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Introduction

We fix a prime number p. In this introduction we always denote by O and O’
rings of integers of non-Archimedean local fields of characteristic zero, = and 7’
are uniformizing elements of © and O’ and p is the characteristic of the residue
fields of O and @', which have ¢ resp. ¢’ elements. All rings and algebras over a
commutative ring are assumed to be commutative. Unless otherwise stated, R is
a unitary O-algebra resp. unitary ring.

The easiest approach to formal groups over a p-adic ring R might be to classify
them by reduced Cartier modules over the ring Er (see [Zin84]). In [Dri76],
Drinfeld generalized this equivalence to formal O-modules over R and reduced
Cartier modules over the ring Ep r for each O and O-algebra R.

In the case that R is a perfect field of characteristic p, Dieudonné modules over
R can be considered as reduced Cartier modules over R and by demanding cer-
tain nilpotence conditions concerning the operator V' of the Dieudonné modules
it is possible to show that these Dieudonné modules are equivalent to the cat-
egory of p-divisible formal groups over R. Zink generalized the concept of a
Dieudonné module in [Zin02], obtained the display structure (3n-display in the
original source) for general rings R and constructed a BT functor from the cat-
egory of displays over R to the category of formal groups over R. For rings R
with p nilpotent in R, we get, by considering only nilpotent displays (displays
in [Zin02]), that the restriction of the BT functor to the category of nilpotent
displays over R has its image in the category of p-divisible formal groups over
R. Zink was able to show that this restriction functor is an equivalence in many
important cases and Lau finally showed in [Lau08] that this restriction functor
is an equivalence for all rings R with p nilpotent in R. So we can basically de-
scribe p-divisible formal groups with structures from linear algebra. The task
of this thesis is now to generalize this equivalence to nilpotent O-displays and
m-divisible formal O-modules for O-algebras R with 7 nilpotent in R. For this
purpose we investigate the idea of Drinfeld’s proof in [Dri76] for the generalized
Cartier equivalence and obtain our generalized equivalence in a similar manner.

Hence, we do not obtain the equivalence by generalizing every result needed for
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iv Introduction

establishing the equivalence of nilpotent displays over R and p-divisible formal
groups over R (even though we still have to generalize many results), but we use
the already established equivalence for the O = Z, case. One advantage is that
we better understand the relations between the different display structures for
varying 0. Some parts of this generalization of the theory are already utilized in
[Hed, Chapter 9.

Now until the end of the paragraph following Proposition 2, R is a not nec-
essarily unitary O-algebra resp. (’-algebra. For an O-algebra R we define an
Q-algebra structure on the set

W(’)(R) = {(bo,bl,...) ‘bl S R},
which is uniquely determined by demanding:

e For every O-algebra morphism R — R’ (of not necessarily unitary O-
algebras) the induced morphism Wp(R) — Wo(R’) is an O-algebra mor-
phism.

e The maps

Wn:W@(R) - R
b=(bo,br,...) — b +ab? 4 47,

are D-algebra morphisms.

We will call this the O-algebra of ramified Witt vectors over R, its elements ram-
ified Witt vectors and the map w,, the n-th Witt polynomial. The construction of
Wo(R) clearly depends on the choice of 7, but if we choose any other uniformizing
element and consider the O-algebra of ramified Witt vectors with respect to this
element, we obtain that both O-algebras of ramified Witt vectors are canonically
isomorphic. We can state the following Lemma:

Lemma 1. Let B be a m-torsion free O-algebra and 7 : B — B an Q-algebra
morphism with 7(z) = 29 mod m. Then there is a unique O-algebra morphism
k: B — Wo(B), such that w,(x(b)) = 7"(b) holds for each b € B and n > 0.

This Lemma is particularly important, when we consider a nonramified exten-
sion of non-Archimedean local fields of characteristic zero O — O'. If we denote
by o the relative Frobenius of this extension, then there is a unique O-algebra
morphism

k: O — WO(O,>, (1)

such that wy,(k(a)) = 0™(a) holds for each a € O" and n > 0, where the O-algebra
structure of W (O') has been established with respect to a fixed prime element



of O.

Next we introduce the O-module morphism V' : W (R) — Wo(R) and the O-
algebra morphism ¥ : W (R) — Wo(R) for all O-algebras R, the first is called
the Verschiebung and the second one is the Frobenius. They are defined by
functoriality in R and the relations, for all n > 0,

Wn(Fx) = Wpt1(),

wnr1(Vz) = mwa(z), wo(Vz) =0,

where © € Wp(R) and the equations and multiplications have to be unterstood
in R. One easily verifies that

FV V(

=m, V(Fry) =2y

hold for all 2,y € Wo(R). If we denote the Image of V' : Wo(R) — Wo(R)
by Io.r, we obtain that Ip g is the ideal of ramified Witt vectors, whose first
component is zero, which is the same to say that Ip r = ker(wg : Wo(R) = R)
holds, because

Vb, b1,...) = (0,bg,by,...)

holds for all (bg, b1,...) € Wo(R).

We define the Teichmiiller representant [a] € Wo(R) by (a,0,0...) for R an
O-algebra and a € R. For a nilpotent O-algebra N' we denote by W?Q(N ) the
O-subalgebra of W (N'), which consists of the ramified Witt vectors with finitely
many nonzero entries. For the relations of the different O-algebras of ramified
Witt vectors with varying O, we have the following result:

Proposition 2. Let O — O’ be an extension of rings of integers of non-Archimedean
local fields of characteristic zero, m, 7’ fixed uniformizing elements of O resp. O’
and f the degree of extension of the residue fields. Let Alg, resp. Algy denote
the category of (not necessarily unitary) O-algebras resp. (’-algebras. Then
there exists a unique morphism u : Wy — W of functors from Algy to Alge,
such that w’,, ou = wy, holds. For a nilpotent O’-algebra N the restriction mor-
phism uy : Wo(N) = Wer(N) has its image in Wer(A). Furthermore, for an
O'-algebra R we have ug([a]) = [a] for a € R, up(*'2) = ¥ (up(2)), up(Va) =
(n/7) (up(F' ' z)) for x € Wo(R), where all the objects related to O’ are
marked with a dash.

With abuse of notation, we usually replace ug by u if it is clear which R we
consider. The morphism of functors u of the previous Proposition is, up to a
canonical isomorphism of functors, independent of the choice of the uniformizing
elements m, 7’ of O resp. O'. In the following, when we consider the Definition
of an f-O-display and the functors Q;(O, O’) resp. I';(O, Q') etc., we sometimes
make use of the O-algebra resp. O’-algebra of ramified Witt vectors for a partic-
ular choice of the uniformizing element 7 resp. 7’ for O resp. O’. Nevertheless,
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up to canonical isomorphism, the structures are independent of the choice of
resp. 7.

Unless otherwise stated, until the end of this introduction S, R, R’ etc. are
now assumed to be unitary (O-algebras with 7 nilpotent in them and if they are
assumed to be unitary O’-algebras, then 7’ should always be nilpotent in them.

Definition 3. Let f > 1 be a natural number. An f-O-display P over R is a
quadruple (P, @, F, F}), where P is a finitely generated projective Wy (R)-module,
@@ a submodule of P and F': P — P and Iy : Q — P are F! Jinear maps, such
that the following properties are satisfied:

1. Io.rP C Q and P/Q is a direct summand of the R-module P/Ip pP.
2. [isan ¥ ! Jinear epimorphism, i.e., its linearisation

Flﬂ:WO(R)@Ff,WO(R)Q — P
w®q — wkg,

where w € Wn(R) and ¢ € @, is surjective.

3. For x € P and w € Wp(R), we have

Fi(Vwz) = .

The finite projective R-module P/Q is the tangential space of P. If f =1, we
call P just an O-display.

Except for the occuring f, this Definition is completely analogous to [Zin02,
Definition 1], where the defined structure is called a 3n-display there. Further-
more, for each f-O-display P = (P, Q, F, F}) there exists a unique Wp(R)-linear
map

Vi P — Wo(R) P,

®r T Wo(R)
which satisfies the following equations for all w € Wp(R),x € P and y € Q:

V¥ (wFx) TowR T
Viwky) = woy

By V™ : P — Wo(R) ®Ff”,Wo(R) P we denote the composite map

FIODyt o of " VEo VE where TV is the Wo(R)-linear map
ld (gFfi7‘/[/0(1.2)‘/ri : WO(R) ®Ffi,W(9(R) P — W(’)(R) ®Ff(i+1),Wo(R) P.
We call P nilpotent, if there is a number N such that the composite map

proV¥: P — Wo(R)®@pin wor P = Wo(R)/(Io,r+TWo(R)) @ pin we(r) P
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is the zero map. The f-O-displays over R form a category, we call it (f—dispp /R)
or only (dispp /R), when f = 1 (see section 2.2 for the morphisms between the
f-O-displays). The nilpotent f-O-displays over R form a full subcategory, we
denote it by (f —ndispy /R) or (ndispy /R), respectively.

