapter is devoted to describing the common scheme which may be widely
adopted to the realization of asymptotic expansions. This scheme is based on the
analysis of a sequence of functions h,(e1,...,&,) which build on statistics of n vari-
ables, where the parameters ¢; are real and such that |¢;| < n Y2 5 =1,...,n.
Moreover, the functionals h,(e1,...,&,) are assumed to be smooth, symmetric, com-
patible and have vanishing first derivatives at zero. Then h,(ey,...,,) admits an
asymptotic expansion in powers of n~'/2. This scheme was introduced by Gétze in
[25]. Before we describe the general scheme, we introduce a smoothing procedure
which helps us to consider random variables which may have a non-integrable charac-
teristic function. Then we proceed to the actual scheme and show how the asymptotic
expansion for characteristic functions can be obtained by this method.

All the necessary preliminaries and results about the general scheme are presented
in this section. Original proofs of the results can be found in [25]. Moreover, for the
sake of completeness of this thesis the proofs of the results from this chapter with
some corrections are introduced in the Appendix.

2.1 Smoothing procedure

Suppose that X7, X5, ... is a sequence of independent identically distributed random
variables with zero mean, unit variance and finite moment of order s > 3. Denote by
F} the distribution function of X;. Suppose that T,, = T,,(X1,...,X,) is a sequence
of real-valued statistics of Xy,..., X, and that f is a bounded measurable function
on R. We want to get an asymptotic expansion for the functional h, = Ef(7),).
In order to do so we need to assume that F; has a bounded density or that there
exists ng € N such that the ng-fold convolution of F} has a bounded density. In
the general case this condition may not hold. In this case F} can be convolved by a



smooth kernel. More precisely, let K be the distribution function of a random variable
« which is independent of X ..., X,,. Let us assume that Ks has an integrable
characteristic function and compact support concentrated near zero on an interval
[—0, 0], where 6 = d(n). Furthermore, let F}, be the distribution function of 7},. Then,
the convolution F * K5 will have an integrable characteristic function, hence it also has
a density. The bounds of | [ fd( F,—F,* K5)| are given by a wide class of smoothing
inequalities, and these values can be controlled by a proper choice of . The smoothing
inequalities can be found, for instance, in Petrov [40] and for the multidimensional
case in Bhattacharya and Ranga Rao [11].

Suppose that )¢ = T¥(X, ..., X,) is a statistic that involves a smoothing variable
o and has an integrable characteristic function. Denote h,(n=Y/2, ..., n=1/2) = EfT?,
and assume

By = ho (02, 072 4 O(n= 6272 5 > 3. (2.1)
Due to the condition (2.1) we can now consider a wide class of random variables

without additional space assumptions.

2.2 Statement of the general scheme

We are going to replace the arguments n="/2 in h,(n="/2,... ,n~'/?) by arbitrary
weights ¢; € R such that |g;] < n™Y2 j = 1,...,n. Assume that the sequence
of functions hy,(e1,...,e,) satisfies the following conditions:

hn(€1,...,€,) is symmetric in all arguments; (2.2)

the sequence h,, is compatible, which means

hn+1(€1, s 51, O, Ej4+1y- - ~5n+1) = hn(i-fl, ey &1, 4y e 78n+1); j = 1, o+ 1,
(2.3)
and all first derivatives vanish at zero:
0 hon( ) 0, 57=1 (2.4)
—hn(€1, - 1 €j21,E5,Eja1y -+ E =0, =1,...,n. .
an n\c1l j—1y<j5yc541 n £;=0 J
We use the following notation for vectors g, := (€1,...,&m). Let us denote by EJ,

(m >n > s) the set of weight vectors g,,,, where all but 2s components are equal to
m~'/2 and the remaining 2s components are bounded by n~/2. In fact, it is sufficient
if condition (2.4) holds for Ryt s(€4s)s Emas € Er - We also assume that by, s(€,,4)
is uniformly differentiable on EJ, .. Finally, mtroduce the following limit (which is
shown to exist in Proposition 2.1 below):

—-1/2 —-1/2

hoo(gy) = lm Ayrs(m™% ... om™ %)), |g;| < nV2 G =1,...,8 he = heo(0).

m—ro0
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There notations are standard and can be found, for example, in [40]. The two
main results from [25] are formulated below (the proofs can be found in Appendix).
The first one is Proposition 2.1, which yields the existence of the limit ho (1, .. .,&).
This result is obtained by Taylor expansions and requires no additional information
from probability theory. The second result is Theorem 2.3, which gives an expansion
for h,, in itself. The idea of the proof is also based on Taylor expansions.

Let o« = (oq,...,q,) denote an m-dimensional multi-index and set
D = 68;?1 gg;;. In the sequel we introduce “cumulant” differential operators
kyp(D) and Edgeworth polynomials P,.(x (D)) by means of formal power series identi-
ties.

We begin with establishing “cumulant” differential operators x,(D) via the formal

identity
Zp!_lgpmp(D) =1In <1 + Zp!_lspr> . (2.5)
p=2

p=2

Applying formal power series in the formal variable € on the right-hand side of this
identity we obtain the definition of x,(D). Here D? denotes p-fold differentiation with
respect to a single variable ¢, and DP! - - . DPr = D®1Pr) denotes differentiation with
respect to r different variables €4, ..., ¢, at the point £, = 0. Since the operators are
applied to symmetric functions at zero, k,(D) is unambiguously defined by (2.5). The
first cumulants are k(D) = D?, k3(D) = D3, k4(D) = D* —3D?D?, etc.

Then, we define Edgeworth polynomials by means of the following formal series in
k, and a formal variable .

Z e"P.(k) =exp (Z 7“!_157”_2/@) (2.6)

r=3

which yields

Por) =Y m™ ¢ > (i 2 Ko U + 2! Rjga o (27)

where the sum >, .
(Jis -, Jm) satistying 3 2.°, jg = and k= (K3, ..., fr12). Replacing the variables r
in P,(-) by the differential operators k(D) := (k3(D), ..., k12(D)) we obtain “Edge-
worth” differential operators, say P.(x.(D)).

Let C%(A) denote the space of s times partially differentiable functions on A C R™
with derivatives bounded in absolute values by B > 0. Finally, we define

) means summation over all m-tuples of positive integers

dS(th) = Sup{|Dahm+S(§m+s)| : |Oé| =35 §m+s < EZL,S? m 2 n} (28)
The following proposition shows that lim,, oo hmia(m=12, ... .m™V2 &), |g;] < n~1/2,

j=1,2, m>n > 3 exists .

11



Proposition 2.1. Assume h,,(-), m > n, satisfies conditions (2.1) — (2.4) and the
condition dz(h,n) < oo. Then limy, oo hmia(m™Y2 ... m™2 g,) = hoo(gy), |gj] <
n~ Y2 j=1,2, m>n>3 exists and

o (n™ 12, 2 ) — hoo(g,)| < eds(h,n)n ™2,
where ¢ is an absolute constant.

Remark 2.2. Under the condition ds(h,n) < oo, n > s > 3 we can define the function
hools 1), le5] <n7Y2, j=1,...,s—1.

We note that Proposition 2.1 guarantees that the limit ho(-) exists, but does not
help to find the limit. The following theorem yields an asymptotic expansion for h,,.

Theorem 2.3. Assume that hy, (), m > n, fulfills conditions (2.1) — (2.4) together
with

hm"!‘s(') S OE(E’::L,S)7 § Z 37 (29)
SUp | D%hinis(Emys)| < B, s> 3, (2.10)
§m+sEE7”;L’L,s

where o = (..., Qs 9) such that a; > 2,1 =1,...,8 — 2, Zf;f(ai —2)=s—-2.
Then

< c.Bn~ 22

g,=0

T

s—3
hn(nilma s 7n71/2) - Z nir/2Pr(’Li-(D))hoo(€1> s 7€7")
r=0

(2.11)
where Py(k. (D)) = 1 and P.(k.(D)) are given explicitly in (2.7), cs is an absolute
constant.

According to the previous theorem the expansion for h, can be obtained by using
derivatives of hoo(e1,...,65-1):

>

1 103
hy = ho(0) + Y (68_55"1’) hoo(€1) o
1/1 o4 0% 2 1 0% 93
* (ﬂ (@ - 38—5%0—59 * 7—28—3—) heo(E1, £2)
) ;(1 (8_5_108_38_2)
48n3/2 \ 5 \ 0¢} 0e3 0e3
1 /0% 0% 0?2 03 1 0% 9% o°
3 (a—e% - a—a—) o m—a—a—) heo(E1, €2,€2)

e1=€2=0

12



Remark 2.4. Condition (2.9) guarantees the desired estimate for the remainder term
in (2.11). Conditions (2.9) and (2.10) guarantee that the function

g?n+s(§m+s) = Dahm-i-s <§m+s)7

fora=(ay,...,qa,), wherer <s—3, s >3

r

o >2, i=1,...,r1, Z(ai—Q)zs—B

i=1

satisfies the conditions of Proposition 2.1. In particular, due to Proposition 2.1 for
each a the functions go (€,4s) converge to g3(e,) as m — oo uniformly in €,
lejl <n Y2, m>n>1,j=1,...,5 and due to Theorem 7.1 (see Auxiliary results)

we conclude that g%(g,) = D%hoo(g,), 7 < s — 3.

Let us illustrate how one can apply this method to obtain an asymptotic expansion
in the Central Limit Theorem. As a statistic, we consider normalized sums of inde-
pendent identically distributed random variables X7, ..., X,, with distribution function
F, zero mean, unit variance and finite moments ms and my4. Suppose that F; has
a bounded density and Fis a corresponding characteristic function. Let S, denote
the sequence of the normalized sums. We denote by F;,, and Fn the distribution and
characteristic functions of S, correspondingly. Replacing n='/? in S, by €5, we get

Sn(én) = Z 5ij'
7=1

One can see that the sequence of the corresponding characteristic function of F,(f")

Fe =] / AR (2), el <n V2, j=1,...n
j=17%

is symmetric and compatible as a function of ¢,,. Let us show that F,Sfrj Jis uniformly
differentiable on the set £y,

m—+s
E%l"f)(t) - H / "I (1), Emys € By
=17k

Due to the assumption of the integrability of Fy, it is easy to see that F,(,fr: ) has
bounded derivatives D (« is defined in Theorem 2.3), since we assumed that my is

finite. Since X; has zero mean it is easy to see that the first derivatives vanish, indeed

o - : = ;
_Fr(fM)(t) = it/ xeltﬁjxdpl(x) H* {/ eltkadFl(g;)] =0, j=1,...,m,
8€j e;=0 R €;=0 =1 R

13



where [[* denotes multiplication over k from 1 to m without j. Due to the Central
Limit Theorem we have F,, — ® uniformly as n — oo, where ® is the distribution
function of the standard normal law. This means that ho, = <AP, where @ is the Fourier
transform of ®. Now we can derive the second term in the asymptotic expansion
(2.12). For that assume that mg is the third moment of Fy, then

? ? " "
—hs = — YA "dd
gt = o [ean)| [ eaa
= —it’ / Y VdF (y) / e dd(x) = —mzd®(t).
R =0 R

The next term consists of three parts:

4
O hte)] = / YR, (y) / £ 4B(z) = mydD (1):
e e=0 R =0 JR
0% 0?
—— =5 heo(€1,€2)
@8% ag% e1=e2=0
= a—Q/eit“de (y) a—Q/eitEdeF (v) /emd@(x)
88% R ' 5120855 R ' e2=0 /R
=t / y?e VA F (y) / y*e'" VA F (y) / e dd(z) = W (t);
R e1=0JR e2=0 R
0 o3

T 9 hler, o)
3 o ltoo\C15 <2
ey Oe3 £,=0

- — tG/y?’eit“del(y)
R

/y3eit€2de1(y) /eitxdfl)(:c') :mgiﬁ(G)(t).
e1=0JR eo=0 YR

We plug the derivatives into (2.12) and obtain the Edgeworth expansion for charac-
teristic functions

O O )

L 6@+ 1m2é® @) ) + 0m-3/2

—{(Smad (1) + e (1) ) + O(n ).
This expansion was originally proved by Cramer in [20]. If we assume that for some
nog € N the distribution F,, has a density, then due to the Fourier inversion formula
one can obtain an expansion for F),:

Eu(z) = @(m)—# (émgi)(g)(x))

1 /1 1
- 4) 25 (6) —3/2
+ (24m4<1> (x) + 72m3<I> (:c)) + O(n=""7). (2.12)

14



Let us denote by H,(z) = (—1)"e*"/24-¢~*"/2 the Hermite polynomials, i.e. Hy(z) =

1, Hi(z) = z, Hy(x) = 2* — 1, Hz(x) = 2% — 3z, Hy(x) = 2* — 622 + 3, Hs(x)

2% — 1023 + 15z ete. It is easy to see that

ok (1) = (_\Z_ﬂ_ Hy_1(z)e /%,

Therefore, (2.12) can be rewritten in terms of the Hermite polynomials

Fuo) = o)~ —i ((gmatalo)ets))

- (GgmaHa)ets) + gmiH0)p(e) ) + Ol-),

where ¢ is the density of the standard normal law. For more details see [24] and [40].

Further examples can be found in [25].

15






Chapter 3

Preliminaries

In this chapter we present the main concepts of free probability. We describe the con-
struction of a non-commutative probability space for random variables with bounded
support and unbounded ones as well. For both cases we introduce the notions of a non-
commutative probability space, freeness and free convolution. For the case of Borel
probability measures on R with compact support we refer the reader to Voiculescu,
Dykema and Nica [46], Nica and Speicher [38] and Hiai and Petz [27]. The first
extension of free probability beyond measures with compact support was done by
Maassen [35], but he restricted himself to measures with finite variance. Bercovici
and Voiculescu [8] finally introduced the extension to the class of Borel probability
measures on R without any further restrictions.

3.1 Non-commutative probability spaces

Measures with compact support. In classical probability theory one can define a
probability space by specifying a triple (€2, 3, P), where 2 is a set, 3 is a o-algebra and
P : 3 —[0,1] is a probability measure. Let A = L*(£2, P) be the space of essentially
bounded measurable functions f : 2 — C and let ¢ be the linear functional

o I¥(LP) 5 C, o(f) = / JdP.

It is well known that L>°(£2, P) is a von Neumann algebra. In this context, a commuta-
tive probability space can be described as a commutative algebra of random variables
and a functional on this algebra defined by the expectation of these random variables.
Replacing a commutative algebra by a non-commutative one we arrive to the following
definition of a non-commutative probability space:

Definition 3.1. A non-commutative probability space is a pair (A, ), where A is a
unital algebra over C and ¢ is a unital linear functional

p: A— C, o(ly) = 1.
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An element a € A is called a non-commutative random variable.
Next, we need to specify some additional properties of the functional .

Definition 3.2. Let (A, p) be a non-commutative probability space, where A is a
x-algebra. We say that

(1) ¢ is faithful if p(aa®) = 0 implies that a =0 for all a € A;
(2) ¢ is a state if p(a*a) >0 for all a € A;

(3) ¢ is a normal state, if sup, p(a;) = (sup; a;) for every monotone, increasing,
bounded net {a;} C A;

(4) ¢ is a trace if p(ab) = p(ba) for all a,b € A.
Let us denote a trace by 7. Then (A, T) is called tracial.

Definition 3.3. A pair (A, ) is called a C*-probability space if A is a C*-algebra
and ¢ 1s a State.

Example 3.4. Let us consider the algebra of n x n matrices A = M, (C). We can
define a state ¢ by
o(X) =n"1Tr(X).

Then (A, ¢) is a non-commutative probability space.

One of the basic concepts in probability theory is the distribution of a random
variable. In free probability the distribution of a non-commutative random variable is
given as a collection of moments.

Definition 3.5. Let (A, p) be a non-commutative probability space. The distribution
of a € A is the linear functional p, on C[X] (the algebra of complex polynomials in
one variable), defined by 1,(P) = ¢(P(a)), P € C[X].

It is a well known result that for a selfadjoint random variable a = a* in a C*-
probability space, u, extends to a compactly supported probability measure on the
real line. More precisely, there exists a unique probability measure p, such that

/R P(t)dpa(t) = p(P(a)) forall P e ClX].

Now we would like to discuss the concept of the joint distribution. Actually the
word “free” in the name “free probability” is justified by the concept of the free
product. It comes from the theory of free algebras and we would like to introduce a
construction of the free product for unital algebras in the following definition.
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Definition 3.6. If (A;)ics is a family of unital algebras, then their unital algebra free
product *;cr.A; is the unique unital algebra A together with unital homomorphisms 1;
A; — A such that given any unital algebra B and unital homomorphisms ¢; : A; — B
there exists a unique unital homomorphism ® = x;cp0; © A — B making the diagram
i Figure 3.1 commute.

In the next definition we need the unital algebra of non-commutative polynomials
in |I| variables, which we denote by C(X;|i € I) = %;c;C(X;). It is the linear span
of 1 and non-commutative monomials of the form Xff .. Xf;“ with iy # iy # -+ # 1y
and k; > 1 for all 5.

Definition 3.7. Let (A, p) be a non-commutative probability space, and let (a;);c; be
random variables in A. Their joint distribution is the linear functional p : C(X;|i €
Iy — C defined by u(P) = p(h(P)), where P € C(X;li € I) and h: C(X;lie I) - A

is the unique unital algebra homomorphism such that h(X;) = a;.

Free independence. The important step from non-commutative probability to free
probability is the notion of freeness or free independence. In classical probability
independence is a special relation between two or more random variables which gives
us a rule to calculate a joint distribution of these random variables. More precisely,
if a family of random variables is independent, then the joint distribution of the
family is completely determined by the knowledge of the individual distributions of
the variables. In the non-commutative context the notion of classical independence
has the following extension.

Definition 3.8. In a non-commutative probability space (A, ), a family of subalgebras
A; C A, i€ 1, isindependent if the algebras commute with each other (i.e. [A;, A;] =
0ifi# j)and o(ay,...,a,) = ©(a1)p(as)...o(a,) whenever a € A;, and k # 1
implies iy, 7 i;.

The notion of free independence is the completely non-commutative counterpart
of classical one.

Definition 3.9. Let (A, ) be a non-commutative probability space. A family (A;)ier
of unital subalgebras of A is called free if p(aias ... a,) = 0 whenever a; € A;,, i1 #
i # - F iy and p(a;) =0, j =1,...,n. A family of random variables (a;)icr is
called free if the unital subalgebras generated by these variables are free.
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Remark 3.10. If (A, ) is a C*-probability space and (A;)ic; are x-algebras, then
algebras (A;)icr are free implies corresponding C*-algebras (C*(A;))icr are free.