Let N be a nilpotent R-algebra. For a given f-O-display P = (P,Q, F, F)
we consider the following W (R)-modules:

—

ﬁN = Wo(N) ®we(Rr) b
An = WoWN) ®wer) L& Ion Owom T

where P = L®T is a normal decomposition, i.e., L and T' are W (R)-submodules
of P, such that Q = L & Ip gT holds, and V[//B(/\/') is the Wo(R)-subalgebra of
Wo(N) as before Proposition 2. We obtain an ¥ " linear map Fi : Qv — Py
given by w@y — Fwe Flyand Yooz —F' T we Fr for w e Wo(N),yeQ
and x € P. Hence, it is possible to define the formal O-module BT, ((Qf ) (P,—) (see
Appendix A for the definitions of (7-divisible) formal O-modules) by the exact
sequence of O-modules

—~ Fi1—id ~
0 On —— Py BT (P, N) —=0

for all NV € Nilg, where Nilg denotes the category of nilpotent R-algebras. In
case f = 1, we just write BTp(P,—) instead of BT((QI)(P, —). Furthermore, if P
is nilpotent, then BT((Qf ) (P,—) is a m-divisible formal O-module, so we obtain a
functor

BT((gf ) (f —ndispp /R) — (m — divisible formal O — modules/R),

which we want to be an equivalence for f = 1. In a more general setting, assume
that @ — ' is nonramified of degree f and R is an O’-algebra with 7’ nilpotent
in R. Then it is not too hard to check with the help of (1) that BT((Qf) (P,—) is
a (m'-divisible) formal O@’-module for a (nilpotent) f-O-display P. Hence, it also
makes sense to ask, whether

BTé)f) : (f — ndispp /R) — (7’ — divisible formal O" — modules/R)

is an equivalence.

Definition 4. Let O — O’ be an extension of rings of integers of non-Archimedean
local fields of characteristic zero, R an O’-algebra and P an f-O-display over R.
Then we call an (’-action, i.e., an O-algebra morphism ¢ : O’ — End P, strict,
iff the induced action 7 : @' — P/Q coincides with the O’-module structure
given by the R-module structure of P/ and restriction to scalars. We denote
by (ndispp o /R) the category of nilpotent O-displays over R equipped with a
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strict O’-action. The objects in this category are (P, «), where P is a nilpotent
O-display over R and « : O' — End P the strict O’-action, but if it is clear that
we have such an action attached, we write with abuse of notation just P instead
of (P, ).

After taking Drinfeld’s paper [Dri76] as inspiration, we state at first:

Lemma 5. Let O — O’ be a nonramified extension of degree f, R an (O'-algebra
and P = (P, Q, F, F}) an O-display over R equipped with a strict O’-action. Then
we may decompose P and @ canonically in P = @ieZ/fZ P.Q = @ieZ/fZ Qi,
where each P; and Q; = P, N Q are Wp(R)-modules, P; = @Q; for all i # 0 and
F(P;), F1(Qi) € Pi41 hold for all i (where we consider ¢ modulo f).

With the help of this we can construct the functor
0 (0,0') : (ndispp o /R) = (f — ndispp /R)
given by sending (P, Q, F, F}) equipped with a strict O'-action to

(Po, Qo, Flf _1F, Flf ) and restricting a morphism between two f-O-displays to the
zeroth component.

Furthermore, for a nonramified extension O — O’ of degree f and R an
(O'-algebra, we define the functor

Q2(0,0") : (f — ndispp /R) — (ndispyr /R)

by sending Py = (P, Qo, Fo, F1,0) to P’ = (P',Q', F’, F]), where the elements of
the quadruple are given by

P/ — WO/(R) ®W(’)(R) PO,
Q" = ker(Wo/(R) @wy(r) Po = Po/Qo : w ® & — wo pr(x)),

F/ —_ F ®WO(R) FO’
F{(w@z) = Flw ®W@(R) FL()(Z),
F("wor) = wewyr For,

for all w € Weor(R), z € Py and z € @Qg, where we have used the morphism
u: Wo(R) — Weor(R). Here the operators related to Wy (R) are marked with a
dash. The mapping of the morphisms is simply given by tensoring. We define

I'1(0,0) : (ndispp o /R) = (ndispes /R)
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as the composite of Q2(0, 0’) and Q4 (0, O’).
It can be checked that for each (O'-algebra R the diagram

(ndispo’o/ /R)

BTo
Ql (an/) l \
BTY

(f — ndispp /R) (n'-divisible formal O" — modules/R)

QQ(O,O/)l /
BTy

(ndisper /R)

is commutative.
Now let O’ be totally ramified over O and R an O’ algebra. We define the functor

FQ(O, O/) : (ndispao/ /R) — (ndispo/ /R)

by sending a nilpotent O-display over R equipped with a strict O’-action, say
P = (P,Q, F, F1) (plus the attached O’-action), to

P’ = Wo(R) @0eowo(r) P,
Q' = ker(Wo(R) ®ogowe(r) P = P/Q :w® x — wo pr(z)),
Flwgz) = Mw-yte R - ")),
Fi(Mwer) = ywe ([ - [)),
Fllwz) = F/w®F1(z),

for all w € Wor(R), € P and z € @, where we have used the morphism

0 ®o Wo(R) — Weor(R)

aw — au(w),

where a € O and w € Wo(R), and y € Wer(R) is given by V'y = 7/ — [].
The diagram

BTo

(ndispp o /R) (r'-divisible formal O' — modules/R)

FQ(O,O’)\L /
BT,

(ndispor /R)

is commutative.
We define the boolean variable P(O, O’, R), for a nonramified extension O — O’
of degree f and an (’-algebra R to be true, iff the following assertion is true:

The BTg ) functor is an equivalence between nilpotent f-O-displays
over R and 7’'-divisible formal @’-modules over R.
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In case O’ = O, we just write P(O, R) instead of P(O,O’, R). As in Drinfeld’s
argumentation we need that P(Z,, R) is true for all rings R with p nilpotent in
R. This has been established in [Lau08].

From now on, when we talk about BTg ) and BTop(= BT, ((91)) we always
consider the functors restricted to nilpotent display structures. Whenever we talk
about Q1(0,0"),Q2(0,0") or I'1 (O, O'), we always assume O’ to be nonramified
over O of degree f and whenever we talk about I'o(O, Q'), we always assume O’
to be totally ramified over O.

When we claim assertions like

For every (0’-algebra R with 7’ nilpotent in R the functors I'1 (O, O’)
and I'y(O, 0') are equivalences of categories.

we actually mean that for every nonramified extension @ — O’ and every O'-
algebra R with 7’ nilpotent in R the functor I'1(O, ') is an equivalence of
categories and the analogous assertion for every totally ramified extension and
Ty (O, O/)

Now let O — O’ be a nonramified /totally ramified extension and R an O'-algebra
with 7/ nilpotent in R. If we assume that P(O, R) respectively P(O,O’, R) (in
the nonramified case) is true, then Q1(0,0’) or I'1(0,0’) or I'2(O, Q') respec-
tively Q2(0, Q') is faithful, which follows from the above diagrams. So assuming
P(O, R) respectively P(O,0’, R) to be true, one only has to show, in order to ob-
tain all desired equivalences, that Q;(0, Q") or I'2(O, Q') respectively Q2(O, O")
is full and essentially surjective.

Now let a C R be an ideal. An O-pd-structure is a map 7 : a — a, such that
o m-y(z) = a7,
o y(r-x)=r?%-v(x) and

o Y +y) =) +7(Y) + Yocicg((9)/m) -2t - yT™

hold for all » € R and x,y € a. Let us denote by 7" the n-fold iterate of . If we
define

qn71+qn72+'”+q+1in ) n

Qp =T ¥ ra—a,

we may define for each n a map

w, : Wo(a) — a
(Xoy @1y .oy Ty vn) = (o) + ap—1(z1) + ..o + @1(Tp—1) + Tp,
which should not be confused with the n-th Witt polynomial of W (S) for some

O’ and some O'-algebra S. The map w), is wj-linear, this means that beside
additivity w/,(ra) = wy,(r)w},(z) holds for all n € N, z € Wp(a) and r € Wo(R).
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The main application of this structure is the following: We define on a¥ a Wo(R)-
module structure by setting

f[ao, at, .- ] = [Wo(f)ag, W1(§)a1, .. ]
for all £ € Wo(S) and [ag, a1, . ..] € aV¥ and get an isomorphism of Wy (S)-modules

log: Wo(a) — a

a=(ap,a1,...) — [wi(a),wi(a),...].
Since ' acts on the right hand side by
F[ao, a,...] = |[ray,mag,...,7a;,...|
for all [ag, a1, ...] € a¥, we obtain for the ideal a C Wo(a), defined by
log™1([a,0,0,...]| forallac€ a),

that F'a = 0 holds.

Now we turn our focus to deformation theory. A surjection S — R of O-
algebras with 7 nilpotent in S, such that the kernel a may be equipped with
an O-pd-structure, is called an O-pd-thickening. Let us consider such an O-pd-
thickening and a nilpotent f-O-display P = (P,Q, F, Fy) over R. A P-triple
T = (P,F,F}) over S consists of a finitely generated projective W@(S) module
P which lifts P, and F! Jinear morphisms F' : P — P and Fy: Q — P where
Q denotes the inverse image of ) by the surjection PP (which has kernel
Wo(a)P). Furthermore, the following equations are required:

F(Vwz) = I Fa

Fl(ClP) = 0,

with w € Wo(R), z € P and a C Wo(R) as above. F\ is uniquely determined
by these requirements.

Let « : P1 — P be a morphism between nilpotent f-O-displays over R and 7; be
a P;-triple over S for i = 1,2. Then an a-morphism « : 151 — ﬁ; is a morphism
of Wp(S)-modules which lifts v and commutes with the F and F; maps, which
only makes sense since &(@\1) C 6/2\2 For triples we have the following assertion:

Proposition 6. Let o : Py — P2 be a morphism between two nilpotent f-O-
displays over R. For P;-triples 7; over S there is a unique a-morphism of triples

a:Ti—Ts.

The Hodge filtration of an f-O-display P over an (O-algebra R is the R-
submodule Q/Ip rP C P/Ip rP.
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Proposition 7. Let S — R be an O-pd-thickening. Then nilpotent f-O-displays
over S are equivalent to nilpotent f-O-displays P’ over R plus a lift of the Hodge
filtration to a direct summand of P/Ip P, where (P, F, F}') is the unique P’-
triple over S.

With the help of this result we can prove the following Proposition:

Proposition 8. Let O — O’ be a nonramified / totally ramified extension,
S — R a surjection of ('-algebras with 7/ nilpotent in S and nilpotent kernel.
If one of the functors Q1(0,0"),Qx(0,0"),T'1(0,0) or T'y(O,O’) is essentially
surjective over R, then this is also true for the respective functor over S.

The last Proposition enables us to show that, given a nonramified / totally
ramified extension O — (' with ramification index f, BT((Qf), I;,(0,0,9;,(0,0"
are equivalences of categories for all (’-algebras R, which are complete local
rings with perfect residue field, nilpotent nilradical and #’ nilpotent in R. This
is particularly important for @ = ', since we obtain then that BTy is an
equivalence for all O-algebras R with the above properties.

By using stack theory, we obtain the following Proposition:

Proposition 9. Let O — O’ be a nonramified / totally ramified extension.
Assume that Q1(0,0"),Q2(0,0"),T1(0,0") or T'2(O, ') is fully faithful for all
('-algebras with 7’ nilpotent in them, then the respective functor is an equiva-
lence for all such algebras.

The proof of the last Proposition eventually reduces to the fact that we already
know that the functors right before the Proposition are equivalences for these O’-
algebras.

Let O — O’ be a nonramified / totally ramified extension with ramification index
f. By the last Proposition, what remains to show that BT(f), r;,(0,0,Q,(0,0)
are equivalences for all O’-algebras R with 7/ nilpotent in R is, assuming that
P(O,R) resp. P(O,0',R) is true for all O'-algebras R with 7’ nilpotent in R,
that for all O’-algebras R with 7’ nilpotent in R the functor BTy is faithful
resp. BT, ((Qf ) is faithful when we restrict to the full subcategory of the nilpotent
f-O-displays over R consisting of the objects which lie in the image of (0O, O").
For this we are going to construct, for a fixed nilpotent f-O-display P over R,
a crystal of OY® -modules on Spec R (see Definition 5.1.1 for our definition
of the crystalline site). It suffices, to give the value of the crystal Dp for O-
pd-thickenings Spec R — Spec .S, where Spec R* < Spec R is an affine open
neighbourhood. When the triple over S associated to Pr/ looks like (]3, F V1),
we define

Dp(Spec R — Spec S) := S @y o () P.

If the setting is clear, we just write Dp(.S) instead of Dp(Spec R' — Spec S).
Let S — R be an O-pd-thickening with kernel a. We now introduce the category
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Exty g pr (for the basic definitions of (generalized) Cartier theory we refer to
section 2.4 in this thesis). For S an O-algebra and L an S-module, we may define
the group C(L) = [[;>¢ VL, which becomes an Ep g-module by the equations

Q- V) = > Viwa(Ol,

i>0 i>0

VO Vi) = > Vit
i>0 i>0

FO Vi) = > Vitla
i>0 i>1

for all £ € Wp(S) and [; € L. Let G be a (w-divisible) formal O-module over R
with Cartier module M, which we consider as an Ep s-module. Then an extension
(L,N,M) of M by the S-module L is an exact sequence of Ep g-modules

0—-C(L)->N—M—0,

with N a reduced Ep g-module and aN C VYL, where a C Wp(S) C Ep g is as
above.

Now let G, G’ be two formal O-modules over R, M(= Mg), M'(= M¢r) their
Cartier modules and 8 : M — M’ a morphism between them over R. Fur-
thermore, let (L, N, M) and (L', N',M’) be extensions of M and M’. Then
a morphism of extensions (L, N, M) — (L', N’', M’) consists of a morphism of
S-modules ¢ : L — L', a morphism of Ep g-modules v : N — N’ and the
Eo,r-linear morphism 3, such that the diagram of Ep s-modules

0——=C(L) N M 0
C(w)l iu lﬁ
0——C(L)) N/ M! 0

is commutative, where C(y) is given by sending V%l to Viy(l) for each i > 0 and
lelL.

Definition 10. With the above notation, we define the category Ext; g_,r by
the objects (L, N, M), such that M is the Cartier module of a m-divisible formal
O-module over R. The morphisms are those previously described.

We show the equivalence of Ext; g,z with a second category Exts g when
a is nilpotent. Since we deal only with m-divisible formal O-modules and not
the more general m-divisible O-modules, we find in (the generalization of) [Zin,
Universal extension, Theorem 3] a stronger result than in [Mes72, Chapt. 4
Theorem 2.2.] for p-divisible formal groups or [FGL07, Theoreme B.6.3.] for
m-divisible formal O-modules, where the results are only stated with respect to
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nilpotent (O-)pd-thickenings, but continue to hold for all p-divisible groups or 7-
divisible O-modules, respectively. We utilize this result for Exts 5,z and obtain
with the help of the association to Ext g the following result:

Theorem 11. If S — R is an O-pd-thickening with nilpotent kernel and G a
m-divisible formal O-module over R, then there is a universal extension

(LYY N M) € Extq s r. Here the universality means, for any m-divisible
formal O-module G’ over R, any morphism of Ep r-modules 5 : Mg — Mg and
any extension (L, N, M¢) € Ext; s, g, there is a unique morphism

(QD,U, ﬁ) : (LuniVaNuniV,MG) - (L7N, MG’)'

Definition 12. We define the crystal of Grothendieck-Messing on the nilpotent
ideal crystalline site (see Defintion 5.1.1) by

D¢(S) = Lie NUY,

It is now very interesting to associate Dp and DD with each other.

BTY (P,
Let S — R be an O-pd-thickening and P a nilpotent f—%—display over R. Then

we verify that the exact sequence of Ep g-modules
0— C(Q/Io,sP) = Eo.s ®wys) P/U — M(P) = 0 (2)

lies in Ext; g, g. Here (]3, F, Fy) is the unique P-triple over S, the second arrow
maps y € CAQ to VI ® Fly — 1 ® y, the third arrow is given by the canonical map
P — P and U is the Ep,s-submodule of Ep s @, (s) P generated by (F ® z —
Vf_l (024 Fx)xeﬁ'

Proposition 13. In case f = 1 and the kernel of the O-pd-thickening S — R is
nilpotent, the previous extension is the universal one.

Theorem 14. For a nilpotent O-display P over R and the associated m-divisible
formal O-module G we obtain a canonical isomorphism of crystals on the nilpo-
tent ideal crystalline site over Spec R:

'Dp ~ ]D)G
It respects the Hodge filtration on Dp(R) and D ¢ (R), respectively.

If we consider a morphism Wy (R) — S of (topological) O-pd-thickenings (see
Definition 3.2.1) over R, we obtain that

Dp(S)~ S Qwe(r) P

holds. We mainly consider S = Wy, (R). Given a morphism o : P — P’ of
O-displays over R, we obtain a morphism G — G’ of the associated w-divisible
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formal O-modules G and G’. By the universality of Dg and D¢/, we obtain a
morphism

Won(R) @weor)y P =Da(Won(R)) = Da(Won(R)) = Won(R) @wyr) P,

which must be given by 1 ® «.. Since we clearly obtain a morphism of the inverse
systems (Won(R) @wy(r) P)n and (Won(R) @we(r) P')n, we get a back by
passing to the projective limit. So we can state:

Proposition 15. Let R be an O-algebra with 7 nilpotent in R. Then BTp is
faithful.

From the faithfulness of BT» we can deduce together with Proposition 9,
applied to I';(O, '), the generalized main Theorem of display theory:

Theorem 16. For every O and every O-algebra R with 7 nilpotent in R, the
BTy functor is an equivalence of categories between the category of nilpotent
O-displays over R and the category of w-divisible formal O-modules over R.

Furthermore, the following result holds:

Proposition 17. Let O — O’ be nonramified (of degree f) and R an O'-algebra
with 7/ nilpotent in R. Then Q4 (O, Q') is fully faithful.

As mentioned above, since P(O, R) is true, we only need to show for the pre-

)
of the category of nilpotent f-O-displays over R consisting of the objects which

vious Proposition that BTg is faithful when we restrict to the full subcategory
lie in the image of Q1(O, 0'). For this purpose, we let P be an O-display over R
equipped with a strict O@’-action and denote by Py its image via Q1 (O, 0’). Now
let S — R be an O'-algebra morphism, which is also an O-pd-thickening. We
consider (2) for P and Py and are able to write down the unique morphism of
extensions from the extension for P to Py explicitly. With the help of this the
result follows easily.