Example 3.11. Let us consider two free selfadjoint random variables, i.e. we consider
a, b € (A,p). We would like to compute p(ab). In the beginning we center our
variables (a — ¢(a)l4), (b — @(b)14). Due to the definition of freeness we have

0 = p((a—wla)la)b—pb)la))
= plab) — p(ala)p(b) — p(a)p(bla) + p(a)p(b)e(la)
= p(ab) — p(a)p(b).

We thus see that ¢(ab) depends only on ¢(a) and ¢(b).

Below, we introduce a general result from [38] about the joint distribution of free
random variables, which is uniquely determined by the distribution of each random
variable.

Theorem 3.12. Let (A, ) be a non-commutative probability space and let the unital
subalgebras (A;)icr be freely independent. Denote by B the algebra which is generated
by all A;, B := alg(A;|li € I). Then | is uniquely determined by ¢|, for all i € 1
and by the free independence condition.

Next, we introduce a free product construction of C*-algebras and C*-probability
spaces.

Definition 3.13. Let (A;)ier be a family of unital C*-algebras. Then, their unital
C*-algebra free product *;c;.A; is the unique unital algebra A together with unital
x-homomorphisms v; : A; — A such that given any unital C*-algebra B and unital
x-homomorphisms ¢; : A; — B there exists a unique unital x-homomorphism ® =
x;c1V; + A — B making the diagram in Figure 3.2 commute.

Definition 3.14. Let (A;, 7i)ier be a family of tracial C*-probability spaces. A C*-
probability space (A, T) is called the free product of C*-probability spaces if:

(1) the algebras A; can be regarded as free subalgebras of A;

(2)

A, = Tij

v A
_—
$ v

i B

Figure 3.2
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(3) A is generated as a C*-algebra by its subalgebras A;.

This construction shows that for given compactly supported measures 1, . . ., y, it
is possible to introduce free random variables a1, ..., a, from some non-commutative
probability space such that p,, = u; for @ =1,...,n. In particular, we can work with

measures without using random variables.

As in the classical case, we consider the distribution of the sum of free random
variables. Due to Theorem 3.12 it follows that the distribution of the sum of free
random variables only depends on the individual distributions of the summands. Thus
we can define the sum of free random variables.

Definition 3.15. Let u, v be two compactly supported measures on the real line. The
free additive convolution (or free convolution in the sequel) of p and v is denoted by
p B v and defined as the distribution of a, + a,, where a, and a, are free random
variables with distributions p and v respectively.

We want to remark that in the case of compactly supported measures the free
convolution is also a measure of compact support.

Measures with unbounded support. The extension of free probability to mea-
sures with unbounded supports is done in the context of finite von Neumann algebras.
Below we review the basic concepts. For more details we refer to [8]. Let us denote
by M the class of all Borel probability measures on R.

Definition 3.16. A non-commutative probability space (A, 1) is called a tracial W*-
probability space if A is a finite von Neumann algebra and T is a normal faithful
tracial state.

In the sequel we will omit the word “tracial” and speak of a W*-probability space.
Unbounded random variables should be considered as unbounded operators affiliated
with some von Neumann algebra. More precisely:

Definition 3.17. Let (A,7) be a W*-probability space and let A act on a Hilbert
space H. A selfadjoint operator X on H is said to be affiliated with A if all the
spectral projections of X belong to A. A closed, densely defined operator T on H is
affiliated with A if its polar decomposition T = UX has the property that U € A and
X s affiliated with A. We will denote by A the set of all operators on H which are
affiliated with A, and by A, the set of selfadjoint operators. The elements of A,, are
unbounded random variables.

An important result by Murray and von Neumann [37] asserts that A is an algebra,
namely, if X,V € A then X+Y and XY are densely defined, closable and their closures
are in A. The next step is introducing the distribution of an unbounded selfadjoint
random variable.
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Definition 3.18. Let (A, 7) be a W*-probability space and T € A,,. The distribution
pr of T is the unique probability measure on R satisfying the equality T(u(T)) =
Jz w(@)dpr(x) for every bounded Borel function u on R.

In other words, in the case of unbounded random variables it is not enough to
define the distribution on polynomials but we must consider bounded Borel functions.
Next, we would like to define a notion of freeness for unbounded random variables.
Let (A, ) be a W*-probability space and w C A, a collection of random variables.
We will denote by C*(w) the C*-algebra generated by elements of the form w(7") with
T € w and u a bounded continuous function on R.

Definition 3.19. A family {w;}icr of subsets of A, is said to be free if {C™(w;) fier
is a free family of subalgebras of A. A family {T;}icr of elements of Ay, is said to be
free if the family of singletons {T;}icr is free.

One can define a free product of W*-probability spaces in the same way as it was
done for C*-probability spaces. Due to this construction it is possible to prove that for
measures fig, ..., M, € M there exist free random variables ay,...,a, affilated with
some W*-probability space such that p,, = p; fort=1,... n.

The definition of freeness is similar to the one from the previous paragraph.

Bercovici and Voiculescu showed in [8] that also for free unbounded selfadjoint
random variables their joint distribution is uniquely determined by the distribution
of each random variable. By this result, the distribution of the sum only depends
on the distribution of the summand and we can introduce the definition of the free
convolution for unbounded free random variables:

Definition 3.20. Let u, v be two Borel probability measures on the real line. The free
additive convolution (or free convolution in the sequel) of p and v is denoted by pHv
and defined as the distribution of a, + a,, where a, and a, are free random variables
with distributions . and v respectively.

3.2 Free convolution

In this section we introduce a number of approaches which one can apply to compute
the free convolution of free random variables.

Measures with bounded support. Let us first consider the case when measure
p has a compact support contained in [—L, L]. This implies that the measure has
moments of all orders. Denote by Ct = {z € C : Sz > 0} the complex upper half-
plane and by C~ = {z € C : §z < 0} the complex lower half-plane. The Cauchy
transform of a measure u € M is defined by

Gu(2) :/Rdﬂ—(w), zeCT,

Z—X
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which is an analytic function on the upper half-plane. A measure is uniquely deter-
mined by its Cauchy transform. For instance, the measure can be recovered from its
Cauchy transform by the Stieltjes inversion formula:

1
du(x) = - 1;&)1 SG(x +iy)da. (3.1)

The Cauchy transform has the following power series expansion at z = oo

[e.9]

Gulz) = Y i (3.2)

k=0

where my, are the moments of the measure pu. Moreover, |mg| < L*. Tt is easy to
see that G,(z) = (1 4 o(1)) at z = co. The series (3.2) is univalent for large 2
(|z] > L) and we can define its functional inverse K ,(z) such that K,(G,(z)) = z,
which converges in a neighbourhood of zero. Let us introduce the function

Ru(2) = K,(2) — ~. (3.3)

This function is called the R-transform and can be expressed as formal power series
by

o0
Ru(z) = Z Kip1 2,
=0

where the coefficients kj are called the free cumulants of a corresponding measure.
There is a combinatorial approach to free probability where free cumulants are defined
by non-crossing partitions, for more details see [38]. Let us note that the three first free
cumulants coincide with the classical ones, thus we will call the second free cumulant
variance as well. The first free cumulant is equal to the first moment x; = m;. In the
case when m; = 0 and my = 1 we note that k1 = 0, ko = 1, k3 = m3, Ky = My — 2,
ks = ms — dms. For cumulants of higher order the following inequalities have been
established in [30]:

2L
k| < ﬁ(4L)H, 1> 2. (3.4)
A remarkable property of the R-transform was proved by Voiculescu [44]. It states
that the R-transform linearises the free convolution, more precisely, for two given
probability measures p; and pe with compact support the R-transform of the free

convolution gy H s is given by the formula
Ry sy (2) = Ry, (2) + Ruz(z)v (3.5)
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on the common domain of these functions. According to this property we can compute
the Cauchy transform of py B us and find the measure pq Hps by applying the Stieltjes
inversion formula. We want to stress that the R-transform is a free counterpart of the
logarithm of the Fourier transform, since the first one linearises the free convolution
and the second linearises the classical one. Moreover, (3.5) implies that the free
convolution is commutative and associative.

Next, we note some scaling properties of the Cauchy transform and the R-transform.
We denote by D;u the dilation of a measure p by the factor ¢:

Dyu(A) = p(t™A), (A CR measurable).
Then the Cauchy transform and the R-transform of the rescaled measure D;u are

Gpu(2) =t 'G,(t7'2) and Rp,.(2) = tR,(tz2). (3.6)

Measures with unbounded support. In this paragraph we introduce an approach
for the calculation of the free convolution for measures with unbounded support. Here,
the basic problem is that measures are not necessarily uniquely defined by the moments
(even if all moments are bounded). Therefore, it is more convenient to study special
classes of analytic functions instead of power series. More precisely, instead of the
Cauchy transform we will deal with the reciprocal Cauchy transform

F.(2) =1/G.(z), zeC*,

which is an analytic self-mapping of C*. The class of reciprocal Cauchy transforms
can be described as a subclass of the Nevanlinna functions.

Definition 3.21. The Nevanlinna class is the class of analytic functions f(z) : CT —
{z : Sz > 0} with the integral representation

141tz

f(z):a+bz+/ ;

p(dt), ze€Ct, (3.7)

where b > 0, a € R and p is a nonnegative finite measure.

From the integral representation (3.7) it follows that f(z) = (b+0(1))z for z € C*
such that |Rz|/Sz stays bounded as |z| — oo (or z — oo nontangentially to R). Hence
if b # 0, then f has a right inverse f(- defined on the domain

Lopi={2€C":|Rz| < Sz, Sz> G}

for any o« > 0 and some positive § = B(f,«). For more details about Nevanlinna
functions we refer to [1], Section 3 and [2], Section 6.
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The class of the reciprocal Cauchy transforms of all 4 € M is a subclass of the
Nevanlinna functions such that f(z)/z — 1 as z — oo nontangentially to R. We will
denote this class by F. It is easy to see that the reciprocal Cauchy transform F),
admits the representation (3.7) with b = 1. The functions f € F satisfy the inequality

Sf(z) >3z, zeCH. (3.8)

Moreover, F), has certain invertability properties on I'y g, which allow us to define the
function ¢, (z) = F,Efl)(z) — z. This function is called the Voiculescu transform of
. It has the same remarkable property as the R-transform, namely, the Voiculescu
transform linearises free convolution so that the equality

¢ulﬁﬂu2 (Z) = ¢u1(z) + ¢M2(z)a pi, 2 € M, (3'9)

holds on a domain I'y g such that these three function are defined.

Analytic approach to the definition of free convolution. Voiculescu showed
in [45] that for compactly Supported measures (i1, 2, the Cauchy transform G, my,
of py B g is subordinated to G,;, j = 1,2, in the sense that

G,ulﬁﬂ/m('z) = Gul (Zl(z)) = GM2<ZQ(Z))>

where Z;, Zy : Ct — C* belong to F. Biane extended this result for py, s € M in
[13].

Chistyakov and Gotze [14], [16], Bercovici and Belinschi [5], Belinschi [4] proved,
using complex analytic methods, that for py, pe € M the subordination functions
Zy, Zy € F satisty the following equations for z € C*:

2= 21(2) + Za(2) = Flu (Z1(2)); (3.10)
Funns (2) = iy (Z1(2)) = Flu,(22(2)). (3.11)

The main advantage of these equations is the fact that one can compute the
free convolution without inverting the Cauchy transforms (or the reciprocal Cauchy
transforms). Let us consider the result from [16] which concerns n equal measures

1 = ... = . Then there exists a unique function Z € F such that
z=nZ(z) = (n—1)F,(Z(2)) (3.12)
FM153~~-53Mn( ) = FMl (Z(Z))7 zeCh. (313)
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3.3 Free convolution with a semicircle law

The semicircle law plays a key role in free probability. This law is the free counterpart
of the Gaussian one. The centered semicircle distribution of variance t is denoted by
w; and has the density

1
Py (T) = =—/(4t —22)y, z €R,

- 21t

where a; := max{a,0}. We denote by w the standard semicircle law that has zero
mean, unit variance and the density

po(x) = %\/(4 —2?);, xz€eR

The Cauchy transform of w; is given by

— 2 _
G (2) = 22—3‘“ zeCr.
The function /22 — 4t is double-valued and has branch points at z = +2v/t. We
can define two single-valued analytic branches on the complex plane cut along the
segment —2v/t < & < 24/t of the real axis. Since the Cauchy transform has asymptotic
behaviour 1/z at infinity, we can choose a branch such that /—1 = i on C*. The
Cauchy transform G, (z) has a continuous extension to C* U R which acts on R by

(x —iVat —22)/2t,  if |z < 2v%; 3.14
{ (x — Va2 — 4t)/2t, if |z > 2v/t. 1

We see that for each 6 > 0, the function G, can be continued analytically to the
domain K = {x + iy : v € (—2v/t,2/1), |y| < 6} and beyond to the whole Riemann
surface !. This analytic continuation is again denoted by G.,. It has the explicit
formula G, (z) = (2 — iv4t — 22)/2t, where the branch of the square root on C* is
chosen such that v/—1 = i. The function G, satisfies the functional equation

G,(2)+ F,(2) =2 2zeC"UK. (3.15)
One can compute the R-transform of the semicircle law
R, (2) =tz.

The properties of free convolution by semicircular distributions have been studied
in [12], [45], [47]. We review some of these results. Fix ¢ > 0 and a measure v € M.

'Here the Riemann surface consists of two complex planes with cuts along the intervals [—2+/%, 21/%]
glued to each other in the following way: the upper edge of one cut is glued to the lower edge of
another cut.
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As it was shown by Biane [12], the Cauchy transform G, has a continuous extension
to C* UR and the measure w; B v has a density p; which can be described as follows.
Define the function v; : R — [0, +00) by

() = inf{v >0 /Z mdy(x) < %}

It was shown in [12], Lemma 2, that the function v; is continuous on R, analytic on
the set {u € R : v;(u) > 0} and that for all u € R, we have the bound

/ h ! dv(z) < % (3.16)

oo (U — )% + vy (u)?

with equality if v;(u) > 0. Let us now introduce the function

oo

Ye(u) =u +t/ (u—2) dv(z), u€R.

oo (=) + vy (u)?
In [12], Biane proved the following result:

Theorem 3.22. The function 1, : R — R is a homeomorphism and at the point ¢ (u)
the measure w, B v has a density given by

ve(u)
mt

pe(Ye(u)) =

)

and its Cauchy transform is given by

Gl (W) = 7 (o) = — i ().

Remark 3.23. The density p; is analytic on the set {x € R | p;(x) > 0} (see Corollary
4 in [12]). Biane also proved that G,,m,(z) has an analytic extension to wherever v,
18 positive.

We note the following estimate in [12]:

1
|Gomn (2)] < 7 ze€ CtUR. (3.17)

Throughout the text we use the notation

[, :Pl/\/ﬁ,uEBEBDI/\/ﬁ/fa n € N.
nt;;les

The next lemma gives an integral representation of the reciprocal Cauchy transforms
F,, and F,, , where pp € M.
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Theorem 3.24. Suppose that u € M and has zero mean and unit variance. Then
there exists a unique probability measure v € M such that

F.(z2)=2-G,(z), ze€CT, (3.18)
and, for everyn > 2,

Fu.(2) = 2= Gump,, m(2), z€ CtUR, (3.19)

where t = "T’l

The proof of the representation (3.18) can be found in [2], a proof of (3.19) is
provided in [47]. Furthermore, we observe that the sequence D, v converges weakly
to dg. The next result describes the behavior of Gy,mp, e

Theorem 3.25 (Wang, [47]). For each 6 € (0,1) there exists N = N(J) > 0 such
that, for all n > N, the function Gump,, .v(2) can be continued analytically to a
neighbourhood of the interval [—2 + 6,2 — 0]. Furthermore, this analytic continuation
never vanishes on [—2 + 9,2 — ¢].

3.4 Limit theorems

The free analogue of the Central Limit Theorem was first proved by Voiculescu [44] for
compactly supported measures. This result was extended by Maassen [35] to measures
with finite variance.

Theorem 3.26 (Maassen, [35] ). Let € M be a probability measure on R with zero
mean and unit variance. Then weak-lim,, . p, = w, where w is semicircle with zero
mean and unit variance.

Another important result is the Local Limit Theorem for densities. The free coun-
terpart of this classical result was first proved by Bercovici and Voiculescu in [9] for
compactly supported measures. Later this result was extended for measures with fi-
nite variance by Wang [47]. The following theorem describes the behavior of G, and
dpi, /dx for large n.

Theorem 3.27 (Wang, [47]). Suppose that i € M has zero mean and unit variance.
Then:

(1) the measure p, is Lebesgue absolutely continuous for sufficiently large n;

(2) for each small 6 > 0 there exist n > 0 and N > 0 such that the funcion G, has
an analytic continuation hy, to K = {z+iy : v € [-249,2—4], |y| < n} whenever
n > N. Moreover, h,(z) — (z — ivV/4 — 22)/2 uniformly on K as n — oo;

(3) the density du,/dz is continuous for sufficiently large n and du,/dr — dw/dx
uniformly on R as n — oo.
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Berry—Esseen type inequality. The Berry—Esseen type approximation in the Free
Central Limit Theorem was proved by Chistyakov and Gotze [15], [17]. Assume u has
zero mean, unit variance and finite third absolute moment 3, then there exists an
absolute constant ¢ > 0 such that
B3
Sup |t (=00, 7)) — w((—00, z))| < Jn "€ N.

For more details see [17]. It was also proved that the bound is sharp. In the case
of non-identically distributed free random variables the analogue of the Berry—Esseen
inequality was established in [15]. Let us consider a sequence of measures {j1;}32, €
M such that my(p;) = [pzdui(z) = 0 and B5(u;) = [ |zPdu;(x) < oo for all
j=1,2,.... Denote

n n An
A, = Zﬁg(,uk), B? = Z/R:EQd,uj(x), L, = 5
k=1 k=1 n

Write pin,((—00, ) := pp((—00, Bpx)), s € R, k=1,...,nand pu™ = p,B. . . Blin,
as well. Then there exists an absolute constant ¢ > 0 such that

sup 1" (=00, 1)) — w((—o00, a))| < cLY>
zeR
Kargin proved the Berry—Esseen type inequality [30] under the condition that u
has compact support [—L, L], zero mean and unit variance. Under these conditions
there exists an absolute constant ¢ > 0 such that
cl?