So we obtain with the help of Proposition 17, Proposition 9 and Theorem 16
that the following assertions hold (in fact the assertion for the I';(O, Q") can be
established without using Proposition 17) :

Corollary 18. Let O over O be nonramified of degree f and R an (’-algebra
with 7/ nilpotent in R. Then the following functors are equivalences of categories:

o 04(0,0'): (ndispor /R) — (f — ndispo /R)
. BT((f)f ) (f —ndispy /R) — (7' — divisible formal @’ — modules/R)
e 0(0,0) : (f —ndispy /R) — (ndisper /R)

e I'1(0,0") : (ndispp o /R) — (ndisper /R)
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Let O be totally ramified over @ and R an ’-algebra with #’ nilpotent in R.
Then

o I'2(0,0) : (ndispp o /R) — (ndisper /R)

is an equivalence of categories.
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Chapter 1

(D-algebras of ramified Witt
vectors

From now on, we fix a prime number p and all rings and algebras over a com-
mutative ring are assumed to be commutative. In this chapter we first define
a special ring structure, a so-called RRS, in Definition 1.1.1, which should be
considered as a generalization of the rings of integers of a non-Archimedean local
field of characteristic zero and construct to each RRS O and each (not necessarily
unitary) O-algebra R an O-algebra of ramified Witt vectors Wy (R). If there is
given a suitable kind of ring morphism O — O’, we will be able to construct a
morphism of functors Wp — Wy from the category of (0’-algebras to the cate-
gory of O-algebras. After restricting to the rings of integers of non-Archimedean
local fields of characteristic zero for O, we will consider the relations of Wp(l) to
local field theory, where [ is a perfect field extending the residue field of O. With
the help of these structures we will be able to define and to work on f-O-displays
in the next chapters.

1.1 The O-algebra of ramified Witt vectors Wy(R)

Definition 1.1.1. Let O be a commutative unitary ring, 0 # 7 € O not a zero-
divisor and ¢ a power of p. If additionally p € 7O and x = 2?9 mod 7 holds for
all x € O, we call the triple (O, 7, q) a ramification ring structure, short RRS. If
all the other attachments are clear or only of a theoretical use (where the exact
structure is not needed), we usually just write O. An excellent morphism u of
RRSs between (O, m,q = p/) and (O', 7', ¢’ = p9) is a ring morphism x : O — O’,
such that 0 # p(m) € 7'O’ is not a zero-divisor and 4 € N holds.

Even though the structure is defined quite generally here, we are most inter-

1



2 Chapter 1. O-algebras of ramified Witt vectors

ested in taking O to be the ring of integers of a non-Archimedean local field of
characteristic zero, so, generally, this should be the case one has in mind. Here
one has (O, m,q), where 7 is a uniformizing element of O and ¢ is the order of
the residue field of O. Let O be an RRS. Our aim is now to introduce for an
Q-algebra R an O-algebra structure on the set

W@(R) = {(bo,bl,...)‘bi ER},

which is uniquely determined by certain additional properties. We will call this
the O-algebra of ramified Witt vectors over R, its elements the ramified Witt
vectors and the map

W, - W(/)(R) — R
b= (bg,b1,...) bgn+7rb‘{"_1 + ...+ 7"by,
the n-th Witt polynomial.

Theorem 1.1.2. Let O be an RRS. Then for any O-algebra R, there exists a
unique O-algebra structure on Wy (R) with the following properties:

1. For every O-algebra morphism v : R — R’ the induced morphism
v : Wo(R) = Wo(R') given by b = (bg, b1,...) — (v(bg),v(b1),...) for all
b€ Wo(R) is an O-algebra morphism.

2. The maps w,, : Wo(R) — R are O-algebra morphisms.
In order to prove this Theorem, we first have to establish the following Lemma.

Lemma 1.1.3. Let B be a w-torsion free O-algebra, 7 : B — B an O-algebra
morphism with
7(z) =27 mod .

Consider a sequence ug, u1, ... of elements of B. There is a vector b € Wp(B)
with wy, (b) = uy,, iff

T(Up—1) = u, mod 7" (1.1)
is fulfilled for every n. Furthermore, the vector b is unique.

Proof: Let  and y be elements of B. If x =y mod 7" is satisfied, then 2? = y?
" mod 7™+ for all r > 0.

Now suppose we have a vector b which satisfies w,, (b) = u,, for every n. Then we

mod 7! holds. Especially we get 7(2?) = x4

obtain
n—1 n—2
T(up—1) = 7§ +mbd T+ T b)
= b+ ﬂb?nil +oA T
— bgn + Wb‘fnil + ...+ W”_lb%_l + 7", — 7"b,

= U, —7"'b, = uy, mod 7".
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Hence, we have shown the forward direction. To prove that (1.1) is sufficient, we
construct b inductively (and in a unique way, so we see as well that b is unique).
Let bg, b1,...,b,—1 be already constructed. Now we search for a b,, such that

bgn + 71'1)‘{7171 + ...+ Tr”_lbgh1 + 7", = Uy,

is satisfied. By above calculations we have

n—1

tn = 7(up-1) =6 47 447" mod 7",

where we have used the congruence (1.1). So we have u,, — (bgn + TI'b({kl +...+
Tr”_lbghl) = 7"k for a suitable k € B. Hence it is possible to take b, = k. The
uniqueness follows, since B is w-torsion free. O

Now we turn to the proof of Theorem 1.1.2.
Proof: We first consider B = O[Xy, Yo, X1,Y1,...] with its obvious O-algebra
structure. We then define 7 : B — B to be the O-algebra morphism given by
7(X;) = X! and 7(Y;) = V! for all i > 0 and denote by X,Y the ramified Witt
vectors (Xo, X1,...), (Yo, Y1,...) € Wo(B).
We define the elements X +Y, X - Y. a- X € Wp(B) for each a € O by

wn (X -Y) Wi (X)wn(Y),
wp(a- X) awp,(X).

These elements exist and are uniquely determined by Lemma 1.1.3, because
B is clearly a w-torsion free O-algebra and 7 fulfils the required properties of
this Lemma. Now let R be an arbitrary O-algebra and b = (bg,b1,...),c =
(co,c1,...) € Wo(R). We consider the O-algebra morphism L. : B — R given
by Lp(X;) = b; and Ly (Y;) = ¢; for all i > 0 and define b+ ¢,b- ¢,a - b for each
a € O by

btc = Lp(X+Y),
b-c = LQQ(XX%
a-b = LQQ(a X)?

where Ly, : Wo(B) — Wo(R) should denote the by Ly, induced map. It is
easily seen that this O-algebra structure on Wy (R) is the only one which can
fulfil the required properties of the Theorem - if it is one, but this is easily verified.
Furthermore, it is not too hard to check that @ is an O-algebra morphism.

It remains to verify the required properties in the assertion. Let R and R’ be
two O-algebras, v : R — R’ an O-algebra morphism and 7 : Wp(R) — Wp(R')
the induced map. We have to show that it is an (O-algebra morphism. For this
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purpose, let b,c € Wo(R) and a € O. Consider the diagram

Wo(B)

Lo
Lb,cl \

Wo(R) —=Wo(R').

It can easily be verified that this diagram is commutative. Hence we obtain

vb+c) = VLp(X+Y)
= Lyp) o)X +Y)

= Ly),5(0)(X) + L) 5(0)(Y)
= 7(b) +7(c).

Similarly, we get 7(b-c) = 7(b) - U(c) and T(ab) = av(b). This proves the first
requirement. For the second one, we consider the commutative diagram

Wn

3
=
i

B

lLb,c
R

where b, ¢ are as above. With similar considerations as above it is easily verified
that the w, : Wo(R) — R are O-algebra morphisms. O

We should remark that for each O a ring of integers of a non-Archimedean
local field of characteristic zero and each (O-algebra R the O-algebra Wpo(R)
clearly depends on the choice of 7 for the RRS (O,m,q), but we will see in
Corollary 1.2.3 that this does not make big difficulties for us.

With the help of Lemma 1.1.3 we can deduce:

Lemma 1.1.4. Let O be an RRS, B a w-torsion free O-algebra and 7 : B — B an
O-algebra morphism with 7(x) = 29 mod 7. Then there is a unique O-algebra
morphism k : B — Wp(B), such that w,(x(b)) = 7(b) holds for each b € B and
n > 0.

This Lemma is particularly important, when we consider a nonramified exten-
sion of non-Archimedean local fields of characteristic zero O — O’. If we denote
by o the relative Frobenius of this extension, then there is a unique O-algebra
morphism

k: 0 — Wp(O0), (1.2)

such that wy,(k(a)) = 0™(a) holds for each a € O" and n > 0. Here, the O-algebra
structure of W (O') has been established with respect to a fixed prime element
of O. Our next aim is to introduce the O-module morphism V' : Wp(R) —
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Wo(R) and the O-algebra morphism ' : Wo(R) — Wo(R) for all O-algebras
R, which should be similar to those mappings defined in [Zin02]. The first is
called the Verschiebung and the second one is the Frobenius. They are defined
by functoriality in R and the relations, for all n > 0,

Wn(Fx) = Wn+1(x)7 (13)

Wor1(Vz) = mwa(z), wo(Vz) =0, (1.4)

where © € Wp(R) and the equations and multiplications have to be unterstood
in R. It is very important to remark that in contrast to the original Definition
we have a 7 here instead of a p. We have to show that we can construct in
both cases for every R and every element of Wp(R) a unique image, hence the
maps are well-defined, and that they are O-algebra morphisms resp. O-module
morphisms.