SUp |f1n (=00, ) — w((=00, 7)) < 7

Edgeworth type expansion. Assume that y € M has compact support. In [17]
Chistyakov and Gotze obtained an analogue of the formal extension (1.2), namely,
a formal power expansion for the Cauchy transform of pu,. First, denote by U, (x)
the Chebyshev polynomial of the second kind of degree n, which is defined by the
recurrence relation

U() (ZL‘) = 1
Up(z) = 2x
Upi1(z) = 22U, (z) — Uy_yi(2). (3.20)

The formal expansion has the form

G, (2) = Gul(2) + ) W, (3.21)

k=1
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where

Bi(z) =Y Cpm (3.22)

1 _ m
G (12 = 2)

with real coefficients ¢, ,,, which depend on the free cumulants kg, . . ., Ki+2 and do not
depend on n. The summation on the right-hand side of (3.22) is taken over a finite set
of non-negative integer pairs (p, m). The coefficients ¢, ,, can be calculated explicitly.
For the cases k = 1,2 we have

23

Bi(2) = R?’l/z —z

and

o 21 9 2° 22
B = Y ) pa— .
0= =+ (= + )
This formal expansion follows from property (3.9) of the Voiculescu transform and
equation (3.12).
The analogue of the Edgeworth expansion in the Free Central Limit Theorem was
also established by Chistyakov and Gotze [17], [18]. They approximated pu, by the

free centered Meixner measure fiq 4, where a € R, b,d < 1. The free Meixner measure
has the following reciprocal Cauchy transform

1
Frsa(2) =a+5 (14 0)( =) + VI —0PG =0 =40 —d)).
where the branch of the square root is determined by the condition SF, , ,(2) > 0,
z € C*. We notice that if a = b = d = 0, then p,p4 is the standard semicircular
distribution, if b =d =0, a # 0, then fi4 4 is the Marchenko-Pastur distribution.

We now introduce some further notations. Assume p € M has zero mean and unit
variance. Denote by [, the gth absolute moment of y, and assume that 3, < oo for
some g > 2. Moreover, denote

2 2

my —msz — 1 my —m

Uy = —2, byi= o 3 dy = ——3  peN.

N n n
Introduce the Lyapunov fractions

B
Lon = =z andlet pg(p) == " |z|*dp(z), t>0.

Write
q1 = min{Qa 3}a q2 ‘= min{qv 4}a q3 ‘= min{qv 5}
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For n € N, set

) 8 —
Ngs(n) == inf  gue(e), where ggs(g) =52 7% + Me 1

0<e<10-1/2 By,

provided that 3, < oo, ¢ > s+ 1, for s = 1,2, 3, respectively. Given that, for some
q > 3 and n € N we have the estimate
Ng2(n) Lgn 4+ L3, 3<q<4

(=00, — o, —00, < 3.23
sup (00,2 = a0, )| < e { 2 YRR

Moreover, the following expansion holds:

1
pn((=00,2)) = w((=00,2)) = FVa(2/2)pu(2) + puar(), w €R,
where the remainder term p,;(x) admits the bound

Ng2(n) Lgn + L?’m + |an’3/27 3<qg<4
<
|pnl(37)’ > C{L4n + |an|3/27 q> 4

for x € R, n € N.
Before formulating the next result, denote by x a signed measure with density

pe(T) = i(mQ —1)v@d—-2?),, zeR,

2

and denote by k., n € N, the signed measure k,, := fiq, b,.d, + %/{ * 0q, , Where d,,, is a
Dirac measure concentrated at the point a,. Assume that 3, < oo with some ¢ > 4,
then, for n € N,

Ng3(1) Lgn + Li{f, 4<qg<b

sup | ((—00, ) — K((—00,z))| < C{ L. q>5.

z€R

Moreover, the expansion

fin (=00, 2 + an)) = w((—00,z)) (3.24)
a? T an T b, — a2 —1/n
b (S0 + 26 - BT ) o) + o),
holds for x € R, n € N, where
P2 - L5n, q Z 5. ’

31



If m3 = 0 this formula has the simple form

pnl(—00,)) = wl(~00,2)) — ™20 (5 pul) + ps(a) (3.26)

where ps,(x) admits the bound (3.25). If u is not a Dirac measure, then for sufficiently
large n the measure p,, is Lebesgue absolutely continuous. Denote by p,,, the density
of fi,. Assume that p has compact support, then for n > (1), p,, () admits the
expansion

d, 1 1
Pz +a,) = (1 + 5 ai — = — ApT — (bn — ai — —) xQ) Pw(EnT)

n n
ch

n3/2\ /4 — (Enx)?

(3.27)

for x € [-2/E, + h,2/E,, — h], where E, := (1 —b,)/v/1—d, and h = fﬁf? and
6] < 1.
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Chapter 4

Main results: Edgeworth expansion
in free probability

In this chapter the main results are introduced. We formulate Edgeworth type expan-
sions for the Cauchy transform (Theorem 4.4) as well as for the density (Corollary
4.5) and distribution (Corollary 4.6) of normalized sums of free random variables.
Moreover, we state results which guarantee that the conditions of Theorem 2.3 are
satisfied in the free context (Theorem 4.1, Theorem 4.2, Theorem 4.3). A couple of
examples are introduced in the second part of this chapter. By agreement we use the
same notations for the Cauchy transforms and their extensions.

4.1 Results

The fact that the general procedure as described in Chapter 2 is independent of clas-
sical probability theory allows us to apply the scheme to objects that have a different
nature than classical random variables. The main aim of this work is to apply the
scheme to free random variables.

In free probability a sequence of measures u,, is absolutely continuous with respect
to the Lebesgue measure for sufficiently large n, if p is not a point mass. This means
that, in contrast to the classical situation, we do not need to introduce a smooth-
ing variable in order to get an asymptotic expansion. Therefore, in free probability
condition (2.1) in the scheme is redundant.

Assume that p is a compactly supported measure with zero mean and unit variance.
Let us introduce a sequence of measures

1(5”) = DalﬂE'HEHDsnﬂw |€j’ Sn_l/Qa J=1...,n
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Due to (3.5) and (3.6) we define
_ B 1 - _
Gi@ln))('z) = ZEJRM(ng) + o ;| <n7V2 j=1,...m,
j=1

wherever the power series Z?Zl e;R,(jz) converges in z. If this series converges on
the appropriate domain then we can define the analytic continuation of Gu(gn)(z) to

some rectangle around (—2,2). It is obvious that such a continuation is compatible
and symmetric in €5, j = 1,...,n. Hence, we choose the sequence of extensions of the
Cauchy transforms as the sequence of functionals h,(g,), i.e.

hulen) = Coen lesl <072 j=1,...n,

respectively, h, := G,,,. Moreover, we define the following measure

lam+7“ = D81:u H... H D6m+r:u7 Em+r € E;Lz,m
where EJ, | is the set of weight vectors (g1, ..., emnyr) where all but 2r components are
equal to m~1/? and the remaining 2r components are bounded by n='/2, m > n. Then

- n
hm-H" (§m+r) T Gﬂm+r7 Emtr € Em,r?

where G, ., is a corresponding analytic continuation of the Cauchy transform.

We would like to extend the Cauchy transforms to the set
K":={z+iy:az € [-2+50, 2—58], |y| <dVs/2}, &€ (0,1/10).

Theorem 5.11 guarantees that G, (z) has an analytic continuation to K" for n >
c(p)d~*. This result is similar to Theorem 3.27, but the domain of convergence is
different. Theorem 6.5 guarantees that Gy, . () has an analytic continuation to
K", m >n > c(u,r)d*. Corollary 6.6 shows that Gumﬁﬂu?’“)(z) also has an analytic
continuation to K”, m > n > c¢(u,r)d~* and this continuation converges to GwEuggT) (2)
as m — oo uniformly on K”, where Gwﬁugﬁ (2) is a corresponding continuation (see

Theorem 5.8). Hence, we can define hy(g,):

1/2
Y

hoo(gr) = GwEEMFT)’ ’Ej’ <n jg=1...,r

Below, for analytic continuations of the Cauchy transforms we do not use special
notations, we just specify the domain, for instance, Gwau(gr)(z), z € C* is the Cauchy

transform and Gwaau@”(z)’ z € K" is the corresponding extension to K.

Next, we formulate results which guarantee that conditions (2.4), (2.9) and (2.10)
hold. The following theorems show that G, .. (), z € K" belongs to C*(£}, ) for
sufficiently large m, n.
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Theorem 4.1. Assume i € M has compact support contained in [—L, L], zero mean
and unit variance. Then for each § € (0,1/10), n > c(u,r)0~* and each z € K" the

: st
extension Gy, .. is in C(Ey, ).

The following theorem shows that the first derivatives of G5 . (2), 2z € K", m >

Hm—+r
n > c(p,r)0~* with respect to ¢; vanish at ¢, =0, j = 1,...,2r.

Theorem 4.2. Under the assumptions of Theorem 4.1 we have for each 6 € (0,1/10),
m>n>c(u,r)0~* and each z € K"

0
gGﬂm-&-r (Z)

j €;=0

=0, 7=1,...,2r

The next theorem shows that the derivatives of G, ,,(z) with respect to ,, are

Hm~+r
uniformly bounded on EJ, . x K", m >n > c(pu,r)0*

Theorem 4.3. Under the assumptions of Theorem 4.1 for each ¢ € (0,1/10), m >
n > c(p, )0~ and r > 1 the following bound holds:

sup sup  |D*Gp,.,. (2)| <¢, ao| <7

2€K" e, . €ED fmer
=m+r m,r

Finally, the general scheme from Chapter 2 is applicable to the extension of the
Cauchy transform of i, and we get an expansion as described in the following theorem.

Theorem 4.4. Under assumptions of Theorem 4.1 the extension of the Cauchy trans-
form G, admits the expansion

k3G (2)
-G
v (=g (e o))
N ((1/<;jGC%U2§2)) N kaGL0(2) (S(Clii_(z();i—(zl)i?i(z) +12)
e ()

G, (2) = Gu(2) +

1
n

for z€ K", n > c(u)d=*.

One can see that the coefficients of this expansion coincide with the coefficients in
the formal expansion (3.21). Due to the Stieltjes inversion formula we also obtain an
expansion for the densities.
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Corollary 4.5. Under the assumptions of Theorem 4.1 the density p,, admits the
expansion

R3X (xz - 3) pw(l’)
(4—a22)v/n

(k2 (22° — 152" + 302 — 10) — kg (2% — 8z + 1822 — 8)) pu ()

Pun (x) = pw(:ﬂ) +

(4 —22)°n
riz(5a® — 6020 + 2522* — 42022 + 210))
( (= 2F
Kkakax (525 — 4221 4+ 10522 — 70) N ksr(xt — br? + 5)> Puw(T) 0 (i)
(4 — 22)2 4 —22) n3/2 n2

for x € [-2+4 58,2 — 5d], n > c(u)d*.

In contrast to expansion (3.27), our expansion does not use an n-dependent shift
of the point x. The expansion for pu, can be obtained by integrating the density
expansion from Corollary 4.5.

Corollary 4.6. Under the assumptions of Theorem 4.1 the distribution u, admits the
expansion

(2, ) = [w((—oo;w» e ?5%)

o () s ()0 () - 18) )
S GERUORO)

s (0 (5) -7 (3) s (3)) 2] w0 () )

with (a,b) C [~2+ 50,2 — 58], n > c(u)d~*, Un(x) are Chebychev polynomials (3.20).
Remark 4.7. Assume that k3 =0, then

b 1

o ()

with (a,b) C [=2+58,2—58], n > c(u)d~*. Two first terms in this expansion coincide
with the terms in (3.20).

xz

pn((a,8)) = [wl(=00,2)) = T2Us (2) pule) + 25U (5 ) pole)|

In contrast to the expansions (3.24) and (3.26), our expansions for the measure p,,
are local and hold under stronger assumptions, namely, we require that p is compactly
supported.
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Let us show that three first terms in expansion (4.1) coincides with (3.24). We
replace z on the right-hand side in (4.1) by y := (x + f) and expand by Taylor series:

msv4 — x? xm3
vn 2nv4 — x2

v Pe() s, B
w0 (5) 5 = gy (VAT T T 100

kaUs (Q) Puly) - M2 (:c(:z:‘Z - 2)@) + O(n=%?);

w((=00,y)) = w((=00,2))+ +O0(n*?);

2/ 4n 4dn
9 Y yy U () \poly) _ mjx (5 —52° +a) —3/2
K2 <U3<2)+U1<2> W) 2 T wm oI +O0(n%?).

Finally, we compute

pn((a@ + Nk ﬁ)) = w((a,0))

- [ EB6)-n @) -2 e )
+ O(n™*7?)

with (a,b) C [=2 + 58,2 — 53], n > c(u)d~*. Tt is easy to see that this expansion
coincides with (3.24) on [—2 + 50,2 — 54].

In Chapter 5 we show that the measure wE,ufng”) has a positive density on [—2+9, 2—
§] for each § € (0,1/10), n > ¢(u,7)d~* (Corollary 5.7). Theorem 5.8 provides us with
analytic continuation of Gwaa;&” to K = {x+iy:xz e (—2+20,2—20);|y| < 5V6},
n > c(pu,7)d~* and a uniform bound for this continuation. Theorem 5.10 guarantees
that the density p,, is positive and analytic on [—2 + 6,2 — ¢], for sufficiently large
n. Then we construct the analytic continuation for G, on K, n > ¢(u)d~* with a
uniform bound which we need in the sequel (Theorem 5.11).

Chapter 6 is devoted to the proofs of Theorem 4.1 which is a non-trivial result
by itself. Theorem 4.2 and Theorem 4.3 are also proved in Chapter 6. We focus on
the measure fi,,,. We show that this measure has a density which is analytic on
[—2 4 20,2 — 28], n > c(u,r)0~* (Theorem 6.4). Finally, we construct the analytic
continuation

Gapr(2) = Gwau(gr)(z) tl(2), zeK', gl <n™¥? j=1,...r
where K" := {z +iy : . € (—2+ 40,2 — 48), |y| < 6v/6/2}, |In(2)] < 42, 2 € K,

m > n > c(u,7)0~* (Theorem 6.5). Then we prove Theorem 4.1, Theorem 4.2 and
Theorem 4.3. Finally, we prove Theorem 4.4, Corollary 4.5 and Corollary 4.6.
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4.2 Examples

In this section we consider asymptotic expansions for free convolutions of the free
Poisson law and the Arcsine law.

Example 4.8 (Free Poisson law). Let us consider the free Poisson law with density

1
C2m(z 4+ 1)

pu(z) \/4(:v+1)—(:v+1)2, -1 <z <3,

which has moments m; =0, my =1, mg =1, my = 3, ms = 6, and cumulants xk; = 0,
ke =1, kg =1, ky = 1, k5 = 3. The density of p,,(x) is given by

~ V(n—1) 4+ 2y/nz — na?
Pl =

—2 42 <z< 2 —n 2

We consider p,,,,(z) and p,, ., (),

/39 4 2V/10x — 1022

L(@) = . —241/V10 <z <2+ 1/V/10;
V399 + 20z — 10022
Puoo () = —241/10 <z <2 —1/10.

27(10 + z) ’

In Figure 4.1, one can see graphics of the densities and the approximations of the
densities based on Corollary 4.5.

Figure 4.1: Comparison of the asymptotic expansion, shown as the dashed line, and the
exact result, shown as the solid line, for free Poisson, n = 10 (on the left) and n = 100 (on
the right).
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Figure 4.2: Comparison of the asymptotic expansion, shown as the dashed line, and the
exact result, shown as the solid line, for arcsine, n = 4 (on the left) and n = 8 (on the right).

Example 4.9 (Arcsine law). In this example we consider the arcsine law, which has

the density
1

7)) = ———, —V2<z<V2
o) = =
This law is symmetric and all odd moments vanish. Therefore, in this case the ap-
proximations will be better than in the non-symmetric case. The first even moments
are my = 1, my = 3/2 and the cumulants are ks = 1, k4 = —1/2 . We consider the

convolutions of 4 and & measures:

44/3.5 — x2
P () = TE—a2) —V3.5 <x < V3.5

8v/3.75 — 22
p,ug(x) = m, —V 3.75 S x S V 3.75.

Figure 4.2 illustrates the densities and their approximations.
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Chapter 5

Convolution with the semicircle law

In this chapter we construct analytic extensions for Gwaau‘ér) and G, to K := {z+1iy :

x € (=2426, 2—26), |y| < 6V} for 6 € (0,1/10) and n > ¢(p)d~*. We start with
finding an interval such that P ggte) (x) is positive (Theorem 5.7). In order to do so we
use an idea that was introduced by Kargin in [32] and which is based on the Newton-
Kantorovich Theorem [29]. We proceed by constructing an analytic continuation of
the Cauchy transform of w H uﬁm to the domain K (Theorem 5.8). Such a type of
extension was introduced by Wang in [47] and has the form

G (2) = Gu(2) + i(ér)(z), z e K.

wEﬂu(réT)
In this chapter we introduce a uniform estimate for ]i(ér)(z)| on K. Then we construct
an analytic continuation of G, to K for 6 € (0,1/10) and n > N, where N := ¢(u)d~*.
First of all we deduce an interval on which p,, (z) is positive (Theorem 5.10). Then
we proceed with analytic continuation for G, in Theorem 5.11, which is similar to
the result from [47], but we give a different estimate for |[,,(2)|, 2 € K, n > N. In the
original result by Wang, the assumption that p is of compact support is relaxed.

=

5.1 Positive density for w H u

The fact that the measure w; H \ has a density, where X is an arbitrary measure on
R, was proved by Biane in [12]. Our aim is to find an interval such that the density
of w; A X is positive for a measure A which is concentrated in a small neighborhood
of zero. The main idea is based on the Newton-Kantorovich Theorem (see Theorem
7.4) and was described by Kargin in [32]. Let us consider a pair of measures v; and
V5. We can rewrite equations (3.10) and (3.11) as a system

{ (2 = Z1(2) = Z2(2)) 7" + Gy (Z1(2))

— 0
(Z — Zl(Z) — ZQ(Z))*l + GV2(ZQ(Z)) =0, (51)
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where GG, and G, are the Cauchy transforms of v; and v,, correspondingly. Choose
another pair of measures p; and po such that the Levy distance between v; and g,
is sufficiently small for 7 = 1,2. Then we can define subordination functions for the
couple (u1, p2) as a solution of (5.1), where GG, and G,, are replaced by the Cauchy
transforms of y; and py correspondingly. Denote these subordination functions by #9
and t3. According to the Newton-Kantorovich Theorem (for a proof see [32]) one can
show that the subordination functions Z; and tO j = 1,2 are sufficiently close to each
other. We can choose p; and ps to be equal SO that t? = t9. Such a choice essentially
simplifies the structure of equations (3.10) and (3.11).

We need the Levy distance and some results about its properties for further esti-
mations.

Definition 5.1. Let Q1(x) and Qo(x) be the cumulative distribution functions of the
two measures p; and o respectively. The Levy distance between these measures is
defined by the formula

dp(py, po) =inf{s > 0: Qa(x — s) — s < Q1(x) < Q2(z + 5) + s for all z € R}.

The Levy distance is a metric on the space of measures and weak convergence
is equivalent to convergence with respect to this metric. We also need the following
result by Voiculescu and Bercovici [8] about the Levy distance.

Theorem 5.2. If 1, ps, vi, and vy € M, then
dr(pn By, po Bro) < dp(pa, p2) + di (v, v2).
Finally, let us prove some further results about the Levy distance.

Lemma 5.3. Suppose u, v € M are measures with compact support, zero mean and
unit variance, moreover, let u be supported on an interval [—L, L]. Then

(1) dp(v,vBuE)) < LY e
(2) di(Deypt, Deypt) < Llgr — o
Proof. First, we prove inequality (1). From Theorem 5.2, we get

dL(Vv v H M£§r)) < dL(507 Msﬂér)>?

where Jg is a delta function concentrated at zero and

dr( 50;/% <ZdL 0o, D,
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We know that supp(p) C [—L, L], hence supp(D., i) C [—&;L,e;L], i = 1,...,r. We
conclude that dp (8o, De,pt) < &L ,i=1,...,r, and

dL(éo, lulq(ﬂgr)) S L Z Ei-
=1

Finally, we arrive at
dy(v,vBpE)) <L Z Ei-
i=1
Now, we prove inequality (2). Let Q(z) be the distribution function of p, then

dL(Da:ua DEQILL)
=inf{s >0:Q((z —s)/e1) —s < Q(z/e2) < Q((z + 5)/e1) + 5, x € R}
<inf{s > 0:Q((x — s)/e1) < Q(z/e2) < Q((z + 5)/e1), x € R}.

We have to consider the two situations e; > &5 and €1 < &, (the case g1 = & is trivial).
Let €1 > e5. Since a distribution function does not decrease, we get

inf{sZO:Q(x;8>SQ(%)SQ(QZ——:S),:UGR}

_ max{inf{s >0:0 <x€_ 8) <0 (63) <Q (xjs> el < ||},
1 2 1

inf{SZOIQ(xg_S) SQ(;) SQ($+S>, g2l < |z| < &1L},
2

1 €1

inf{sg@:@(“”:) SQ(:Z) SQ(“S), 2] s@L}}. (5.2)

€1

We note that the first infimum in (5.2) is equal to zero. For the second term in (5.2),
we consider z > 0 (remember that p has zero mean). But then the left inequality is
trivial and we only need to consider the right inequality which holds if s satisfies the
inequality

x/eg < (x4 8)/e1.

Hence, (g1 — &3)x < e95 must hold for = € [e5L,e1L]. To prove this, we consider the
difference Q((x + s)/e1) — Q(x/e2). Since we have Q(z/ey) = 1 for all © > ey, we
can take s such that Q((e2L + s)/e1) = 1, which implies Q((x + s)/e1) = 1 for all
x > eoL. We see that we can set s = L(e; — €5). For < 0 the same arguments show
that s = L(e; — &3).

For the third infimum in (5.2) we consider x > 0 and the right inequality. If we
set © = 9y, where y € [0, L], then Q((x + s)/e1) = Q((e2y + s)/e1). We need s such
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that (eoy + s)/e1 = vy, hence s = (g1 — &9)y, and we conclude that s = (¢; — &) L. For
negative x the same arguments show that we can take s = (¢; — €2)L and

dL<D€1:U’7 Dezﬂ) < (81 - 82)L'

Assume g9 > £1. This case can be proved in the same way as the previous one and we
obtain that s = (g9 — &1) L.
From these two cases we finally conclude that

dL(Dahu’ DEQ”) < |51 - 82|L'
The lemma is proved. O

In the sequel we need the following estimates for GG, and F,. An estimate of this
type for G,, can be found in [47].

Lemma 5.4. For each § € (0,1/10) we define the set
Ks={z+iy:x€[-2+06, 20|yl <20V5}.

Then, we have G(K5) C Dg14a = {2 € C™ r arg z € (—m + 0, —0); |z| < 1.4}, where

the angle 8 = 0(5) is chosen in such a way that 2sinf = w/g (1 — %). Moreover,
|Fu(2)| <14, z € Ks.

Proof. Figure 5.1 illustrates the sets K5 and Dy 4.

Figure 5.1

In the beginning we show that G, (Ks) C Dy .4, where G, is an analytic extension
of the Cauchy transform of w on Kjs. Let zy € K; be given, and write G, (z9) = Re'™.
In order to prove G (29) € Dp1.4 we need to verify that |sint| > sinf and R < 1.4.
From the functional equation (3.15) we have

1 , ry.
<R+E) cosY +1 (R— }_%> siny = zp.
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By the fact that [Rzo| <2 — 0, we get
1
2| cos | < (R~I— E) |cosp| <2 —0.
This implies |cost| <1 —6/2, hence

sing| = T cos?§ > /1 - (1-06/2)* = \/3/A(1— 6/4) > sin.

We obtain the desired result |sin| > sin 6.
In order to estimate R we consider the imaginary part of z
|R? — 1|5

) 1
26V8 > |Sz0| = | sin¢)| ‘R— E’ > 5 3

(5.3)

If R > 1, we get the inequality R? —46R—1 < 0. Therefore, R must be bounded from
above by the intercept of the positive z-axis and the parabola y = R? —45R — 1. The
roots of the equation R? —40R — 1 = 0 are

R=25++v46> + 1.

Because of the choice of § we have 20 + /402 + 1 < 1.22. This implies R < 1.4.

In order to estimate |F,(2)| from above on K, we need inequality (5.3) for R < 1,
hence R? +46R — 1 > 0. Therefore, R must be bounded from below by the intercept
of the positive z-axis and the parabola y = R? + 46R — 1. This means that R >
—2 + /462 + 1, and by the choice of §, we conclude R > 0.81 and 1/R < 1.22. [

The following inequalities are due to Kargin [32].
Lemma 5.5. Let dp(u1, p2) < s and z = x + iy, where y > 0. Then
(1) |G (2) = Gy (2)| < Csy 'max{1, y~'}, where ¢ > 0 is a numerical constant;

(2) [Z5(Guy(2) — Guy(2))| < Gsy~ ' "max{1l, y~'}, where ¢, > 0 are numerical
constants.

Consider a pair of measures (v, 15) and introduce a function F'(t) : C* — C? by
the formula

(z—t1 —ta) L+ G, (1)
F(t) = ( Gt i1 1 () ) . (5.4)

The equation F'(t) = 0 has a unique solution, say Z = (Z;(z), Z2(2)), where Z;(z) and
Zs(z) are subordination functions. Let (i1, p2) be another pair of measures. Assume
2 = (19,19) = (t9(2), t3(2)) solves the system of equations
{ (2= =15)7 + G, (1) = 0
(2 =11 = 13) 7 + Gy (t3) = 0.
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Then F(t°) has the form

oy (=19 =)+ G (1)
F(t°) = ( (2 =19 —19)"" + G, (9) ) '

The derivative of ' with respect to t at tg is

e ot I o e ST
(z—t] —13) (z—t] —t3) 2 + Gl/g (t3)
Obviously
Gﬂj(t?) = _%7 Gi(t?) = %a J=12 (5.5)
(z =19 —13) ! (z —t] —13)?

Taking into account (5.5), F(t°) and F’(t°) can be rewritten as

0y GVl (tcl]) - G,ul (t?>
Pt = ( G (12) — G (12) ) ’

1 (40 2 (40 2 (40
Fl(to) — ( qu (t1)2+ ?Hl (tl) , OGHI (tl)Q 0 )
Guz (t2) GV2 (t2) + G/JQ (tQ)
The inverse matrix of F'(t°) is
_ 1 G (19) + G (t9) -G? (1)) )

F(19)]-1 — ( va\b2 p2\"2 , pii1 , 5.6

PO =Garmy | "ol a,mmonm >0
where

det[F"(t°)] = (G, (£) + G}, (L))(G, (1)) + G, (1)) — G, ()G, (t).  (5.7)

After simple computations, we obtain

FO) 7 F() = —— (5.8)

~ det[F!(t0)]
( (G, (15) + G, (1)) (G, (1) — Gy (1)) — G, (89)(Gy (13) — G (13)) >
(G, (1) + GL, ()G () — Gy (13)) — G, (1) (G, (8) — G '

The second derivative of F' with respect to t at tg is

o (G 263 () 2GR, (1) 2G3(8) 26 (1)
F W‘( 2G3 (1) 2GR(10) 2G5 (19) (GI(19) - 263, (19)) >'<5'9)

The next result is about the behaviour of the measure wH A with arbitrary A € M.
The main work on this question was done by Biane [12]. Our aim was to find an interval
on which the density p.my is positive.
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Proposition 5.6. Let A € M and there exists ¢()\) such that dp(w,w; BN) < ¢(N)6?,
t > 0. Then for each § € (0,1/10) the density p.,mr(z) is positive and analytic on
[—2+4 6,2 — 4.

Proof. The measure w; H X\ always has a density. We would like find an interval where
the density is positive. For that, define a subordination function Z,, , (z) which solves
the equations

= 2ZW1/2(Z) - FUJ1/2(Z¢U1/2<Z)) and Fw(z> = Fw1/2(Zw1/2<Z))‘

It easy to calculate that

3z 4+z22 -4
Zy o (2) = — 1

and an analytic continuation of Z,, , to (—2,2) is given by

7 _3z—i—z'\/4—z2

Wi/2 (Z) - 4
It easy to see that the following inequality holds:

lim 7, (v + iy) > V)3, ze[-2+46,2-4].
Y

We set in (5.4) 1 = w2, V2 = wys BA. On an 2-dimensional complex space C? we

choose the norm:
(21, 22) || = /|21 + |22/

Now we apply the Newton-Kantorovich Theorem (see Theorem 7.4) to the equation
Ft)y=0for z€e M :={z+iy:az €[-2+62-17], 0 <y < 6V/5}. In formulas
(5.6), (5.8) and (5.9) we set i = piy = wiyp and 1§ = 15 = Z,, ,. Since |Z,,, ,(2)] < 2,
z € M, we choose the branch of G, , such that G, ,(2) =z —ivV2 — 22, |z < 2. Let
s be such that dp(w,w; B ) < s.

1. First, we estimate ||[F”(t°)]7'||. We have computed det[F’(t°)] above. Moreover,
due to Lemma 5.5 we have G|, () = G(, ,(t]) + f;(t]), where [f;(t])] < ¢18073/% on
M, 7 =1,2. Hence,

Wi/2

det[F'(t)]
= (G2, ,(ta) + G, , (1) + L(B)(GE, (1)) + G, (8) + A1) = G2, (1162, ,(82)

= g(2) + (A () + LB))(GL, (1) + G2 L (19) + A#) falt),

where

9(2) = () + Gl (Zoy () — G,
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We find that

Gy p(Zinp(2)) =1 lop®) i s 1
UJI/Q w1/2 2)) - + - + - . (5. 0)
2~ Z, 0 (2) V36 — 1022 — 6iz\/4 — 22

Finally, we obtain

2

v — /4 — 22 1 2 1 1
g(z) = | 1+ Sz = +—<z—iv4—z2> ——(z—z’\/4—z2)
V36 — 1022 — 6izy/4 — 22 4 16

_ <1+ iz — 4 — 22 )

V36 — 1022 — 6iz/4 — 22

2 — A — 22 1 2
« (14 o - + = (z /- 22> . (5.11)
V36 — 1022 — 6iz/4 — 22 2

The function 36 — 1022 — 6izv/4 — 22 has zeros at +3/v/2, hence g(z) is analytic on
M and continuous up to the boundary. Let us check that g(z) does not vanish on M.
The first multiplier in (5.11) has no zeros on M:

3iz — /4 — 22
1+ = - = 0 (5.12)
V36 — 1022 — Giz/4 — 22
36 — 1022 — 6izV4 — 22 = 4 —102% — 6izvV4 — 22;

36 #£ 4.

Let us compute the zeros of the second multiplier in (5.11):

iz — /4 — 22 1 2
L+ - & 5 (s -iva=2)
V36 — 1022 — 6iz/4 — 22 2
4-2122 4924 =25 +iz(9- 722+ 24— 22 = 0

443922 - 182" +225 = 0.

The last equation has the solutions: £2, +4/ g + %3 and =i4/ % — g The solutions
of the initial equation are +2 and due to the choice of the branch of a square root we
conclude that —2 is the only zero of g(z) and g(z) does not vanish on M. First of all
we estimate |g(z)| on an interval [—2 4,2 — J]. Let us denote

B Jix — V4 — 22
V36 — 1022 — 6izv/4 — a2

gi(z) :
We compute

\/(36 — 1022 — 6izV4 — 22)(36 — 1022 + 6iz V4 — 22) = 4(9 — 22?)
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and
36 — 102° + 6izvV4d — 22 = 9(4 — 2?) — 2% + 6izV4 — 22 = (3V4 — 22 +ix)’.
Due to computations above we find

(3iz — V4 — 22)(3v4 — 22 + ix) _ 2izv4—a® -3

(@) = 4(9 — 222) 9 — 242
and hence
— 222 + 2ix/4 — 22 (6 — 222 + 2iz /4 — a2
g(a:):6 ¢+ 2ix x x° + 2ix x 2?9 i)
9 — 222 9 — 242
The following estimates hold
6 — 22° + 2izv/4 — 22| 2 S 2
9 — 222 /9 —9222 ~ 3
and
6 — 222 + 2ixV4 — 22 9 ) 5 2v/4 — 12
’ 9—21’2 +x —2—22.1'\/4—517 —\/ﬁzc\/g

for x € [-2 + 0,2 — 6]. We conclude that |g(x)| > ¢;V0, x € [-2+6,2 —4].
In order to estimate |g(z)| on M we expand g(x + iy) with respect to y at zero:

gz +iy) = g(x) + R(z,y), ze€[-2+62-10], 0<y<Vs,
where R(x,y) is a remainder term such that

[R(z,y)| < max |g'(x +iy)|dV0.

T€[—2+6,2—6]
0<y<5V3

We find that ¢'(z) = g2(2)/g3(2), where
g2(2z) = —1488
+ 4 (2z6 — 282" +1862" — (2* — 92> - 9) \/ (4 — 22)(36 — 1022 — 6izV4 — 22)

— 2iz (2" — 1222+ 7) VA — 22 — iz (2 — 112° + 39) \/36 — 1022 — 6izV4 — 22> :

2
g3(2) = i (18 522 3izVA - 22> Vi_ 22
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We conclude that |¢/(2)| < ¢/v/3, z € M. Hence |R(z,y)| < ¢d and |g(2)| > ¢/,
z € M. Then |det[F'(t°)]| > [|g(2)| — c286 32| > V/d(cy — c256~2) and for s < ¢36% we
have ||[F'(t9)] 7 < cs07Y2 =: By, z € M.

2. We now estimate ||[F'(t°)] "1 F(t°)]|. Due to Lemma 5.5 we arrive at

IE'@NFE) < esd 2=, z€ M.

3. Last, we estimate || F”(¢*)||, where t* = (¢;(z),t3(z)) such that ||[t*—°|| < 2n,. Tt
is very important that 2y < v/8/3, since this condition guarantees St5(2) > 0,2 € M,
j = 1,2, and therefore, we obtain cs < §2. Note |G, ,(2)] < V2 for z € CT UR.

wi/2

IF"@ < max{|G] (Z,,) = 2GE, ,(Zun )], 20GE, ,(Zy )], 5= 1,2}

w1/2 wi/2

Due to Lemma 5.5 we have

G,V/j (Zw1/2> =G, <Z“J1/2) + f(Z"Jl/2)’ j=12,

wi/2

where |f(Z,,,,)] < 5672 on M. Let us estimate G, (Z,

w1/2 wi/2

) on M. We find that

wi/2

—3/2
Gl (Z,,(2) = 2022 (2))** =2i (2 + 1—16(\/4 — 22— 3@2)2>

1 1
= — (18 =522 — 3izvV4 — 2)73/2 = (2 _9/92)73/2,
8\/§< : " ) 8\/§<Z /2)

Then the estimate |GZ1/2(ZW1/2(Z))| < ¢ holds on M. Since we choose s62 < ¢ we
conclude that

IF" ()] < e1 = Ko.

The function (z — tj(z) — t5(2))~® is continuous for z € M because 3t7(z) > 0,
j = 1,2. It follows that the estimate for the second derivative holds for t* such that
|t* — %) < 2mo, 2 € M.

The Newton-Kantorovich Theorem (see Theorem 7.4 in Auxiliary results) teaches
us that if Sy, no and K, satisfy the inequality ho := SonoKo < 1/2, then the equation
F(t) = 0 has the solution (Z;(z), Z»(z)) for z € M. It follows that parameters s and
0 should satisfy the inequality:

1862 <1/2.

If we choose hg = 1/2, we get 62 = cys from which we conclude

1—yT=2h 1
|Z10(2) = Z(2)] < S0 = =3V = cust,
/ ho BoKo

—1,2.
If we set hg < 1/2, then ¢ satisfies the inequality ¢;s < §? and the following estimate
holds

| Zo, 5 (2) — Zj(2)| < 21 < 55032 < st j=1,2.
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1/4

In both cases we get a term of order s/*. Finally, we compute an estimate for the

Cauchy transform

1 1 < 2|G? (2)|csd /2

2=27,,,(2)  2—=21(2) = Za(2)| T |1 = 2cs6 732G (2)]|’

|Gu(2) — Gumr(2)| < ces0 3% = ¢!t 2 e M.

The limits G, (x) := limyjo Go(x + iy) and Guma(x) := limy g Gu,ma(x + 1y) exist and
the estimate
|GW(I) - thﬁﬂ)\(‘r)’ < 0781/47 LS [_2 + 67 2— 5]

holds. Hence we have the following estimate for densities
P(®) — Puma(z)] < css'?, z€[2—6,246].

It follows that the optimal choice of s = s(§) is such that § > cs'/%. It easy to see
po(z) > V6 /mon [~2+8, 2—4]. If we assume also cgs™/* < v/6/27, then p,,my(x) > 0
on [—2 + 4, 2 — d]. Analyticity follows from Remark 3.23. ]

Corollary 5.7. For each ¢ € (1,1/10) and n > c(p,7)6~*
(1) the density pwaau(@)(x) is positive on [—2 + §,2 — d];

(2) the function Gwaau(?” has an analytic continuation to [—2 + 6,2 — d] and the
imaginary part of this continuation does not vanish.

Proof. According to Lemma 5.3 (1) we have
dL(W,W H Iu?(aér)) S LZ&‘z S L?"/\/ﬁ
i=1

Applying Proposition 5.6 we complete the proof. O

5.2 Analytic continuation for G

7

wEE,u(gr)

Below we prove Theorem 5.8 which shows that the Cauchy transform Gwﬁﬂu(ér) has an
analytic continuation on

K:={x+iy:azec(-2+262—20);|y| <dVs}.