With the same notation as in the proof of the Theorem, we receive with the help
of Lemma 1.1.3 that this is the case for B = O[Xy, Yy, X1, Y1,...]. It should be
remarked that

Fx+y) = fx+'y, (1.5)
Fx.y)y = fx Iy, (1.6)
Fla-X) = aFX (1.7)

hold for all @ € O and (1.5) and (1.7) are true for ¥ instead of .
Now consider a general O-algebra R. We define for b € W (R) the Frobenius
and the Verschiebung by

o = Lyo("X), (1.8)
Vb = Lyo(VX), (1.9)

where 0 = (0,0,...) € Wo(R) and Ly is as in the proof of the Theorem. It is
not too hard to check that

EV.Wo(R) = Wo(R)

are O-algebra morphisms resp. O-module morphisms with the help of the equa-
tions (1.5) to (1.7) for ¥ and (1.5) and (1.7) for V' instead of . It remains to
show that " and V' are functorial and that the defining equations hold.

For the first aspect consider an O-algebra morphism v : R — R/, which in turn
induces the O-algebra morphism 7 : Wp(R) — Wo(R'). For b € Wo(R) we have
by construction

Lyo("X) = TLyo(X), (1.10)
Lowo0("X) = FLyg o), (1.11)
Lyo("X) = VIpo(X), (1.12)
Loz (" X) = YLy soX) (1.13)
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To show the functoriality, we assert that the diagram

FV

Wo(R) —— Wo(R)

)| I

WO (R,) W) W(’) (R/)

is commutative.* This means that 7(¥'b) =F 7(b) and 7(Vb) =" 7(b) must hold
for allb € Wo(R). Since ULy = Lyp) 5(0), We easily obtain the claimed equations
by the equations (1.10)-(1.13).

It remains to show that the equations (1.3) and (1.4) hold. For this, we remark
that for every n > 0 and every b € Wp(R) the diagram

and use of which parts of the diagram we already know that they are commutative,
we obtain, by utilizing the definition of ¥'b, that the equations for I are fulfilled.
Analogous considerations lead us to establish the equations for V.

Concerning these two morphisms, we need to mention two elementary relations:

Vo — (1.14)
ViFzy) = 2Vy z,y € Wo(R) (1.15)
The equations can be obtained by considering the values of the Witt polynomials

in a suitable universal case. We denote the image of V' : Wo(R) — Wo(R) by
I r and we obtain easily that

Vi(bo,b1,...) = (0,bg,b1,...)

*Here we consider the diagram only for ¥ and ', respectively, and not in the way that we
set, for instance, V' in the first line and ¥ in the second.
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holds for all (bg,b1,...) € Wo(R). Hence we can say that Ip g is the ideal
of ramified Witt vectors, whose first component is zero, or, equivalently said,
Io.r = ker(wg : Wo(R) — R). This ideal will become important, for example,
for the definition of an f-O-display over W (R), which we will introduce in the
next chapter.

1.2 The morphism u and some basic results

Let p: O = (0,m,q=1p") = O = (O,7,¢ =p') be an excellent morphism of
RRSs. We denote by Alg, the category of O-algebras. When we consider the
Witt functor Wo from Algy, to Algy, we study the interaction between the two
functors for @ and O'.

The following proposition will first become essential, when we consider re-
duced Cartier modules and their equivalence to formal O-modules, where O is
the ring of integers of a non-Archimedean local field of characteristic zero. We
define the Teichmiiller representant [a] € Wo(R) by (a,0,0...) for O an RRS,
R an O-algebra and a € R. For an RRS O and a nilpotent O-algebra N, we
denote by Wo(N) the O-subalgebra of Wo(A), which consists of the ramified
Witt vectors with finitely many nonzero entries.

Proposition 1.2.1. Let O = (O, m,q = p*) and O’ = (0',7',¢ = p') be two
RRSs with g := % € N>; and p as above. Then there is a unique functor
morphism u : Wo — Wy, such that w], o u = wg, holds (where the w; and
w, belong to the obvious structures), with both functors considered as functors
from Algy, to Algy. For a nilpotent (’-algebra N the restriction morphism
uyn : Wo(N) = Wer(N) has its image in Wer(N). Furthermore, for an O'-
algebra R we have ug([a]) = [a] for a € R, up(F’z) = ' (up(x)),ur(Vz) =
(u(m) /7 )V (ur(F*" " x)) for & € Wo(R), where all the objects related to O are
marked with a dash.

With abuse of notation, we usually denote ur by wu if it is clear which R we
consider.
Proof: As usual, we first consider a special ’-algebra, which is in this case
B = 0'[X,Yp,...]. We define the O’-algebra morphism 7 on B by 7(X;) = Xiqg
and 7(Y;) = Yiqg. With the help of Lemma 1.1.3 we want to define up and show
that this up is unique. Let b € Wp(B). Consider the sequence (wgy, (b))n; because

T(Wy(n—1)(0)) = wgn(b) mod 7™

for all n > 1, where we have used p implicitly, there is a unique b’ € Wer(B),
such that wg,(b) = wj,(b') for all n. Hence it is sensible, and also the only way,
to define up(b) = b, so we get the unique map up. Now we have to show that
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the relations

up(b+c¢) = up(b) +up(c), (1.16)
up(b-c) = up(b)us(c), (1.17)
ug(ab) = aup(b), (1.18)
hold for all b,¢c € Wn(B) and a € O. Since
Wy (uB(b+c)) = won(b+c) = wgn(b) + wyn(c)

Wy, (up(b)) + W, (us(c))

holds, we have established (1.16) and the equations (1.17) and (1.18) follow anal-
ogously.

Similarly to our ¥ and V' considerations, we can pass from B to any O'-algebra
R, and establish the map ugr. To show that u is functorial and w), o u = wyy,
holds, we also refer to the discussion concerning ¥ and V', which follows then
easily by the construction of ug. For the assertions for the nilpotent O-algebras
we also consider B at first, make the calculations in the Witt polynomials there,
from which we finally obtain, by passing to the respective nilpotent O-algebra,
the result. The equations are easily verified by considering the universal situation
B, where we just need to consider the Witt polynomials, and then by passing to
any (’-algebra R as usual by considering only special elements z, [a] € Wo(R),
where a € R. ]

For many considerations in the next chapter we need a Corollary, which can
be found in [Dri76] and is a direct consequence of Proposition 1.2.1.

Corollary 1.2.2. (cf. [Dri76, Proposition 1.2]) Let O — O’ be an extension
of rings of integers of non-Archimedean local fields of characteristic zero, , 7’
fixed uniformizing elements of O resp. O’ and f the degree of extension of
the residue fields. Then there exists a unique morphism u : Wop — Wer of
functors from Algy, to Algy , such that w',, o u = wy, holds. For a nilpotent
O'-algebra N the restriction morphism uy : Wo(N) — Wer(N) has its image
in Wer (N). Furthermore, for an (’-algebra R we have ug([a]) = [a] for a € R,
ur(F 2) = ' (up(2)),ur(Vz) = (x/7)V (ug(F' ' 2)) for 2 € Wo(R), where all
the objects related to O" are marked with a dash.

The assertion for the nilpotent (’-algebras will first get important in section
2.4 and 2.5.

Corollary 1.2.3. Let O be a ring of integers of a non-Archimedean local field
of characteristic zero, mg, w1 two uniformizing elements of O and ¢ the order of
the residue field. Then the excellent morphism of RRS Oy = (O, mp,q) — O1 =
(O, m,q), given by the identity, induces a morphism of functors u, which is for all
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O-algebras R an isomorphism ug : Wo,(R) ~ Wp, (R). Hence, the functor Wp
is, up to a canonical in R functorial isomorphism, independent of the particular
choice of the uniformizing element.

By the previous two corollaries we also obtain that the morphism of functors
u in Corollary 1.2.2 is, up to a canonical isomorphism of morphisms of functors,
independent of the choice of the uniformizing elements 7, 7’ of O resp. O'. Hence,
given an extension O — ', we will often just make assertions for the morphism
Wo — Weor without particularly referring to any uniformizing element of O and
o'

Corollary 1.2.4. The canonical excellent morphism (Z,p,p) — (Zp,p,p) of
RRSs induces a morphism wu, which is for all Zj,-algebras R an isomorphism
ug : Wz(R) ~ Wz, (R).

Lemma 1.2.5. Let O be an RRS and k an O-algebra with wk = 0, which is a
perfect field of characteristic p. Then Wy (k) is a principal ideal domain and all
ideals are of the form V" Wy (k) or 0.

Proof: We consider an ideal 0 # J C Wp(k) (for J = 0, this is trivial). Hence,
there is a w € J, such that w; # 0 for a natural number [ and so there is an n,
such that for all ¢ < n and w’ € J we have w] = 0 and it exists an element x € J,
such that z,, # 0. If we show that (V" 1)Wo (k) C 2We (k) holds, or which is the
same to say that V"1 = 2@ for a @ € Wo(k), we then have

(") Wo(k) CaWo(k) € J CV" Wo(k) = (V" 1)Wo(k),

which are then in fact identities. We leave it to the reader to show the existence
of w. O

Lemma 1.2.6. Let O be an RRS and R an O-algebra with 7R = 0. Then we
get that

F(xo,.%'l, .. ) = (mg,x‘{, .. )

holds for all (zg,z1,...) € Wo(R). Hence, if R is perfect, " is an isomorphism.