The idea of the proof is due to Wang [47].
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Theorem 5.8. Let i be a compactly supported measure on R with supp(p) C [—L, L],
zero mean and unit variance. For every § € (0,1/10) and n > N*(:= c(u,r)0~*) the
Cauchy transform Gwaap@’") has an analytic continuation on K such that

G e ()= Cul2) + ey, Il <™ j=1,.n  (5.19)
where [l y(2)| < %25:1 lej]? on K.
Proof. The inverse function of Gwaau@” can be expressed as

_ 1
GLB;)(QT)(M) = R e (w) + R Z Rp, u(w) +w T

wherever the series 22:1 Rp,, u(w) converges. Because of the rescaling property of the
R-transform we have Rp, ,(w) = €;R,(e;w). If we denote by £; the cumulants of p,
then for w € Dy 4 (see Lemma 5.4) we have

20
Jj=1 =

Z l&5[*w] + Z =1 Z [k ]([e5]w])’
— peri

r

32L3]€J| |w|2

<

IN

IN

We can choose n such that
32L3|5j||w|

S22 BT <1, w € Dy,
T 4Ljeffw] = © T

which leads to the estimate
T

Z EjR

j=1

Due to Lemma 5.4 we know G, (Ks) C Dp14. Thus we replace w by G, and take the
functional equation (3.15) into account to get

fes(z) = G;igr)(c:w(z)) =24 ge)(2), ze€Ks, (5.14)

T
3r
w)| <> 2w < o W€D

where the power series in z
.
z) = ZijM(ngw(Z))
j=1
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converges uniformly on Kj to zero as n — oo and the estimate
T
196 ()] <3r > legl” < e(r)d*
j=1

holds uniformly on K5 and n > N*. The uniform bound of g ) and (5.14) imply that
the rectangle K is contained in the set f(. )(Ks). Rouché’s Theorem (Theorem 7.2)

implies that each function f. ) has an analytic inverse f ) defined on K. Due to
(5.14) it follows

2= fio (F57) = S ) + 90 (P 2)

f<‘§’<z> =2 Ge)(2), z€K,

T
Z)l <3r Z |5j|2’
j=1

for z € K and n > N*.
By Corollary 5.7 the function Gwﬂﬂu<§T) has an analytic continuation to the interval
(=24 9,2 —9) for n > N*. The composition GGV o G, e is defined and analytic

in a neighbourhood of the interval (=2 + §,2 — §) and hence it coincides with the
function f((g_;) on (—2+ 24, 2 —2§). We conclude

GUV(G g0 (2) = [} (5) = 24 Ge(2), 2€K, n= N (5.15)

(g,

Let us estimate |G/ (z)| on K. It is easy to see

1 i(2—1i6V0)

+
2 4v/26

1
_2\/(—57

1z

2v4 — 22|
Applying G, on (5.15), we get

Gguen (2) = Gu(z + 9, (2)) = Gu(2) +le,)(2), z€ K, n=>N7,

+

zeK. (5.16)

, (1
G =

where

~ -~ c\r . *
() < 5 GLAF) ()] < DSy se K w2z N ()

Finally, GWE#(Q)(Z) = Gu(z) + i(ér)(z), ze€ K,n>N*and i(ér)(z) — 0 uniformly on
K as n — oo. The theorem is proved. O



Corollary 5.9. Under the assumptions of the previous theorem we have
Gwaau?")(’z) + Fwaa;&”(z) =24 qu(2), gl <nV? =1, (5.18)

where |q,(2)| < 2.7\l~(§r)(z)], forze€ K, n> N.

Proof. In order to prove equation (5.18) we apply the representation (5.13) to GWEH(Q)
and FWBHH(QT). Summing up we obtain

GwEEugé’“)(Z) + FwEEuggﬁ(Z) = GW(’Z) + l(ér) (2) +

N Fw(Z)ZN(%)(Z)
- Go(2) + e (2)]

for z € K, n > N. Let us denote ¢,(2) := Z(gr)(z)(l - #ﬁfll(z)) With that, we get
the bound

Fw(?i)
Gu(2) + e, (2)

()

L4l (2) Fu(2)

RGO  IRe)
_'\1*—1@»<2)Fb(z)l"‘1-—y&§9<z)up;(zn

for z € K, n > N*. Due to Lemma 5.4, we have |F,(z)| < 1.22. Therefore, we obtain

F? 1.
~| L (%) < 5~ , z€K, n>N.
1= ey R |1 = 1220 (2)
: 15
Due to (5.17) and the choice of n we get Tz < 1.7 and
100(2)] < [le)(2)|(1+ 1.7) = 2.7|lc y(2)|, for z€ K, n>N. (5.19)
The corollary is proved. O

5.3 Analytic continuations for G,

Theorem 5.10. Assume p is compactly supported on [—L, L] with zero mean and unit
variance. For each 6 € (0,1/10) and n such that n > N

(1) the density p,, () is positive on [—2 46,2 — d];
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(2) the Cauchy transform G, has an analytic continuation to the interval [—2 +

5,2 — 0] and the imaginary part of this analytic continuation never vanishes on
[—24 6,2 =]

Proof. We will prove this result using the representations (3.18) and (3.19), where
t == (n—1)/n. Due to Remark 3.23 it is sufficient to prove that G,, has a positive
density on [—2 + 6,2 — §] for n > ¢(u)d~* (here we write c(u) because v is defined
by p, see (3.18)). According to Proposition 5.6 we know that thang/ﬁl, has an

analytic extension to [~2 + 0,2 — 6] which does not vanish for § > cs'/2, where
s :=d(w,w; B Dy mv). It is known by Theorem 5.2 that

dp(w,w; B Dl/\/ﬁ’/) < dp(w,w) + dr(do, Dl/ﬁ”)-

Furthermore, it was shown that dy, (w,w;) < 2(1—+/(n —1)/n) < 3/y/n. Due to (3.18),
the measure v has compact support such that supp(r) C [—L, L], and it follows that

dr(do, Dl/\/ﬁV) < L/\/ﬁ

Finally, we obtain s < (L 4 3)/y/n. Due to Proposition 5.6 n and § must satisfy the
inequality n > ¢(u)d~*. By (3.19) we conclude
1

Grun(2) = —— I

, xeR.

We have shown thgpl/ﬁy(x) is analytic and %thgpl/ﬁy(x) # 0 for all x € [-2+
6,2 — 6] and n > ¢(u)d~*. Hence, S(z — Gump,, (7)) # 0 for all @ € [-2+ 6,2 — 0]
and we conclude G, () is analytic on [-2+ 0,2 — 0] and has non-zero imaginary part
for n > c(u)d. O

Theorem 5.11. Assume p is compactly supported on [—L, L] with zero mean and unit
variance. For each § € (0,1/10) and n such that n > N, the Cauchy transform G,
has the analytic extension

G, (2) = Gu(2) + 1,(2), z€K, (5.20)
where K = {x 4+ iy : x € (=24 26,2 — 26), |y| < 0v/3}, and |1,(2)] < \f—éin on K.
Proof. First, we define sets
Ks={z+iy:zec (=240, 2-90),|y| < 26V5}
and

Dg1a={2€C rargze (—m+0,-0); |z| <14},
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where the angle § = §(0) is chosen in such a way that 2sinf = /2 (1 —2). Figure
5.1 illustrates these sets. In Lemma 5.4 we showed G,,(Ks) C Dg1.4. Therefore, if we
assume n > N, then GG, has an analytic continuation to the interval (—2+ 26,2 —26).
Moreover, assume c(p) > 6L3. Additivity of the R-transform shows

- 1 1 1
Gl w) = By () 0 = nBp, o) + 20 = VB, (w/Vi) +

Since p has compact support, the R-transform has a series expansion R, (w) =
Z?io Kipw!, where k1 = my, Ky = my and due to our assumptions x; = 0, Ky = 1.
Therefore,

1 w '
(=1) — - § —
Gun (w) w+w+\/ﬁl 2/<;l+1(\/_).

!
The function G,(;Ll) is defined on a domain where the series \/n Y =, ki1 (\%) con-

verges. Note |k3] = |m3| < L?, then the estimates for the cumulants (3.4) show

o

00 l 3 2 -2
w L3 |w 128 (4L|w|
S ()] < it (1§52
; H\Vn NG ; I\ Vn
L3|wl|? 14 512L|w|
NG 3v/n — 12Lw| )

Since ¢(p) > 6L3, we have 6L°/y/n < §* and

L3|wl|? 512L|w| L3|w|? 1.5L3
< (14+0.5) < :
vn 3v/n — 12L|w| vn vn

for w € Dypy14 and n > N. Replacing w by G, and taking the functional equation
(3.15) into account we obtain

fn(z) == GL;I)(GUJ(Z)) =24+ gu(2), z€ K5, n>N", (5.21)

where the sequence

%@:ﬁim&%?y

converges uniformly on Kj to zero as n — oo and the bound

1.5L3
WM<%<V
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is uniform in z € K5 and n > N. The uniform bound of g, and (5.21) imply the
rectangle K = {z +iy : x € (=2 + 20, 2 — 20), |y| < 0v/§} is contained in the set
Jn(Ks). Now Rouché’s theorem (Theorem 7.2) shows each function f,, has an analytic
inverse f{ ) defined on K, and due to (5.21) we have

2= fulf50(2) = f(2) + ga(£TV(2)),

hence f{(2) = z — Gu(2), z € K, where gn(2) = —ga(f(2)), fSV(2) € K; for
z € K. Finally, we conclude that |g,(z)] < 1.5L3/\/n, for z € K, n > N.

Theorem 5.10 implies that the function G, has an analytic continuation to the
interval (—2 + 26, 2 — 29) for n > N. The composition G5 o G, is defined and
analytic in a neighbourhood of the interval (—2 + 24,2 — 2§) and, hence, it coincides
with the function 5" on (=24 20, 2 —26). We conclude

GUVG,(2)=fV() =24+ 3gn(2), 2€K, n>N. (5.22)
In (5.16) we showed |G/, (z)| < \—lf Applying G, on (5.22), we get
G (2) = G2+ gn(2)) = Gu(2) + 1,(2), z€ K, n>N,
where I3
[In(2)] < sup |G, (2)]1n(2)] < N 0 €K, n>N. (5.23)

Finally, G, (2) = G,(2) + l.(2), 2 € K, n > N and [,(z) — 0 uniformly on K as
n — 00. O

Corollary 5.12. Under the assumptions of the previous theorem we have
G (2) + Fpu, (2) = 2 4 pa(2), (5.24)
where |p,(2)| < 2.7|,,(2)| for z € K, n > N.

Proof. In order to prove equation (5.24) we apply the representation (5.20) of Theorem
5.11 to G, and F),,. Summing up we obtain

6o+ Fule) = Gule) 40+ gt
(

= Gu(2) + Fulz) + 1n(2) — %

= z+1,(2) — —Gw(z) )
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F,(z)

for z € K, n > N. Let us denote p,(2) := [,(2)(1 — EROIRE)]

the bound

). With that, we get

F,(2)

‘ |F2(2)] < |F2(2)]
Gu(z) + 1,(2)

T LG EE)] T = LG

.
1+ 1,(2)F,(2)

for z € K, n > N*. Due to Lemma 5.4, we have |F,,(z)| < 1.22. Therefore, we obtain

BE 15
T-TLEIEE = - 1261

ze K, n>N.

Due to (5.23) and the choice of § we get < 1.7 and we conclude

1.5
T—1.22[ln (2)]]
pn(2)] < (|1 +1.7) = 2.7|1u(2)], for z€ K, n> N. (5.25)

The corollary is proved. [
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Chapter 6

Proofs of main results

In this chapter we deduce an analogue of the Edgeworth expansion in free probability.
We develop the expansion terms based on he(g,)(:= Gwaau(gr)) as well as the error
terms according to the procedure described in Chapter 2. "In order to obtain the
expansion we have to construct an analytic extension for the Cauchy transform Gy, .,
to K" == {z+iy:x € [-24 56,2 — 5], |y| < 6v/5/2}, 6 € (0,1/10), m > n >
c(p,7)0~* and check whether this extension is uniformly differentiable with respect
to g, (|| < n Y% j =1,...,7). Finally, we prove Theorem 4.1, Theorem 4.2 and
Theorem 4.3. and deduce local expansions for the extension of the Cauchy transform
G, (Theorem 4.4), the density p,, (Corollary 4.5) and the distribution f,, (Corollary

4.6).

6.1 Analytic continuations for G, ,

Below we consider a measure fi,, ., with |g;] <n 12 j=1,...,2r, m > n. We show

that the measure has a density pj,..,(z) for sufficiently large n and the density is
analytic on [—2+2§, 2—24|. As before we consider the following system of equations:

{ (2 = Z1(2) = Z2(2)) " + G, (Z1(2))

=0
(2 — Z1(2) — Za(2)) ™" + Goy(Za(2)) = 0, (6.1)

where GG, and G, are the Cauchy transforms of 14 and vs.
The next result is due to Belinschi [4] (see Theorem 3.3 and Theorem 4.1).

Theorem 6.1. Let vy, vy be two Borel probability measures on R, neither of them a
point mass. The following hold:

(1) The subordination functions from (6.1) have limits limy o Z;(z + 1iy), j = 1,2,
r eR.
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(2) The absolutely continuous part of v1 B vy is always nonzero, and its density is
analytic wherever positive and finite, and F,, m,, extends analytically in a neigh-
bourhood of every point where the density is positive and finite.

Let us introduce the notation

pE=p @, Bpu.
—_——

r times

Due to Lemma 5.3 the following inequality holds:

1 1 - r
dp (g1, 1) < L ([(m—r)/ﬂ (\/W - m) +;€j " m> '

Let us estimate [m/2] ( 2[;/2] - \/%) If m = 2k this is trivial, if m = 2k + 1 we
have
k( 1 1 > < 1
V2k  V2k+1) 7 22k + 1
thus

dL (,Lbl,Vl) < L (T\};—%l + ZEj) . (62)

In the same way we obtain

2r
r+2
dr, (M27V2) <L ( \/ﬁ +j_TZ+1 <€j) : (6'3)

Recall some notations. Define F'(t) : C* — C? by the formula

F(t) < (z—t1 —t2) '+ G,y (1) ) (6.4)

(z =ty —t2) L+ G, (L)

The equation F(t) = 0 has a unique solution, say Z = (Z1(z), Z3(z)). Consider an
approximation solution t° = (¢{(2),t3(z)) of F(t) = 0 which is defined by the measures

1 = flo 1= Dl/mu[ and solves the system:

{ (2= = 15) 7 + G (f)) =

0
(: =8 =) + Gu(t) = 0. (6:5)

Note that t9 = ¢J. Next, we shall estimate lim, o StJ(z+iy) from below for z € (—2,2).
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Lemma 6.2. For every § € (0,1/10) and m > N the following estimate holds

lim Stz +iy) > V0/2, x€[-2+26,2—24].
Y

Proof. Let us define measure gy, /2) = 1 H 2. Due to the subordination equation we

find
z+ Fuz[m/z] (2)

2
(2) = 2+ Dopmy2) — Gopmyg (2), 2 € K, m > N.

t)(z) =

In Corollary 5.12 we showed that F,, .,
It is easy to see that

P2(m/2)(2) = Gy (2)

() =z + 5
Thus, we have the estimate
1
%t?(z) = %Z + 5%(})2[771/2](2) — G,U'Q[m/Q] (Z))
1

= Sz 4 =SP2m/2 (2) — Gu(2) — lopmy2 (2))

vV
LN

3z = 5Gul2)) = 5 (P + (),

for z € K. In addition, due to Theorem 5.11 and Corollary 5.12, the following estimate
holds:

1 L3
5 P2pmy21 ()] + Nz (2)]) < N K, m>N.

On the other hand
S(z - %Gw(z)) > _9G,(¢) > V5/2, 2e€CT UK.

Finally, we conclude
L3
o/m

due to the choice of m. O

St9(z) > /6(1 —6) + >V6/2, z€eK,

The following lemma provides estimates for |[F'(t°)]7!|[, ||[£"(t°)]"*F(t°)|| and
I[F”(t*)]|| where t* such that |[t® —¢*|| < 2||[F'(t°)] " F(t°)]. (See formulas (5.6), (5.8)
and (5.9)).
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Lemma 6.3. Assume that F(t) is defined by (6.4), t° = (12,t9) solves (6.5) and
dr(pr, ) <'s, dp(pr, ) < s. For every § € (0,1/10) and m such that m > N*(:=
c(p,7)074) the following estimates hold:

(1) [[F'(t)]7Y] < Bo, where By is a numerical constant;

(2) NE"ENEE)] < no = c1s/6;

(3) |IF"(t)|| < Ko = c55/0% for all t such that ||t — t°|| < 2np,
forall z€ M = {x +iy:x € (-2+252—20):0<y<dV5/2}.
Proof. (1) Due to Lemma 6.2 and Lemma 5.5 we get the estimate

G, (1) =G, () + (), ()] <aso™? j=1,2 zeM,
where from (6.2), (6.3) we conclude that s = L (i/i% + erzl 6j).
Let us estimate | det[F”(¢")]]. Due to (5.11) we have

det[F'(t°)] = (G,,(#) + G}, (t))(G,, (1]) + G}, (1)) — G, (1))
= (G,,(0) + G, (1) = G, (1))
+ (Al)) + LG, (1) + G, (1) + fi(t]) fa(t).

We can find a derivative of G, in the following way
_ 2
G (2) = ~C2 (L (), =€ CF (6.6)
Due to representation (3.19) we have
Bl (2) = 2= Gy, n(2), z€ Ct.

After rescaling we obtain

1
F,Ul (Z> = - EGDl/\/EthE’Q[m/Q] (Z), A (C+.

We differentiate the last formula and arrive at

1
F!'“(z) =1- §G/Dl/\/§wt53’/2[m/2](z)’ 2 € Ct. (6.7)

Due to Theorem 5.11 we have

1
F

i (2) = ROEIRON Fo(2) + f3(2), |fs(2)] < e(p)(6m)~"?, z € M, m > N.
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Let us define #2(2) via Z,

wi/2

(z) for z€ M, m>N

11(2) = (Figpya) (2) +2)/2 = (Fu(2) + 2 + f3(2)) /2 = Za, o (2) + f3(2) /2. (6.8)

Due to Lemma 5.5 we have
Gl st (1902)) = Gl (B(2)) + Fi(8(), (6.9
where |f,(t(2))| < 6673/2m~Y2 2 € M. Due to (6.8) we obtain
G (Fa(2)) = Gl (Zay ) + 1o(2)/2) = Gl (Zu (D) + Fo(2),

where |f5(2)] < sup.ep |G, ,(Zo,,,(2)) f3(2)/2]. Let us estimate G, (Z., ,(2)):

wi 2 Wi/2
Gl)o(Zin )y (2)) = - Vv
12 (G o (2)) (2-22, ()% (24 (=3iz + V4 — 22)2/16)3/?
128i

(3v4 — 22 —iz)3

and
1 V4 — 22+
3V z+zz_ 8 <9 el
3V4— 22 —iz 4(9 — 222?) 4|9 — 222|
We conclude that |GZ;1/2(Zw1/2(Z>)| < 2048, z € M and the estimate holds

f5(2)] < cer(p)(@m)™2, 2 e M, m>N.
Finally, by (6.6), (6.7) and (6.9) we obtain
G, (13(2)) = G2, (8(2)) (1 = G, (Zuy ,(2))/2) + f5(2), (6.10)
where f5(2) == —G2 (t3(2))(fa(2) + f5(2)), = € M. Applying (6.10) we obtain
(G, (8(2)) + G2, (1)) = G, (13(2)

= GLRE) (Gl (Zun (D)2 = 1) (G, (Zuyp(2))/2 4 1)
T+ Fo(2)G, (B(2)) (260, (1)) + 2 + fo(2)):

Let us estimate |G (19(2))g(2)], where

9(2) i= (Gl (Zyn(2)/2 = 1) (G, (Zun (202 1)
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from below on M. Due to (5.10) we have

(2) 1 iz — 4 — 22 ! iz — 4 — 22
g(z) =~ —
4\ /36 — 1022 — 6iz/4 — 22 V36 — 1022 — 6izy/4 — 22

We showed in the proof of Proposition 5.6 that 36 — 1022 — 6izv/4 — 22 is non-zero on
M. Therefore, we conclude that g(z) is analytic on M. The first multiplier in (6.11)
has no zeros on M due to computations similar to (5.12). The second multiplier has
zero at —2 due to the choice of the branch of a square root. Then we see that g(z)
has no zeroes on M. Let us estimate |g(z)| on [-2 + 26,2 — 26]. Due to computations
in Proposition 5.6 it is easy to see that |g(x)| > V6, € [-2 + 26,2 — 26]. In order
to estimate |g(z)| on M we expand g(x + iy) with respect to y at zero:

+3>. (6.11)

g(z +iy) = g(x) + R(z,y), = € [-2+26,2—-20], 0<y <V,
where R(z,y) is a remainder term such that

/ .
[R(z,y)l < max |g'(x+iy)|6V5.
0<y<8V3

We find that
16 (i = 31— 22) (VA= 2% = 2v2V/18 = 522 = 3iz/A — 27 — 3iz)
VA= 22 (18i — 5iz? + 32/4 — 22)° '

We conclude that |¢'(z)] < 5T € [—2 4 26,2 — 26], then |g(2)| > V6, =z € M.
Finally, det[F’(t°)] > ¢V/§ — c15673/% and det[F"(t°)]"" < ¢(u,7)6~ 2. Due to the
choice of n, all entries of [F”(t°)]~! are bounded, therefore the norm of [F’(t)]~! is
also bounded at t° = (£9(2),#3(z)) for all z € M, n > N

(2) The inverse matrix of F’(t°) has been computed in (5.6). Due to Lemma 6.2
and Lemma 5.5 we obtain the estimate

9'(2) =

G, (19) = G,,(1)| <o, j=1,2, z€M, m>n>N"
Then the following estimate for the first component of [F’(t°)]7'F(¢°) holds:

(G, (t9) + 2G2 (19)) (G, (1) = G, (1)) = G (10)(Gy (5) — Gs (£3))]
< esd (G (1Y) + 2G% (1)) — G2 (19| < 013(5’3/2 =19, 2€M, m>n>N.
v \"2 pa \"2 p1\v1

We conclude that the first component of [F’(t%)]71F(t°) is bounded at t° for z € M.
The same estimate can be obtained for the second component of [F(t°)] 71 F(t°). We
conclude that ||[F(t")] ' F(t°)|| < ¢15/6%? for all z € M, m >n > N.
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(3) In order to estimate F"(t”) we need to estimate G (t9), j = 1,2 on M. By
(6.6) we have

G (2) = =(G, () F, (2) = =26, (2)G), (2) F, (2) = Gy, () F)), ()

Fy(11(2)) = =G, ,(Z,0(2)) + GF, L (Ziy 2 (2)) f3(2) /2 + fi(2),

where by Lemma 5.5 | f7(2)| < &0 2m~Y2, 2 € M. We compute the third derivative
of G

Wy/2°

Q" ( (2)) _ GZZwl/z( ) _ 3(32 +1v4 — 22)
w2\ W12 (2 _ Zw1/2(2) )5/2 2(3 /—4 — 2 z'z)5

and conclude that |GT (Z,, ,(2))] < con M. Finally, |G} (2)] <c;on M, m>n >

Wi/2
N*. Let us consider t* such that ||t* —t°|| < 21 with parameter 7y < ¢4v/0 due to the
choice of m and n. Since it is known that %t?(z) >/0/2,j=1,2, z € M, we can
find ¢4 such that 3tj(2) > 0 for 2 € M, j = 1,2. The Cauchy transform is analytic
on the upper half plane. Therefore, we have F”(t*) < c;0"2m~"/2 for t* such that
|t* — 9| < 2mp and z € M, m > n > N*. With regard to the Newton-Kantorovich
theorem the parameters [y, 1y and Ky have to fulfill the inequality

1
ho = BonoKo < =,

2
which means that we need to choose m such that this inequality is satisfied and we
find out that m > c(u,7)0~% =: N*. O

In the following theorem the measure fi,,, is approximated by pis[m /2] in order to
show that fi,, ., is absolutely continuous with respect to the Lebesgue measure in the
interior of (—2,2) for sufficiently large m.

Theorem 6.4. For every § € (0,1/10) and m, n such that m > n > N*, the measure
fim+r 18 absolutely continuous with the density pg,. .., which is positive and analytic

n [—2 + 20, 2 —26]. Moreover, the Cauchy transform Gy, . (z) can be continued
analytically to a neighborhood of the interval [—2 + 26, 2 — 25| and this continuation
never vanishes on [—2 + 2§, 2 — 24].

Proof. Recall that p; = 1/\/m—/2,u By = Dl/fﬂ[(m—r)/Q]Eﬂ B e, vy =

Dy =)= lm=r)/28 BH,u(ET“ """ 2r) and |g;| < n‘l/Z,j 1,...2r. From the previous
lemma it follows that the solution Z = (Z3, Z,) of F(t) = 0 lies in the ball By := {t €
Xt =10 < vz Vhlof%ono = cgno} and

2r
CgL T+2 . *
|Zj(2)_t?(2)’<08770:m( E 51)7 J=12 zeM, m=>2n=N"
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Due to Theorem 6.1 the limits Z;(x) := limyjo Z;(x + iy), j = 1,2 exist for = €
[—2+26,2—26], m > n > N. Thus it follows the limit lim, o G, (¢ +iy) exists for
€ [-2+24,2—26], m >n > N* and the bound

2r
CIOL r+2
|Gﬁm+r(x) MQ[m/Q( )| = 53/2 ( Z )

holds uniformly on [—2 + 24,2 — 26|, m > n > N*. This implies that the measure
fim+r is absolutely continuous on [—2 + 24,2 — 2§], m > n > N* with density pg,...

such that )
C11L r—+2 -
|p,am+r (x) - pﬂ2[m/2 ( )l — 63/2 ( Z 5]) (612)

for v € [-2+2§,2 —25], m >n > N*
Let us show that pg, ., is analytic on [-2 + 26,2 — 26], m > n > N*. Due
to Theorem 6.1 it is sufficiently to show that pg, ., is positive on [-2 + 20,2 — 24],
m > n > N*, then it follows pj, ... is analytic and Gy, has an analytic continuation
to [—2420, 2 26], m > n > N*. If the inequality holds for some z¢ € [-2+ 26,2 —2J]

Um(z0)] enl (r+2 <
Pulio) = == = =5 \/_+Z<€] >0, (6.13)

7=1

then Theorem 5.11 and inequality (6.12) show that pg,.. . (x¢) > 0. From (6.13) it
follows that

omL?  2mell (r+2 & S a alp,r)
2 ) *
4—a5 > m—i— 5372 ( E _53/2\/_ m>n>N".

Hence, let us find all ¢ such that the inequality \/4 — 2% > 5 <) polds. We have

63/2f
2 2 2
2 1 (/Jﬁ T) 1 (/1’7 T) o (/Lv T)
<4-——-= 24 —" <2—-—=——".
%o MBn + 463n o 463n

Therefore, we can choose n > ¢(u,7)d~* such that [—2+24, 2—26] C [-2+ %, 2—

%] Finally, pj,...(z) > 0 for all € [-2+426, 2—26], m > n > N*. Theorem 6.1
concludes the proof. O

Next we show that G has the analytic continuation

Hm~+r

Cpir(2) = C g e (2) +1l2), |l <n7V2 j=1,...r, z€K", m>n>N"

The proof works much in the same way as the proof of Theorem 5.11. In the end of
the section we show that all first derivatives 8 Gum . (2),7=1,...,2r vanish at zero.
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Theorem 6.5. For each 6 € (0,1/10) and m, n such that m > n > N* the Cauchy

transform G, ., has the analytic extension

Gﬂm+r(z) = Gwmuiér) (Z) + Zv’ﬂ('z)? z 6 Kl? ’5]’ S n71/27 .] = 17 c et 7r

where K' = {x +iy : x € (=2 + 40,2 — 46), |y| < 6v/8/2} and |I,(z)| < % on K.
Proof. Let 6 € (0, 1/10). Define the sets

A

K/
3.75, 3.75
_'2 [ 2 0 6

Deg.15

4

—1.5

Figure 6.1

K ={x+iy:xze (=2+3705, 2—3.78),|y| < oVo}

and
Do15={2€C :argz € (—m+6,-0);|z| < 1.5},

where the angle § = 0(6) is chosen such that 2sinf = / % (1 — %). Figure 6.1 illustrates
these sets. First of all, we show that Gwaa,[?r)(f( ) C Dg15, where Gwaau<.§r) is the

analytic extension from Theorem 5.8. We fix 2o € K with Gwﬁau@r)(zo) = Re™. Let
us estimate #. Due to the functional equation from Corollary 5.9 we obtain

1 1
<R+ E) cosY +1 (R — E) siny = zo + ¢u(20).
By the fact that |[Rzo| < 2 — 4§ and estimate (5.25) we get
1
2| cos | < (R—i— E) |cos | <2 —3.76 + |gn(z0)] <2 —0.

This inequality coincides with one from the proof of Lemma 5.4 and we have the same
estimate for 6:

|sinty| =+/6/4(1 —4§/4) > sin 6.
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We now estimate R by using an inequality from Theorem 5.8.

|G e ()] = 1Gu(2) + 1)) (2)] < 1Gu(2)] + [l (2)] < LA+ \/(_71 <15 (6.14)

for 2 € K :={z+iy: 2 € (-2+2§,2-29), |yl < 6v/6} and n > N*. Thus we
conclude that G H(sr)(K) C Dy 5.
The add1t1v1ty of the R-transform shows

(-1) _ 1 _
G (w) T W + Rum(w> + Rué?”(w)

Hm—~4r

Viﬁmw/m

= GLOW)+ Y eRulew) = = Rulw/vm).(6.15)

We want to estimate ’23;1 quL(gjw)‘ on Dy ;5. Since p has compact support, the

R-transform has the series expansion R,(w) = ;7 ki41w'. Thus,

2r
E :iju(gjw) E :535 K (g5w
Jj=1

Jj=1 =
Z|5g| |w|+Z|€J|Z|'fl+1| (lejlw])!
7j=1
32L3|g;||w|?
2 J

Notice that |e;] < n~2, j =1,...,2r. Therefore, the following inequality holds:

<

IN

32L3|g;]|wl? 3203 w|?
< )
1 —4L|ej||lw| — /n —A4Ljw|

On the other hand we have

j=1,....2r, n>N"

R/ V)| =

3203 w|?
< vz o T
< Zﬁz+1||w|/m ~ (ul+ o)

Let us choose N* such that for all m > n > N* the estimates hold:

8”M8

20wl 32L%uw?
Jm —4Ljw| ~ /i — AL|w|
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then

;&Ru(ﬁjw) - \/%Ru(w/\/ﬁ)‘ < (Jw|+0.5) (i |5j|2 + %)

J=1

2r
r
< 2 <Z ’Ej’2+ E) .

j=1

Replacing w by Gwaau(é’"’ in (6.15) gives

f(QQT)(Z) = G;(Z:nljr (GWEMEFQT)(Z)) =z + g(égr)(z)7 S K,J m Z n 2 N*7 (6]‘6)

where the series
r

Iea)(2) = i@&(ﬁjw) ~ 7 Fulw/ vm)

is uniformly bounded on K and m >n > N* since

2r
.
|9, (2)] < 2 (Z ;]2 + E) < 5t
j=1

The uniform bound of g, ) and (6.16) imply that the rectangle K’ is contained

in the set f(., y(K). Now by Rouché’s theorem (Theorem 7.2) each function f, ) has
an analytic inverse f((;zl; defined on K’, namely

—1 .
f<(§23(2) =2 =g, (2), z€K,

where [g, )(2)] < 2(23;1 lej]* +r/m), for z € K’ and m > n > N*.
By Theorem 6.4 the function G, .. has an analytic continuation to the interval
[—2 4 20,2 — 26] for m > n > N*. The composition G(_B;)( , 0 Gy, is defined and
wEBy
analytic in the neighbourhood of the interval [—2 + 2§, 2 — 2§] and hence, it coincides

with the function f((;;)) on the interval (=2 + 3.70, 2 — 3.70). We conclude that

Er

Gi;;j(ér)(Gﬁm+r<z>> = f(il)(z) =24+ ge,)(2), z€K', m>n>N"  (6.17)

(§27»)

By the Cauchy inequalities (see Theorem 7.3), we have |G:J y

=

,(2)] £1.5/0 on K"
Applying G’wEEM(.éT) on (6.17), we get

Giper(2) = Gwaauié">(z + G, )(2)) = GwEB;LE?T')(Z) +10,(2), zeK', m>n>N*
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where

w

2r
7 ~ r
(D] < up1G e (2l ()] < (Z &5 + a) e

J=1

Finally, G;,,.,(2) = Gwaau@”(z) + 1,(2) with |l,(2)] < 3 (2]2;1 le;]? + r/m), ze K,
m>n> N*. O

Corollary 6.6. For each ¢ € (0,1/10) and m, n such that m > n > N*, the Cauchy
transform Gu B has the following analytic extension

Gumﬁﬂ,ugé’“)(Z) = GwEﬂu(f’“)(Z) + ln(z), z € K/, |€j| < n71/2, j=1...,r

where |1,(z)| < % uniformly on on K.

Proof. The corollary follows immediately from Theorem 6.5 after replacing in fi,, . r
weights by zeros. O]

6.2 Proofs of Theorem 4.1, Theorem 4.2 and The-
orem 4.3

Let us remind
K" :={x+iy:xe[-2+562—>50, |yl <dVi/2}.

Now we have all we need to proof Theorem 4.1.

Proof of Theorem 4.1. Let us define the set

Up:={n, €C": |n| <1/v/n, j=1,...,2r}

and the function

1 00 w l 2r oo
GV, w)=w+—+vVm—1Y k + Y K w)',
(QQT ) w lz:; I+1 m ZT/J lz:; l+1(77] )

Jj=1

where w € Dy 5, 1y, € Uy, such that

G(_l) (QQ,,J w)

ﬂzr:§2r
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G(_l)(ﬂw7 w) is analytic on Uy x Dy ;5. Consider the function

F(Q2T7Z, >_w+ +vm ZHH—I (—> +Z77]Z’fl+1 77] <,
Jj=1 =

w € Dyi5, 2 € G(’l)(ﬂzr,Dam) and n,, € Up. This function is analytic on Uy X
G(_l)(ﬂ2r7D9,1.5) X D9’1.5. For fixed égr c RQT N Uo, Wy € D971‘5 and fixed 20 =
GEV(EY,, wo) € GEYV(eY,, Dy1s) we have

Py 0. p) = +\f—rzml <—) ¥ Zmlgwo B
Jj=1 =1
and
a -1 2r e )
——F(&3,, 20, +z W0 ST S e (%)
w (527" 20 wO Z Ri+1 (\/——T> ;(5]) ; /€1+1(€]w0)

The following estimates hold: |w2 — 1| > sin®*@ > §/16 on Dy ;5 and

2r 00

-1
_ o 0\2 0, \l—-1 c 2
( /—m — 7“) + ;(53) ;l/ﬁ?prl(gjwo) < —n < 015 ,
hence 5
’%F(égm 20, Wo)| > €26 > 0.

Due to the Implicit Function Theorem (see Theorem 7.5) there is a neighbourhood
U=UyxU, xUy,, CUjX G(_l)(ggr, Dy15) X Dp15 and an analytic function

g:Uyx Uy = Upy; 9= G(QQT,z,ggr,zo), 1, € Uy, z€U,.

Moreover, G(1, , 2, £5,, %) = Gﬂerr(z), for zg € K' € GUY(Y,, Dy.15). Note,

772 =Eap

that for 20 # 25, 2 € U, NnU,; and 5 ' 62T, N, € U01 ﬁUoz the functions

G (Q%, 2, §2T ,20) and G (Qz ) 2, 5% , 22) do not necessary commde however

G(§2r7 Z,Qg;ql, Zé) = G<§2r7 2753;27 2(2)) = G[Lm+r(z>7 2(1)7 Zg € Kl?
since G, (%) is uniquely defined for z € K’ by Theorem 6.6. We conclude that
Gy (2) €CP(EY ), 2 € K", m >n > N*. O
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Proof of Theorem 4.2. We introduce the notation:

ﬂm,r = Dm71/2u H...H Dm—l/QILL.
mfr\?imes

imer(2) ate; =0,j=1,...,2r for z € K", m > n > N*. For
this purpose, we dlfferentlate the equation

Let us calculate —G
J

1

ﬁm-H‘ <Z> ,

2= R (G (2)) + 5
and arrive at

0
O = |:R//,Lm r (Gﬁmw- (Z)) %Gﬁnwﬂ' (Z) + R,Uf (6] Gﬁ77l+7' (Z))

J

0
+ R, (¢,Gp, ., (2)(Ga,yn (2) + 5j$Gﬁm+r(Z))
J

o)
% , 8 Gllzm 7‘( )
+ : : 82R Ez l‘m+r( ))angﬂm-H"(Z) - Cﬂ—b] ) <618)
Hmtr e;=0

where 212;1 * means summation over all ¢ # j. After simple computations we get

d
a GMerT( )
0 = R. G -G G2 ()
Lo, — T( #m-‘rr(z))agj /Lm+r(z) €;=0 Gim—o—r( ) €j=0
E Hm+r 85]. Hometr aj:07

By the definition of the R-transform and taking into account that p has zero mean
and unit variance we obtain

' (2 v/m) = (1 + r/m) (1 + lf;zmﬂ (ﬁ)l_j |

Finally, we have the following equation for 7 Gum L (2):

R, (2)="

Hm—r

(147/m) (1 + me ( “;”/i( )) : ) G o (2)—1 (6.19)

0

+ Gim+r Z le{l'f‘l i Mm+r( ))ll)] %Gﬂﬂ%kr(z) = 0
=1 J

8]':0
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Due to the representations
Gy (2) = Gwaa“(gr)(z) +1,(2), ze€K" m
Gwﬁﬂu(éT)(Z) = Gw('Z) + Z(éT)(Z>, z € K”, m>n> N*’

we have

Ghiper (2) = Gu(2) + Ln(2), z€ K", m=>n=N" (6.20)
where . . 3
Ln(2) = 1n(2) + 1 )(2). (6.21)
According to Theorem 5.8 and Theorem 6.5 we have the bound

T C(Na 70) 1" *
|L,(2)| < —= ze€ K", m>n>N" (6.22)
Von

Thus, we can rewrite equation (6.19) in the following way

0
(G2) = 14 £2(2) G (2)]| =0,
J

aj:O

where
F50(2) 1= 2Gu(2) () + () + o (142, (2)

+ G?