Proof: By going to the universal situation Wp(B) with B = O[Xo, X1, X2.. ]
and X as usual, it can be verified that X = (bg,b1,...) holds with b; =
X!+ 7P;, where P; is an element of O[Xy, X1, Xs,...] and so, if we consider
the O-algebra morphism ¢ : B — R given by X; — z;, we get ' (zg,21,...) =
(o(bo), p(b1),...) = (z¢,2%,...). The last assertion is clear. O
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1.3 Generalized results concerning rings of integers of
non-Archimedean local fields of characteristic zero

We now restate some basic facts of rings of integers of non-Archimedean local
fields of characteristic zero from a more general point of view, which is very
helpful especially when the interaction of the W is of interest. We mainly refer
to Serre’s book over local fields [Ser79]. In this section all rings are assumed to
be unitary.

Lemma 1.3.1. (cf. [Ser79, Chapter II, Proposition 8]) Let O = (O, 7,q) be
a ring of integers of a non-Archimedean local field of characteristic zero and A
a complete and separated O-algebra in the m-adic topology, such that A/mA
is a perfect ring of characteristic p. Then there exists exactly one system of
representatives f : A/mA — A, for which f(A?) = f(\)%. In order for a € A to be
an element of f(A/mA), it is necessary and sufficient that a is a ¢"-th power for
all n > 0; we also note that f(Au) = f(A\)f(p) holds for all \, u € A/mwA. Finally,
if 7 is not a zero-divisior of A, every element of A may be uniquely expressed by

> flar
1=0

for suitable a; € A/TA.

Let w : A — A’ be an O-algebra morphism between two m-adically com-

plete and separated O-algebras, such that A/rA and A’/wA’ are perfect rings
of characteristic p. Then w commutes with multiplicative representatives, i.e.,
w(fa(a)) = fy(@(a)) for all @ € A/mA, where the indices of the f’s have their
obvious meaning and @ is the induced map from A/wA to A’/wA’, because, by
the previous Lemma, we know that it is necessary and sufficient for an element of
a m-adic complete and separated O-algebra to be a multiplicative representative
that it is a ¢"-th power for all n.
Let X;,Y;, fori > 0, be a family of variables. Then we denote by S = O[X;foo Y
the union of all rings O[ X} - Yiq_n] for all n. It is obvious that S is complete and
separated in the r-adic topology. If k = O/7O, then S/nS = k[X? v ]
is perfect of characteristic p. The X;,Y; are multiplicative representatives in
S, since they are ¢"-th powers for all n. Now consider z = ) 7, X7t and
y=>:0 Y;m'. For x = 4, x or —, we obtain that z xy = > £(Q¥)7" holds,
where QF € k[Xfioo, Yiqioo]. These Q7 determine the structure of a m-adic com-
plete and separated O-algebra with perfect residue ring of characteristic p:

Lemma 1.3.2. Let A be as above and f : A/mA — A as in Lemma 1.3.1. Let
{a;} and {b;} be two sequences of elements of A/mA. Then

Yo flagwix Y foyrt = Y fle)n
=0 i=0 i=0

]
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where ¢; = Q7 (ag, by, a1,b1,...).

Proof: This is the obvious generalization of [Ser79, Chapter II, Proposition 9]. [J

Proposition 1.3.3. (cf. [Ser79, Chapter II, Proposition 10]) Let A, A’ be two
m-adically complete and separated O-algebras, such that A/mA and A’/7n A" are
perfect of characteristic p and 7 is not a zero-divisor in A. Then we may lift every
O-algebra morphism ¢ : A/rA — A’/rA’ uniquely to an O-algebra morphism
g:A— A’ such that

A A
AlmA—= Al fn A’

cominutes.

Proof: Since every O-algebra morphism from A to A’ commutes with multiplica-
tive representatives, we must have for an element a € A with coordinates {a;}

9(@) = 3 g(fata))w = 3 farlpla),
=0 1=0

so the uniqueness follows and by Lemma 1.3.2 we get that g, when defined by
the above equation, is a ring morphism. In order to show that it is an O-algebra
morphism we consider the ring morphisms ¢t : O — A and ' : O — A’ which
define the O-algebra structure, which are the unique lifts of ¢y : &k — A/7mA and
ty : k — A'/mA’, with k the residue field of O, and obtain the diagram of ring
morphisms

o

TN

@) A Al
k NS A/mA — A A
ty

This diagram must be commutative, because t;, = ¢ty must hold, since ¢ is a
O-algebra morphism and since the squares in this diagram must commute. We
obtain that gt is the unique lift of ¢, and hence must be equal to ¢, which then
shows that ¢ is an O-algebra morphism. O

Corollary 1.3.4. Let O be a ring of integers of a non-Archimedean local field
of characteristic zero and k its residue field. Then there is a unique isomorphism
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of O-algebras between O and Wy (k), such that

O ——Wop(k)

|

k

is commutative. Hence, this isomorphism is given by the ordinary O-algebra
structure O — Wo (k).

Proof: This follows easily by the previous Proposition by remarking that We (k)
is m-adic by obvious reasons and that Wy (k)/7Wp (k) = k holds, since we have

z=3 el =) g =) 7]
n=0 n=0 n=0
for each x € Wo (k) O

Lemma 1.3.5. Let O — O’ be a totally ramified extension of rings of integers of
non-Archimedean local fields of characteristic zero and k the residue field of O’
and O,which has ¢ elements. Then O’ @ W (1) and We (1), where [ is a perfect
field extending k, are canonically isomorphic as O’-algebras. This morphism is
obtained by sending ¢ ® w to au(w) and is Wy ({)-linear as well.

Proof: Since it is easily seen that 7’ is not a zero divisor in O’'®oWp (1) and Wer (1)
and that both rings are ’-adic, we just need to confirm that O'@eoWe (1) /7' O' @0
Wo(l) and Wer (1) /7'Wer(l) equal . Then we can utilize Proposition 1.3.3. By
the analogous calculation as in the proof of the previous Corollary we obtain
Wor (1) /7" Weor (1) = 1. We now consider the exact sequence

0—-n0 -0 = k—0.
After tensoring these O-modules with W (l) we obtain the exact sequence
0— 70 @0 Wo(l) = O @0 Wo(l) = k@0 Wo(l) — 0.

Since 'O' ® Wo (1) is the maximal ideal of O’ ®» Wo (1) we get that the residue
field is
O @0 Wo(l)/7'0' @0 Wo(l) 2k @0 Wo(l) =k @0l 21,

hence first assertion follows. Because of the uniqueness of this (iso)morphism we
also obtain the last assertion of the Lemma. O

Lemma 1.3.6. Let O and O’ be rings of integers of non-Archimedean local fields
of characteristic zero, k the residue field of @’ and [ a perfect field extending k.
If O’ is nonramified over O, then vu; : Wo(l) — Wer(l) is an isomorphism. If
O’ is totally ramified over @ with ramification index e, where 7, 7' are fixed
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uniformizing elements of O resp. O, then u; : Wo(l) — Wer (1) is injective and
turns Wer (1) into a free Wo(l)-module of rank e obtained by adjoining 7’ to
Wo(l), which satisfies an Eisenstein equation 7/¢ + ay7/®~ ! + ... +a. = 0, i.e.,
a; € 7O and a, ¢ 72O holds.

Proof: The assertion for the nonramified case is easily seen by computing wu;
directly. In the totally ramified case, we obtain, because of Wp(k) = O and
Wor (k) = @', that

Wo (k)[x')/(P(x')) = Wor (k)

holds, where P(z) = 2¢ + ayjz° ' + ... + a.. Hence, by Lemma 1.3.5 we obtain
the isomorphism

Wo()[r']/(P(x")) = O" @wy iy Woll) =~ Wor(1).






Chapter 2

f-O-Display theory

Unless otherwise stated, from now on, O is always an RRS and the rings resp.
O-algebras denoted by R, R', S, 5, Ry etc. are always assumed to be unitary. Let
f = 1 be anatural number. In this chapter we introduce the basic definitions and
assertions of f-O-display theory generalized to our situation. Once we finished
this, we are going to introduce for each O-algebra R (with 7 nilpotent in R)
the BT, ((9f ) functor, which associates to each (nilpotent) f-O-display over R a
(m-divisible) formal O-module over R. Furthermore, we will revisit Drinfeld’s
equivalence for reduced Ep g-modules and formal O-modules and let us inspire
by this in order to introduce functors ©;(0, ") and I';(O, O’) for nonramified/
totally ramified extensions O — O’ of rings of integers of non-Archimedean local
fields of characteristic zero in the last section, of which we will show in the
end that they are equivalences which will in turn be important to establish the
generalized main Theorem of display theory. Furthermore, from now on, when
we consider rings of integers of non-Archimedean local fields of characteristic zero
0,0 etc., then 7, 7" etc. are uniformizing elements of 0,0’ etc. and p is the
characteristic of the residue fields of O, O’ etc., which have ¢, etc. elements.
For the constructions made for Drinfeld’s generalized Cartier equivalence and
the functors Q,;(0, ') resp. I';(O,0’) etc., we sometimes make use of the O-
algebra resp. (0’-algebra of ramified Witt vectors for a particular choice of the
uniformizing element 7 resp. 7’ for the rings of integers of non-Archimedean
local fields of characteristic zero O resp. (’. Nevertheless, up to canonical
isomorphism, the structures are independent of the choice of 7 resp. 7’.

15
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2.1 f-O-Displays

In this section we introduce the definition of an f-O-display and some aspects
concerning Zink’s display theory with respect to an (O-algebra of ramified Witt
vectors.

Definition 2.1.1. Let O be an RRS, f > 1 a natural number and R an O-
algebra. An f-O-display P over R is a quadruple (P, @, F, F}), where P is a
finitely generated projective Wy (R)-module, @ a submodule of P and F' : P — P
and F} : Q — P are ¥ " linear maps, such that the following properties are
satisfied:

1. Io,rP C Q and there is as normal decomposition of P, i.e., there is a direct
sum decomposition of W (R)-modules P = L&T, such that Q = L& Ip gT
holds.

2. F) is an F/ Yinear epimorphism, i.e., its linearisation

Ff : Wo(R) D Wo(R) Q — P
w®q — wkg,

where w € Wp(R) and g € @, is surjective.
3. For z € P and w € Wp(R), we have
B (Vwz) = W,
The finite projective R-module P/Q is the tangential space of P. If f =1, we
call P just an O-display.

This definition is very similar to [Zin02, Definition 1]. Furthermore, as in
Zink’s article we should remark that

F1<V1m) =Fz

holds for all x € P, hence F' is uniquely determined by F;. When we apply this
equation to an element y € ) we get

Fy=m-Fuy

by (1.14). In the definition of an f-O-display we demanded the existence of a
normal decomposition. However, we may state an equivalent form for 7-adically
complete and separated R, which will be needed later.

Proposition 2.1.2. (cf. [Zin02, Remark after Lemma 21]) Let S — R be a
surjection of rings, such that S is complete and separated in the adic topology of
the kernel, and P a finitely generated projective R-module. Then there is a tuple
consisting of a finitely generated projective S-module P and an isomorphism
¢: R®g P — P. This tuple is uniquely determined up to isomorphism.
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Now if we consider wo : Wo(R) — R for a m-adically complete and separated
O-algebra R, where O is an RRS, then the kernel is Ip g and Wp(R) is complete
and separated in the Ip r-adic topology by the obvious generalization of [Zin02,
Proposition 3]. Let us consider for an f-O-display over R the finitely generated
projective R-module Py = P/Ip rP. The R-modules Ly = Q/Ip grP and Ty =
P/@Q form a direct sum decomposition of Py. By lifting the finitely generated
projective R-module Lg to a finitely generated projective Weo(R)-module L we
obtain by the universal property of projective modules a morphism of the lifts
L — P. If we lift Ty in the same way we obtain a morphism L & T — P,
which is an isomorphism by the lemma of Nakayama. By these considerations
the following Corollary is easily seen:

Corollary 2.1.3. Let O be an RRS and R a m-adically complete and separated
(O-algebra. Then the first property of Definition 2.1.1 is equivalent to the assertion
that Io rP C @ holds and P/Q is a finitely generated projective R-module.

Next we introduce an operator V¥, which reminds us of the usual operator V/
in Cartier and Dieudonné theory:

Lemma 2.1.4. (cf. [Zin02, Lemma 10]) Let O be an RRS, R an O-algebra and
P an f-O-display over R. There exists a unique Wp(R)-linear map

VE: P = Wo(R) @ty ) P

which satisfies the following equations for all w € Wp(R),z € P and y € Q:

Vi wFz) = m-w®ur,

Furthermore, we get F#V# = ridp and VIFF = Tidw,(R)®

Pl wom?

The proof in Zink’s paper is easily generalized to W (R) and the f—linearity,
so we do not state it here.

By V. P — WO(R)_®Ff",W@(R)
o Vo Vi where TV s the Wo(R)-linear map

P we mean the composite map FIC=Dyg
ld (8}772'71/]/0(]{)‘/ji : W@(R) ®Ffi,Wo(R) .P — WO(R) ®Ff<i+1>,Wo(R) P
Now we are able to introduce the Definition of a nilpotent f-O-display.

Definition 2.1.5. Let O be an RRS, R an O-algebra with « nilpotent in R and
P an f-O-display over R. We call P nilpotent, if there is a number N such that
the composite map

pr O‘/v]\/vIi P — WO(R) ®FfN,Wo(R)P — WO(R)/(IO,R+7TWO(R))®FfN7WO(R) P

is the zero map.
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2.2 Morphisms, base changes and descent data for f-O-
displays

Let O be an RRS, R an O-algebra and P = (P,Q, F, Fy),P' = (P',Q', F', F})
two f-O-displays over R.

Definition 2.2.1. A morphism « : (P,Q, F,Fy) — (P',Q', F', F]) between two
f-O-displays is a morphism of Wy (R)-modules

ap: P — P /,
such that the image of ag := ap|g is contained in Q" and that the diagrams

ap

P——P

and

commute.

Together with these morphisms, the f-O-displays over R form a category,
we call it (f — dispp /R) or only (dispy /R), when f = 1. For 7 nilpotent in
R, the nilpotent f-O-displays over R form a full subcategory, we denote it by
(f —ndispp /R) or (ndispp /R), respectively.

Another very similar (and in fact categorial equivalent) structure compared to
f-O-displays are the f-O-Dieudonné modules over an O-algebra R with 7R = 0,
which is a perfect field.

Definition 2.2.2. Let O be an RRS and R as above. Then an f-O-Dieudonné
module is a finitely generated free W (R)-module M together with two maps,
an P’ linear map F': M — M and an F~' Jinear map V : M — M, such that
FV =VF = m. A morphism between two such modules M and M’ is as usual,
i.e., a Wo(R)-linear map M — M’ such that the two corresponding pairs F, F’
and V, V' respect this mapping.

The following proposition may be considered as an extension of Proposition
15 in [Zin02].

Proposition 2.2.3. With O and R as above, the category of f-O-displays over
R is equivalent to the category of f-O-Dieudonné modules over R. Nilpotent
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f-O-displays correspond to f-O-Dieudonné modules, where V is topologically
nilpotent in the m-adic topology, i.e., for all » € N, there is an n € N, such that
VM C oM.

Since this fact is not very hard to prove, we only give a sketch of proof

which is based on what has been done in [Zin02]. For a given ramified f-O-
Dieudonné module (M, F,V), we get an f-O-display (P,Q, F, F) by defining
P=M,Q=VM,F:M —>Mand F;, =V~': VM — M.
If we start with an f-O-display (P,Q,F, F}) we get an f-O-Diedonné module
(P, F,V) by setting as the composite V = (V*, where V¥ : P — Wo (k) Dr! W (k)
P is as usual and ¢ : Wp(k) Dr! W (k) P — Pis given by w ® z —F " waz.
Implicitly, we have used Lemma 1.2.6 here, since it justifies to use ¥’ ' here and
in the above Definition. The equivalence of the nilpotent structures is left to the
reader.

To introduce the notion of a base change, we need an O-algebra morphism
R—S.

Definition 2.2.4. (cf. [Zin02, Definition 20]) We define the f-O-display obtained
by base change Ps = (Ps,Qs, Fs, F1,g) to consist of

e Ps:=Wo(S) @wy,(r) P,
e Qs := ker(wo ® pr), where

wo @ pr : Wo(S) ®w,(r) P — S ®r P/Q,

e Fg =" @F and
o [ 5:Qs — Ps to be the unique F Jinear morphism which satisfies

s
Fswey) = "we Ry,

FsVweor) = Flwe Fa

for all w € Wp(S), z € P and y € Q.

Because the uniqueness of F7 g is clear, we choose a normal decomposition
P =L&T and get an isomorphism

Qs = Wo(S) @wy(r) L © lo,s Qwe(r) T,

with which the existence is easily verified. Hence, the definition is sensible.

We should remark a very important case of base change, which will be needed
for obtaining that BT((,)f ) (P,—) is a m-divisible formal O-module over R for a
nilpotent f-O-display over R, where R is an O-algebra with 7 nilpotent in R (cf.
[Zin02, Example 23]). Let R be an (O-algebra, such that 7R = 0. Let Frob,
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denote the Frobenius endomorphism defined by F'roby(r) = r? for all r € R and
P = (P,Q, F,F|) be an f-O-display over R. The Frobenius ¥ on Wp(R) is given
by Wo(Froby). Hence, if we set

P9 = Wo(R) @rwon) P
QY = Iogr®pwom P+ Im(Wo(R) ©rwom Q)

and define the operators F(@ and Fl(q) in a unique way by

FOwoz) = @ Fa,
Fl(q) Vwez) = P 'we Fr,
Flwey) = Hwe Ry

for all w € Wo(R), z € P and y € @, we obtain that the f-O-display obtained
by base change with respect to Frob, is Pl = (P(Q),Q(q),F(Q),Fl(q)). It is
essential to demand 7R = 0 here, otherwise Q9 /o, 7P would not necessarily
be a direct summand of P@ /o, rPYW. Let us denote the k-fold iterate of this
construction by P@") and consider the map V¥ : P — Wo(R) Qs wor) P of
Lemma 2.1.4 and F* : Wo(R) QFf Wo(R) P — P. V! maps P into Q(qf) and F*
maps Q@) into Io rP. Both commute with the pairs (F, F(qf)) and (Fl,Fl(qf))
respectively, so V* induces the so called Frobenius morphism of P, which is a
morphism of f-O-displays

Frp:P — P (2.1)
and F* induces a map of f-O-displays
Verp : P4 — P,

which is called the Verschiebung. By using Lemma 2.1.4 we obtain two analogous
relations to the ones cited in this Lemma

Frp Verp = 7 -id and Verp Frp = 7 -idp.

plaf)

In order to overcome the nilpotence requirement of 7 in Definition 2.1.5, we
can extend it now to the following case:
Let R be a topological O-algebra, where the linear topology is given by the
ideals R =ap D a; D ... D ay,..., such that a;a; C a;;; holds. Furthermore,
we demand the nilpotence of 7 in R/a; (and hence in all R/a;) and that R is
complete and separated with respect to this filtration.