Hm+?“ Z ZZMH & um+7( ))l_l

=1

+ G?

(1) B (9550

Finally, we can find such N* that for all m >n > N*
G2(2) =1 > £ ()], = € K",

see (6.27) later. By Rouché’s theorem we conclude that G%(z) — 1+ fi (car) (2) has no
=0,z€ K", m>n> N*. The

E]‘ZO
theorem is proved. O

roots on K", m > n > N*, thus —G'uerr(Z)

Proof of Theorem 4.53. By Theorem 4.1 G, .,
to g,,. In order to prove that derivatives of G, ..
on the order of derivatives [, starting with [ = 1. The extension Gj
equation

is infinitely differentiable with respect
are bounded we apply induction
(z) solves the

MHm+r

1
z=R;, ., (Gi. (2)+ 55—, z€K', m>n>N" (6.23)
Gﬂm+r(z)
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Let us recall the equation for the first derivative of G, ., (2):

0 = R G (D) G (2 R G (2)

, %)
+ &R, (6iGhm, (2))(Ghpy, (2) + 5j$Gﬂm+r(Z))

o)
3 85-Gﬁm+T<Z> .
z :* 2 - =1 2
+ & R EZ MerT( ))agj GuerT(Z) G%erT(Z) ) J 9 y 4T,

where 727, * means summation without component j. Tt follows that o Gum L(2) =

f(€27‘ )

ENEE where

flear2) = Rul€Gpn (2) + € R,(6,Ghn . (2)) G, (2),

9(ear2) = [Rp,  (Gpp(2) + 1R, (5,Gh, 0, (2))
2r
1
* _2 o/ y
+ Z R (glGHm-H(Z))_G%—(z)] , j—l,...,27’.
i=1 Hm+r

It is easy to see |f(e,,, 2)| < clej| < ¢/v/n, z € K", m >n> N* and

19(e2r,2)| = |[B,, (G (2)) + €5 R (€3G, (2))
ST TN B 1| aw
+ ; & R (€iGiiny, (7)) G%W(Z)] > |1 - )‘ N

Due to (6.20) and (6.21) we have

1—

1 _ G2(2) — 14 Ly (2)(Go(2) + Ln(2))
Gl (?) (Gu(2) + Ln(2))? '

The domain Dy 4 was described in Lemma 5.4. It was shown that G, (K") C Dg1.4

for 2sinf = /% (1 —2), hence, |G2(z) — 1| > |cos’@ — 1|. Due to (6.22) and the
choice of n we have

1
Gl%m+'r (Z)

and |g(gy,, 2)| > |es(p,7)0 — ca(p,7)0% > 0, 2 € K”, m > n > N*. We conclude

%GﬁerT(z) is bounded for z € K", |g;| <n Y2, j=1,...,2r,m >n > N*.
Assume that we have proved that D2 G, (2) , |o] < r—1 are bounded for

ze K" |lgj| <n V2 j=1,...,2r,m>n > N*. In order to show that D2 Gj,,,,(2)

> c3(p, )0 (6.24)
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are bonded for |a| = s we differentiate equation (6.23):

Ripe (G (2)) = G (2) W——TZW (m—())

1
+ ZQZMH €3G imsr ))Z+G
7=1 =

Pentr (Z) ‘

Let us consider the sum Y7, k41(g;) (G, (2))!, which is a function of uy(g;) = ¢,
and us(g,y,) = Gji,,, (2). Thus, we introduce a function

Fj(uy(gs,)) Z“lﬂ 53 um+r(z))l> Jg=1,...,2r

We apply Faa di Bruno formula (see Theorem 7.6) to find derivatives of Fj(uy(g,,))-
Let us introduce the following notations: m, = (mi,ma), ¥, = (Y1,¢2), Ny, =

(n1,. . nr), py = (p1, .. p2r) with Y77 py =,

Alpy,) = ({0 pp {0, po DNHOY X x {0},

=2r

C(r,r) = {(my,mq) € A(r,r) :mq +ms <r}.

We define 1; as a map ; : A(Q%) —{0,1,...,m;}, 1 =1,2 and

Vimy) = 4,0 Y wilny,) =my (i=1,2);

QQTEA(BQT)

Z n(Y1(ng,) + Va(ng,)) =pi, (1 <1< 2r)

EQTEA(BQT)

We define the functions:

n wi(QQT)
1 Dy us(es,)
Bd’l (Ej) =1, sz(u2(§2r)) = H ( = 2r - )

! |
HQTEA(EQT) ¢2 (227‘) =1 ny:

Faa di Bruno formula gives

0°  Glinsr) m,
8611’56.J.. ul’; - (Hp3> Z Dy, Fi (e Gy Z By, (Gy,)

mi+ma<r ¥, €V (my)
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Let us note that the derivative of the order r (n; = p;, i = 1,...,2r) appears, when

Omg—land¢1—0 ¢2 1thus

ar (6 Y G~m 7”) m
Jr T hmy _ <H pj!> Z DE;FJ'(gJ’ “mH Z By, ( ;U«m-H")
j=1

el ... 0l
f GV(mz)

mi1+mo<r
(m1,m2)7#(0,1)

+ (H Py > 5J7 Gﬂm+r) Z B1/12 (Gﬂm+r)

$,€V((0,1))
(¥1,2)#(0,1)

"G
I+1 -1 Hm+r
+ E ZKZ 1+1 5 G#err —85‘p1 a€p2r .

AN
We consider the sum Y%, ki1 (G’mTti)) as a function F'(ui(g,,)), where uy(g,,) =
(z) and by Faa di Bruno formula we have

Gﬂm+r z

0" F(Giipy.) . ™

agp—’ua;pzr = (Hpj! dmlF(Gum+r) Y Bul(Gi,..)
L J=1 m1<r 1€V (my)

mi1
mq<r dul P1EV(my)
my#l P #1

2r my
— (Hpj! Zd—F(Gﬂm+T> Z B¢1(Gﬂm+7)
j=1

du1
Y1 €V (my)
v#l

Gli-1 s
+ Z ZK/ /J'er'r a Gﬁer'r
l+1 )2 et Oebr

2r
d
+ <H pj‘ _F<Gﬂm+r> Z Bwl (Gﬁm+r)
j=1

In the same way we find the derlvatlves for 1/Gy,...:

oGt
Hmtr = <Hpj> Z du m1 Mm+r Z Bwl(Gﬁerr)

et ... 0l
m1<s Y1 EV (my)
mi
-1
- (Hp‘j> Z d ml Gﬂm-&-r Z B"Z)l(Gﬁer'r)
my<r P1EV(my)
mq#1 P1#1
r
1 arGﬂm+r

2
( p] '> Z B¢1 (Gﬂm+r) - G2 a€p1 agpzr *
j=1 Mm+r wleV(ml) Pngr Z 51 20
P#

arGﬂm+r(2) . f(§2r72)

Ot ... 0e5  gleg 2)

We find that

Y
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where f(z,¢e,,) depends on the derivatives of order » — 1, thus, due to the induction
assumption, |f(z,&,,)| is bounded for z € K and

9(€gr,2) =1— ( +ZZZ;<¢+ »SIHGZ 1 +Zl’il+1 ( Nerr(j)) - ‘

H7n+7 ] 1 =1

The following bounds hold:

< BULT) 6 95

Z K41 (%) -1

Due to (6.24), (6.25) and the choice of n we have |g(e,,, 2)| > cs(p,7)0.
Finally, we conclude that % is bounded for z € K", |g;| < n7V/% j =
1 = 2r

1....,2r,m>n> N*. O

Z k1 5l+1GLm1+T (z)‘

6.3 Proofs of Theorem 4.4, Corollary 4.5 and
Corollary 4.6

We start this section with computing derivatives of Gwaau@”' Let us remind

K":={z+iy:z € [-2+50, 2— 58], |yl <vV5/2}.

The extension Gwaauﬁéﬁ(z) is defined by (see (3.2))

- 1
z = Zl Bp. (G g0 (2) + G g e (2) + m

Taking into account the rescaling property of the R-transform we arrive at

- 1
z= ;siRu(éingﬂgm(Z)) + Gwaauﬁér)(z) + m

We set

1
F(éra 2, G (ET) Z &R Hggr)(z)) + Gwaﬂugér)(z> + W - Z.

With that, we can find the derivatives of Gwmu@” (z) as solutions of the equations

DaF(§r7 2 Gwlﬂu(rér) (Z))

=0, Jof<r

e1=...=e,=0
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Let us compute the first derivative of Gug,:(2) at € =0, z € K™

0
5 E (62 Gums (2))

e=0

hence

Oe

9 %Gwﬁﬂu‘i z)
MR e

=0
e=0

Ry (eCaisy (2)) + e R (G (2)) (Gwaaﬁ(z) " eﬁawaau;@) (6.26)
(

Thus, we have the following equation at ¢ = 0:

(1= ) e

w

Due to Lemma 5.4, G,(K") C Dy1.4, where 2sinf = /% (1 —2), hence |G2(2)| <
1 —6/16 and

|G2(2) — 1| >6/16 >0, z¢€ K" (6.27)
Thus, we have £ G\, (2) = 0. From (6.26) it follows that
e=0
0 Ru(erﬁﬂui (2)) + 5Gwﬂﬂu§ (Z)RL (5Gwﬂﬂu§ ()
@Gwm”i(z) - e — 2R (eGm,s (2)) — 1 '
GFe) pu\ =Wl
Let us denote
9E): = Ru(Cumq () + Gy (:) R ()
1 2 !
= = — c — 1.
f(g) GZ;EEH? (Z) € Ru(gGWEHNl <Z>>
We have
o ~[290)(f"(€))*  2f'(e)d'(e) g(e)f"(e) | g"(e)
75 Gemus (2) - 3 B 2 o 2 - :
de o f3(e) f*(€) f*(e) fe) ]z
It is easy to see that g(e) =0 and
e=0
g'(e)
e=0
8 / /!
= (Gwlﬂuf (Z) + S£nguf (Z)) (ZRM(SGUJEM? (Z)) + SGwEEu’i (Z)RM(EGwEEu’i‘ (Z))) =0.
e=0

78



Finally, we see that %GWE}U§<2)

Let us compute ¢”(¢): =
" / 62
g'(e) = 2eR(eCumps (2)) 55 Gumns (2)
a 2
+ 82 (%G“’E“i (Z>> (3RN(€GWEBM§ (Z)) + €Gw53p€ (Z)Rm(éGwagpfi (Z)))

82
+ Gums (2) (3Gwaau§(z)R”(5Gwaau§(z)) +¢? (_852 Gwﬁui(z)) R (eGomye (2))
/11 a /
+ EGzJEE‘Ni (Z)R (EGwﬁﬂui (Z>>> + 4 (&Gwmui(Z)) R (gGwﬁﬂui (Z))

+ 2 <£GWEEM§(Z)) Gumpz (2) (4R (eGumus (2)) + eGuimys (2) R (eGumys (2))) -

Oe
We conclude g”(g)’ = 3G2(2)R"(0), where R"(0) = 2r3. Due to all these compu-
e=0
tations we conclude that
ok 6K3GL(2)
@Gwﬁﬂui (Z) o - 1— GZ)(Z) :

We carry on this scheme and compute all necessary derivatives:

ot 1G3(=2) (12 - 6G2(2) + 6m4 (G2(2) — 1))
=3 G (2) = — ;
” (1-G2(2)
o 5G3() (s(120 = T2G2(2)) + 485 (G2(2) — 1)°)
75 G (2) = ; ;
" (1-G2()
A 8G2(2) (2 - G2(2)
w556 €9 = w w 7
88%883 WEE‘,U;7 )(Z) I (1 . GZ)(Z))S
o 12k3GE (2) (5 — 3G2(2))
273G €2 = w w 7
86%863 WEH,U';7 )(Z) S (1 o GEJ(Z'))3
6 92 27 —9 2
O G| = PGB,
651652 Ho e1—e0—0 (1 _ GL%(Z))
87
TGO

 144k3GE (2) (5raGY(2) — Gi(2) (1Ths +6) + GZ(2) (21 +19k4) — T (k4 +3))
(1-G2(2))° ’
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87
pe7e3o s )

89
910302 s 1)

144r3G8 (2) (7 — TG2(2) + 2G4 (2)) |

e1=e9=¢e3=0 (]' - GZ)(Z))S ’
1296k3G10(2) (12 — 15G2 (2) + 5G2 (2))

e1=e2=e3=0 (1 - G(,2u<z)>5

These symbolic computations can be done, for example, in Mathematica.

Proof of Theorem 4.4. In order to compute the expansion for G, we apply Theorem
2.3. Recall that
holg,): = GwEuggr)(z), €K', gl <n7V? =1,

The extension G, is symmetric and compatible, thus conditions (2.2), (2.3) hold.
Due to Theorem 4.1 the extension Gy, ., is infinitely differentiable with respect to
Ergr 2 € K", m > n > N*. Moreover, Theorem 4.3 guarantees that conditions (2.9)
and (2.10) hold, namely, Gy, ., has derivatives uniformly bounded in absolute value
up to order s > 1 for z € K”, m > n > N*. Theorem 4.2 shows that condition (2.4)
holds. Therefore, we can deduce the expansion terms and estimates for the error term
based on (2.11). In order to get the expansion for G, (z), z € K", n > N we need
to compute the derivatives of Gwaau£§T>(Z)’ z € K" at zero and plug them into (2.12).

We found all derivatives in the beginning of this section, plugging them into (2.11) we
obtain:

oy Gue) o Gu(@)] G (2)° 1
' ((m e 3<<1 — G - Gw(z)2)3>) n
( ksGo(2) | KIGL(2) (5G4 (2) — 15GE (=) + 12)
(G2(2) — 1) (G2(2) —1)°
kakaGy(2) (5GE(2) —T)\ 1 1
) w0 () (0:25)
for z € K", n > c(u)d—* O

Proof of Corollary 4.5. In order to get the expansion for the densities we have to
substitute the extension G,(z) by expression (3.14) on the left-hand side of (6.28)
and after this, due to Stieltjes inversion formula (3.1), we take imaginary part. These
symbolic computations can be done, for example, in Mathematica. Finally, we obtain
the desired expansion for densities. O

Proof of Corollary 4.6. We integrate the expansion for densities and obtain the desired
expansion for distributions. n
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Chapter 7

Auxiliary results

Theorem 7.1 ([48]). Consider vector spaces X, Y over R and a sequence {f,}, of
functions f, : A =Y, A C X. If all functions f,, are differentiable on A and the
sequence { [}, converges uniformly on A, and if the sequence { f,}, converges at one
point xg € A, then {f,}. converges to f uniformly on A. Moreover, f is differentiable
and f'(x) = lim, o f(x), z € A.

Theorem 7.2 (Rouché’s theorem, [26]). Let the functions f and g be analytic in the
simply connected region D, let T be a Jordan curve in D, and let |f(2)| > |g(z)| for all
z € I'. Then the functions f + g and f have the same number of zeros in the interior

of .

Theorem 7.3 (Cauchy inequalities, [36]). Let f(z) be an analytic function on a do-
main G, and suppose G contains the circle vy, : |z — 2| = p and its interior 1(7,).

Then
M(p)
pn

|f(”)(zo)\ <n! (n=0,1,...),

where M (p) = max.c,, | f(2)|.

Theorem 7.4 (Newton-Kantorovich, [29]). Consider vector spaces X, Y over C and
a functional equation F(x) =0, where F : X — Y. Assume that the conditions hold:

(1) F is differentiable at g € X, || F'(z0) ]y < Bo-
(2) z¢ solves approzimately F(x) = 0 with the estimate || F'(xo) ' F(z0)|ly < no-
(3) The second derivative F"(x) is bounded in By (see below): ||F"(z)|ly < Ko.
(4) Bo, mo, Ko satisfy the inequality ho = BonoKo < %

1—+/1—2hg
ho

Then there is a unique root x* of F in By :={x € X : ||z — x¢||x < Mo}
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Theorem 7.5 (Implicit function theorem, [23]). Let B C C™™! x C be an open set,
F : B — C an analytic mapping, and (zy, wo) € B a point with F(zy,wy) =0 and

OF
det (32’r+2 (20, wo)) # 0.

Then there is an open neighborhood U = U’ xU"” C B and an analytic map g : U' — U"”
such that {(z,w) €e U x U" : F(z,w) =0} = {(2,9(2)) : z € U'}.

Multivariate Faa di Bruno formula. The multivariate Faa di Bruno formula is
a formula for pth derivatives G (z,) of composite function G(zy) = F(uy(zy)).
Let us introduce the following notations: m,, = (my,...,my), Y, = (1, .., ¥nm),

HN:(nla" ) pN (pla"'apN) with Zf\;lpl:p7

Alpy) = ({0, ooy pi} x oo, {0, pn N0} x ... x {0}),
C(p,...,p) = {mMeA Zml<p}

We define ¢; as a map ¢; : A(p,) — {0,1,...,m;} and

Vimy) = (¥ Z Yilny) =m;, (1<i< M)

>, ”ZZ%(QN) =p, (1<I<N)

ny€A(py)

Theorem 7.6 (Multivariate Faad di Bruno formula, [33]). Suppose F(u,,) is CP+Y
and u;(zy) (i = 1,..., M) have continuous derivatives to order (py +1,...,pn + 1)
on appropriate domains. Define

Pi(np)
By, (ui(zy) = 1 ! (D uZ(ZN)> (1<i<M).

QNGA(BN) %(n]v) Hl 1 nl

If G(2) = F(uy(zy)) and p # 0, then

PG (zy) . M
o 6sz N Hp] Z DEMMF Z Hsz(Ul(éN))

mMEC1(p 7777 p) %]\/Iev(mlw) =1
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Chapter 8

Appendix

Below the proofs of some results from Chapter 2 are presented.

8.1 Proof of Proposition 2.1

Proof of Proposition 2.1. As before, we denote g,, := (¢1,...,&,) € R™, where if not
specified otherwise e; = ... = &,, = m~'/2. Let us denote o, := (01, 02) € R? such that
loj| <n7Y2 j=1,2, m >n > 3. We will identify (g,,,0,), and (g,,,0,0,) € R™*3.
In particular, notice that
hm+3 (§m7 07 QQ) = hm+2(§m7 QQ)'
We will also use the following notation
P (€)= hm(€p_is 0, ..., 0), m >k > 0.
(Em—t) (Em—k k )

Now we expand the function A, y3(,,,,05) at the point (g,,,0,) and get

hm+3(§m+1722) (8-1)
= hm+3(§mjg2) + Z O‘!_lDahﬂH-?)(gmag2)((§m+lag2) - (§mag2>)a + RS(m)>

lof <2
where R3(m) is a remainder in the Lagrange form:

1 0

0
Rg(m) == ? (tla_gl + ...+ tm—i—l 85m+1

3
) hm+1<§m+1 - 9§m+1)7 (82)

where t; = m™Y2 — (m+1)"Y2 j=1,....m, typyr = m /2 and 0 < § < 1. We
can deduce the estimate for Rz(m) from |m=12 — (m+1)~2| < em~%/? and counting
number of terms in (8.2):

|Rs(m)| < eds(h,n)m™?% m>n>s. (8.3)
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We rewrite (8.1) in the following way:

hm+3(§m7g2) - hm+3<§m+1ag2) (8-4)
= - Z a!_lDaher?»(émaQ2)((§m+1agz) — (EmrT2))" — R3(m)'
|| <2

The next step is expanding the derivatives on the right-hand side and making use of
condition (2.4). We start with the second mixed derivatives in (8.4)

o 0
2 9y
o0 0

— 8_5]-8_5‘khm+3(§m7g2) I + O(ds(h, n)ym~Y2) = O(ds(h, n)ym~2),  j # k.

The other derivatives in (8.4) have the expansions

) 0? ~ _
g s (e o) = Ghss(en o] m ™ 4 O, mm ),
L h _ & h O(ds(h —1/2
02 m+3(§m7g2> ) m+3(§mvg2) £;=0 + ( 3( 7n)m )

Replacing the derivatives in (2.4) by their expansions we obtain

Prny3(Em, 02) — hm+3(§m+17Q2)
= > D bl [ (= 1)
=173 o
1
— g sy
1 o, 02 3/2
- §(m+1) az—hm+3(§m7g2) O(dg(h,n) )
Em+1 Em+1=0
1, _
. za s, 50 s )]
- 1(m—i— 1)’16—2h (Epmy T2) O (ds(h,n) 3/2)
9 88727”1 m+3\&m» L2 120 3\
Since the function h,;3(+) is symmetric we arrive at
1 _, 02
hne3(Emy @2) = hmas(Emar, @) = (M A1) s5hmnis(em 02)| (8.5)
1 e1=
1 o -3/2
Em+1 em+1=0
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In order to eliminate zero at the (m + 1)st place of a‘%hmﬁ(gm, a,)

we apply the Taylor series in the following way:

0? 0?

@hmﬁ(gm,gz) + O (ds(h, n)m_l/Q) . (8.6)
j

hm+3 (§m> QQ)

£j=0 853 EjZO, €m+1:m71/2

Pluging (8.6) into (8.5) and using the symmetry condition we conclude
hint3(Ems @2) — it 3(Emir, @2) = O (d3(ha n)m’3/2) .
It is easy to see that
Py k2 <§m+k7g2) - hm+k+3(§m+kz+l7g2) =0 <d3(ha n)(m + k’)_g/Q) .

Summing up these differences for r > m, we obtain

<
—
<

—

(B2 Sk @2) = Ponirs(Emiisns @) = O (dz(h,n)) Y (m+ k)=,

k=0 k=0
Hence,
r—1
hont2(Ems @2) = honr 12 (Epars @2) = O (dg(h, ) >~ (m+ k)72, (8.7)
k=0
Finally, (8.7) shows that hy,,2(g,,,0,), m = n,n+ 1,... is a Cauchy sequence in m

with a limit which we denote by he(g), |o;] < n=Y/2

letting  — oo in (8.7) we obtain

hasa(n™ 2,072 gy) = heo(ay) = O (dy(hyn)n ™)

, J = 1,2. Taking m = n and

which proves the proposition. O

8.2 Proof of Theorem 2.3

The following lemma describes the procedure of eliminating zeros like the one that is
used in (8.6). The lemma shows that additional variables can be introduced (according
to the compatibility property of h,,). Then we can differentiate with respect to the
additional variables at zero instead of differentiating with respect toe;, j = 1, ..., m+1.

Lemma 8.1. Suppose that conditions (2.2) — (2.4) hold. Then

LY -
- @hm—‘rl(é\? €2y 7€m+1) Ezojlil(n] - gj) (88)
‘]:
k ~
- ZPT ((77 - 8)"€(D)) h’m—i—l—i—?"()\l? R )\7’7 €,€2,... 7€m+1) A _— + O(m—k/2)7
r=1 1= A=

85



where the differential operators P, and k, are defined in (8.9) below and (2.5), and
(" — &)k (D) = (0" = e)rp(D), p=1,....7).

Proof. The differential operators P (7.k.) are polynomials in the cumulant operators
Ky (see (2.5)) multiplied by formal variables 7,, p = 1,...,r. These polynomials are
defined by the formal power series in 7,

> Pi(rr.(D))p = exp (Z]’ 1%@@)%) : (8.9)

Jj=0 j=2

When 7; = 77, j > 1, then due to (2.5) we have

> PlriD) =1+ 3D

J=0 J=2

Hence, Py(rx.(D)) = 1, Pi(r.k.(D)) = 0 and Pj(rx.(D)) = j!"'r,D7, j > 2, which
means that the differential operators P, are nothing else than derivatives of order r
multiplied by r!=1 and the corresponding power of the formal variable 7,. It easy to
see that P, gives the rth term in the Taylor expansion so that we can write

Notice that P, depends on the cumulant differential operators k.(D). These operators
consist of derivatives with respect to multi-variables, for instance k4(D) = D*—3D?D?.
Here D?D? denotes differentiation with respect to two different variables (we do not
need to specify the variables because of the symmetry condition). Therefore, we
introduce additional variables, say A, and write

= Pi(rs. (D) i (M, -, A6 . i=1,...,m.
j=0

/\1=‘..=)\j=81‘=0

The advantage of the operators f’r is that they are defined by exponents which can
be easily reordered by the properties of exponential functions. Due to (8.9) and the
multiplication theorem for exponential functions we obtain

Y Pire)P(rk)=F((r+7)k) (r.=(m,...,7)).

jHl=r
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In order to prove the theorem we start from the right-hand side of (8.8):

k
> B =) (D)hmsrsr(Mrs - Ay 8, Emaa) N
r=1 1= =ar=
k _ k—r _
= D Py —e)s(D) ) R(ew (D))
r=1 =0
X hm+1+l+7“()‘17 sy )\l-‘r’l‘v €,€2,... 7€m+1) Y A\ 0 + O(m_k/Q)
1= = Al =E=
k ~ ~
= 3% Bl ) (D)l (D)
=
X hm+1+j(A17 ) )‘j7 €,€2,... a€m+1) + O(m_k/Q)
A=...=X;=e=0

k
= Z <P](77/€(D) - P](gli(D)> h”m-i—l-i-j()\lv s 7)\j7 €,€2,... 7€m+1)

=1
+ O(m_k/z)
LY

= —h €,69,...,E
- O m—i—l( 32y ) m+1> .
j=

)\1:...:)\]‘2520

N = &)+ O(m ),

The last expression coincides with the left-hand side in (8.8), thus the theorem is
proved. O

Proof of Theorem 2.3. The theorem will be proved by induction on the length of the
expansion, starting with s = 3. The case s = 3 was shown in Proposition 2.1. Assume
that m >n (n > 1). We start with the expansion

hm+1(§m) - h’m-i—l (§m+1)
= = Y AT D () (Epsr — E)" + Ra(m), (8.10)

0<|al<s

where

|R,(m)| < Cdy(h,n)m /. (8.11)

The last inequality is similar to inequality (8.3) in the proof of Proposition 2.1.
In order to apply condition (2.4) on the first derivatives we expand D%h,,11(g,,),

a=(aj,...,q;5,), 1 <ji <...<jp,<m+1 around g;, =0, r =1,...,p. This
yields
Dahm-i-l (gm) = Z Da+ﬁhm+1(§;)§§16!_l + Rs(m)a (812)
0<|al+|B|<s
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where és(m) satisfies inequality (8.11), ¥, is equal to g,, except for the components
€j1,---1Ej,, which are zero, and (3 is a vector of partial derivatives in the components
J1s---,Jp- Rewrite the derivatives in (8.10) by their expressions from (8.12)

hm-‘rl (§m) - hm+1 (§m+1)

= — Y Al BT D (€ (€t — ) €l + Ru(m),
0<]al+|B|<s

where R,(m) denotes a remainder term satisfying (8.3).
Let ey =m Y2 and ey g = (m+1)"Y2 j=1,...m+1, but &, 11 = 0. Using
the following relation (see Lemma 8.2 below)

Z JITET e —n)inf =17 e =), r>1, k>0,

Jjtk=r
=1

we then obtain

m—+1

hm+1(§m) - hm+1 (§m+1) = _Z ’7!71D7hm+1 (§;kn> H* (51»{4,_17]' - 5;24) + Es(m)a (813)

0<|yl<s j=1

where v = (1, .., Ym+1), [ | denotes multiplication over all v; > 0, j =1,...,m+ 1.

The next step is replacing €, by g, in (8.13). For this purpose we apply Lemma
8.1 to each partial derivative v; > 0. More precisely, we will take further derivatives
with respect to additional variables at zero and make use of the symmetry condition.
Introduce the notation

. — (P p —
Am,j - (877’1/-‘1‘17_] - 6m7j7p —_— ]_7 LR ,S - ]_).

Applying Lemma 8.1 to the derivatives in (8.13) we arrive at

hm+1 (§m) - hm+1<§m+1) (8‘14)
m—+1
= =D D B (B k(D)) Py (80,5 (D)) Bt (€, 0, - 0) + R (m),
k=1 (r)

where Zfr) means summation over all combinationsof ry,..., 7, > 1, k=1,...,m+1,
such that = r; +...+ 7, < s and all ordered k-tuples (ji, ..., jx) of indices 1 < j, <
m + 1 without repetition. Note that the derivatives on the right-hand side of (8.14)
define due to conditions (2.9) and (2.10). The remainder term R, ;(m) satisfies (8.3).
It easy to see that such a procedure changes nothing for the (m 4+ 1)st component

because the derivatives aj—;hmﬂ(gm) are extended at the same point ¢,,. Relation
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(8.14) serves as the induction step in the induction on the length of the expansion,
say .
Assume that conditions (2.2) - (2.4) and (2.9) - (2 10) hold with (s+ ¢) instead of

s. Assume we have already proved that for [ = 3, . —1,m>n,and || < s+q
we have
Do‘herr(m_l/z,...,m_l/Q,sl,...,5,,) (8.15)
g1=...=e,=0
-3
— mI2P;(k.(D))D%heo (M1, - s Aj €1, Er) + Ryy(m),
s AM=..=\j=e1=...=¢,=0 '

where Ry ;(m) satisfies
| Ry (m)| < c(s)Bm~(=2/2, (8.16)

The case [ = 3 follows from Proposition 2.1, where
hi(*) = D%y (v, €15+ - Er) )
E1=...=&p=

which satisfies conditions (2.2) — (2.4) and (2.8) with ¢ = 3.

In order to prove (8.15) for [ = s, observe that (8.14) starts with m + 1 terms of
order O(m~%/?). The induction assumption (8.15) with |a| = 0 applied to the terms
of (8.14) yields

hm+1(§m) - hm+1 (§m+1) (817)

m+1

_ _ZZ**P’"I ik (D) o Py (A, k.(D)) m™2 P, (k.(D))

X hoo(>\17~--7)\r0751a-~~75r)

where 13 ((m) satisfies (8.16) with [ = s + 2, and }7 ;) denotes summation over all
indices rq,...,7x > 1, rg > 0 such that ro + ...+ r, < s and all ordered k-tuples
(j1,- .-, jk) of indices without repetition.

By definition (8.9) of P, the following formal identity holds:

S Byl — ) (D)) = exp <Zj!‘1(nj - e%(m) -1 @s1)

In order to apply this identity to (8.17) we need to change the order of summation in
(8.17) in the following way

i1 (€ )— hm41(Em1) (8.19)
- _Zm—ro/QP o)y 3 [H {Z P, (A, 5 ))H hoo + R 4(m),
r9=0 k=1 (j) I=1 s—ro
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where hoo = hoo(A1, ..y Argy €14+ -+, E) , | ]- denotes all terms of the enclosed
A=e=0

formal power series which are proportional to monomials Ap ! AP i, With pr+.. .+

pe <r,k<m+1, and Z denotes summation over all ordered k-tuples (71, .., k)
without repetition of the 1ndlces Applying (8.18) to (8.19), we get

hint1 (Em )_hm+1(5m+1) (8.20)
m+1 S—ro
- Yoy S Y {exp Zﬁmnp'_l””] _1} "
ro=0 k=1 (j) I=1 s—ro
+ Rg,s(m).

The identity 37! >0 1T (e;, —1) = TI“+" ¢;, — 1 together with the symmetry
condition of h,(+), m > 1, shows that (8.20) is equal to

Pns1(Em) = Pmt1(Epgr) (8.21)
00 m—+1
= — Z m~"2P, (k.(D)) [exp [Z (Z AP ) p!_lmp] — 1] hoo + Ry s(m).
ro=0 p—2 _
s—To
It is easy to see that
m—+1 m—+1 m 1
A — =0 8.22
k=1 k=1
(“equality of variances”) and
m—+1
d A =0m?), p=3. (8.23)
k=1

Due to relation (8.22) the terms for p = 2 in (8.20) cancel.
By the definition of P, and P, (see (2.6) and (8.9)) it follows that

l
E (k)] =

MN

(r.) (8.24)

r=1 r=3
where, according to the definitions, on the left-hand side 7. = (73, ..., 7,42) and on the
right-hand side 7. = (73,...,7,), and [ |; denotes the sum of all monomials 75° ... 7775

in P,(7k.) such that 3p; + coo+ (r+2)pry2 <1, 1 > 3. The summation on the right-
hand side starts at 3, because the first derivatives are equal to zero and the second
cancel by (8.22).
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Applying (8.18) and (8.24) we turn to P, in (8.21) and get

m~"/?P, (k.(D)) [exp <§: ("Lz*: AP >p'_ Kp D)) - 1] heo (8.25)

p=3

_ —'r0/2P SZE) P, <<”§ A'm’k> /{(D)) hoo

—To

S$—T0 m—+1
= m 2P, (k(D)) Z P, (Z A%n,k’f.<D)>] hoo.
r=1 k=1 s—ro

Finally, (8.23) together with condition (2.10) shows that

m+1
m2P, ( (ZAM,@ )oo (8.26)

m41
= m™2p, ( (Z A, kl( )] hoo + R5.s(m),
s—ro
where
|R5..(m)| < Bm™*/* for every m 2 n. (8.27)

side of (8.26) are such that a; > 2, j=1,...,p, p <Kk, and > _1(04] —2)<s-—3.
Relations (8.23), (8.25) and (8.26) show that (8.21) is equal to

s—4 S—r m~+1
_ Z m 2P, ( z:o P, <Z A,k ( > hoo + Rg s(m), (8.28)

ro=0

where Rg s(m) satisfies (8.27). Changing the order of summation and applying the

relation
m 2P, (k.(D)) = Py, (Z %,ﬁ.(D)) ;
j=1

we obtain that (8.28) is equal to
m+1
55 [ (Sano)n (S anno)
I=1 ro+r=l k=1
B m+1
— _Z > P, (ng] )PT (Z A;n,km,(D))] heo
=0 ro+r=lI k=1
s—3 m
Z P, (Z 5'm’jn,(D)> hoo + Rg.s(m).
j=1

ro=0

hoo + R&s (m)
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By the multiplication theorem for exponential functions

Y P(rk(D))Py(7/k.(D)) = Fil((r. +7)r.(D)). ¢,r,k =0,

r4+q=k

we obtain

hm-‘rl (§m) - hm+1 (§m+1)

s—3 [ m m41
=-> |A (Z € it5.(D) + ZAWK,(D)> —- P, (
I= j=1 j=1

]’LOO -+ Rﬁ,s (m)

) _S :Pz (”f 6.77%17],%_(1))) i (g e;n,jn.(D))
B _Si -{]:)l <mz+1€m+1] )) +1}—{B (ie'm,jm.(D)> +1}

o

hn(€m) = hoo(0) =Y [hulex) = P (grg)]

k=m

i

5'm,j’f.(D)>

hoo + R&S (m)

hoo + R675 (m)

hoo —|—Rﬁs( )

This implies

- i [i(k”? — (k+1)7)P(r.(D))hoo + Re (k)

k=m Lil=1

— Z m 2Py (k (D)) heo + Ry s(m),

with | Rz o(m)| < ¢(s)Bm~ =2/ where ¢(s) > 0 is a constant depending on s. This
proves (8.15) for [ = s and |a| = 0. The case |«| > 0 can be proved similarly. Hence,
the induction is completed and the theorem is proved. O

Lemma 8.2.

Z JITEIT e =)t =T e =), r>1, k>0.

Jjt+k=r
j=1

Proof. In fact, this relation is similar to Lemma 8.1. In order to prove this one we
need to multiply both sides by a formal variable p in the power r and sum up with
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respect to r from 0 to co. Doing so, we obtain

DD iR T e =yt =) [ E =) e
r=0 j;’éTT r=0

On the left-hand side there is no summand when 7 = 0 and & = r. Thus, we add and
subtract this term to get

ST TR T e =gyt =Ty =D [ e )]
r=0 | j+k=r r=0

J,k=>0

The right-hand side is equal to e** — €. If we change the indices of summation on
the left-hand side, we obtain

o0

Z Z]' L= 1 —n) nkuj““ _ ZT!—lnrur — ele=mugni _ gne — e gt

j=0 k=0 r=0

The lemma is proved. O
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