Definition 2.2.5. With R as above an f-O-display over R is called nilpotent,
if the f-O-display obtained by base change to R/a; is nilpotent in the sense of
Definition 2.1.5.
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Let P be a nilpotent f-O-display over R. We denote by P; the f-O-display
over R/a; obtained by base change. Then P; is a nilpotent f-O-display in the
sense of Definition 2.1.5. There are obvious transition isomorphisms (see Defini-
tion 2.2.1)

(ﬁi : (PiJr]_)R/ui — 7)1

Conversely, assume we are given for each index ¢ a nilpotent f-O-display P; over
the discrete O-algebra R/a; and transition isomorphisms ¢; as above. It is easily
seen that the system (P;, ¢;) is obtained from a nilpotent f-O-display P over R.
Hence, we obtain, after considering the morphisms of the category of systems of
nilpotent f-O-displays (P;, ¢;) and the morphisms of the category of nilpotent
f-O-displays over R, that both categories are equivalent by the above association.
This equivalence fits well to [Mes72, Chapter II, Lemma (4.16)].

We need to introduce descent theory for f-O-displays, i.e., we need to find
out, given a faithfully flat O-algebra morphism R — S, what structure do we
have to require addtitionally to an f-O-display over S to lift it uniquely to an
f-O-display over R.

Lemma 2.2.6. (cf. [Zin02, 1.3. Descent]) Let R — S be a faithfully flat O-
algebra morphism. Then we get the exact sequence

o, kst
R—>S_>S®RSES®RS®RS, (2.2)
q2 a3

where ¢; is the map, which sends an element of S to the i-th factor of S ®p S
and g;; is given by sending the first component of S ®g S to the i-th component
of S®r S ®r S and the second one to the j-th component of it.

Definition 2.2.7. With O, R — S, ¢; and ¢;; as above and 7 nilpotent in R we
denote for an f-O-display over S, say P, the f-O-display over S ®p S obtained
by base change via ¢; by ¢;P and similarly for f-O-displays over S®rS®gS and
¢ij- A descend datum for P relative to R — S is an isomorphism of f-O-displays
a: ¢iP — ¢;P, such that the cocycle condition holds, i.e., the diagram

qia
TGP — ¢ a3P

a3 P 23397 P
lqﬁo‘ J{q§3a
QT3Q§P = (53@7)

is commutative.

It is obvious that we obtain for any f-O-display P over R a canonical descent
datum ap for the base change Pg over S relative to R — S.
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Theorem 2.2.8. (cf. [Zin02, Theorem 37]) With the terminology as in Definition
2.2.7, we get that the functor P — (P,ap) from the category of f-O-displays
over R to the category of f-O-displays over S equipped with a descent datum
relative to R — S is an equivalence of categories. We also obtain an equivalence,
when we restrict to nilpotent f-O-display structures.

Definition 2.2.9. Let O be an RRS, S an O-algebra, R an S-algebra and P an
f-O-display over R. We call an S-action, i.e., an O-algebra morphism ¢ : S —
End P, strict, iff the induced action 7 : S — P/Q coincides with the S-module
structure given by the R-module structure of P/@Q and restriction to scalars.

Now we try to utilize this assertion to prove a result, which will become
important in chapter four, when we are dealing with algebraic stacks.

Proposition 2.2.10. Let O — O’ be a morphism of RRSs, i.e., not necessarily
excellent (see Definition 1.1.1), R — S a faithfully flat morphism of O’-algebras
and f, f/ two natural numbers > 1. Let G4 be a functor between the category
of (nilpotent) f-O-displays over A and the category of (nilpotent) f’-O’-displays
over A for A = R,5,S ®r 5,5 ®r S ®r S. Assume that these functors are
compatible with the base change functors induced by ¢;,¢;; (with the obvious
notation) and R — S, that Ggg,s is fully faithful and Gsgpse,s is faithful.
Now let P’ be a (nilpotent) f’-O’-display over R, such that the base change P’g
lies in the image of Gig. Then P’ lies in the image of Gg. The same assertion is
true, when the domain of G4 is the category of (nilpotent) f-O-displays over A
equipped with a strict O@’-action for each A as above.

Proof: Let P be a (nilpotent) f-O-display over S, such that Gg(P) = P’g. It is
our aim to construct for P a descent datum relative R — S, so we would obtain by
Theorem 2.2.8 a (nilpotent) f-O-display over R, which has the image P’. Since we
obtain a descent datum for P’g, we may lift the isomorphism o' : ¢iP's = ¢5P’s
toa: ¢iP = g5 P, since Gsg s is fully faithful. Now we may establish the cocycle
diagram for o, where we need to show its commutativity, but this follows from the
faithfulness of Gsg 59,5 and the compatibility of the G’s with the base change
functors. The last assertion follows from the same argumentation as above by
attaching a strict (O'-action to the objects of the categories of the equivalence of

Theorem 2.2.8. O

2.3 The formal O-module BT((Qf)(P, -)

Let O be an RRS, R an O-algebra and N a nilpotent R-algebra. Then by
restriction to scalars N can be considered as a nilpotent O-algebra. We get that
Wo(N) is a Wo(R)-algebra. As in the previous chapter, we denote by Wo ()
the Wo(R)-subalgebra of Wo(N) consisting of the ramified Witt vectors with
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finitely many non-zero entries. For a given f-O-display P = (P,Q, F, Fy) we
consider the following W (R)-modules, which can obviously be considered as
O-modules by restriction to scalars via O — Wp(R):

p—

Py = WolN) ®wer P (2.3)
Ay = Wo(N) Owe(r) L ® oy Owe(r) T (2.4)

Here P = L & T is a normal decomposition. Let S be the unitary R-algebra
RIN| = R® N with an addition in the obvious way and a multiplication given
by

(r1,m1)(r2, ne) = (r172, r1ne + rong + ning) (2.5)

for all n; € N and r; € R. If we denote by Ps = (Ps,Qs, Fs, F1,g) the f-O-
display over S obtained from P via base change R — S, we can consider JSN as
a submodule of Pg and obtain @ N = JSN NQgs. By restricting Fg : Ps — Pg and
Fi5: Qs — Ps, we obtain operators

F:]gj\/ — ]3/\/,
F1:@N — ]3/\/.

Now we are able to associate to an f-O-display P a finite dimensional formal
O-module BT((Qf ) (P,—), for the basic definitions of formal groups / formal O-
modules we refer to Appendix A. In the case that f = 1, we will just refer
to BTo(P,—). Our aim is to use the O-module structure of the just introduced
modules, such that every group BT((Qf ) (P,N) becomes an O-module and for every
R-algebra morphism N° — N’ the induced group morphism BT((Qf) (P,N) —
BT ((9f )(P,N ") becomes an O-module morphism. For this purpose we formulate a
theorem, which is a modified version of theorem 81 given by Zink in [Zin02]. The
proof is very similar, but because of its importance for the understanding of the

BT((Qf ) functor we will write it down here fully.

Theorem 2.3.1. Let P = (P,Q, F, F1) be an f-O-display over R. Then the
functor from Nilg (the category of nilpotent R-algebras) to the category of O-
modules, which associates to any N € Nilg the cokernel of the morphism of
abelian groups

F—id:Qy — Py (2.6)

where id is the natural inclusion, is a finite dimensional formal O-module, when
considered as a functor to abelian groups equipped with a natural O-action. This
functor is called BT((,)f ) (P,—). We obtain an exact sequence of O-modules

—~ F1—id ~
0 On —> Dy BT (P, N) —=0.
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In the proof, we have to make use of something similar to divided powers as
has been done in [Zin02, 1.4. Rigidity.].

Definition 2.3.2. (cf. [Fal02, Definition 14]) Let O be an RRS, R an O-algebra
and a C R an ideal. An O-pd-structure is a map 7y : a — a, such that

o moa(e) =,
o y(r-z)=r?-v(zx) and
o Y(@+y) =@ + (W) + Xocicg () /7) -2t - yT~

hold for all » € R and z,y € a. If " denotes the n-fold iterate of ~, we call v
nilpotent, if a™l = 0 for all n > 0, where al” C a is generated by all products
[17% (z;) with z; € a and ) ¢% > n.

If we define for each n a map

oy = ﬂqnfl_’_qnf?_l,_._.-l,-q—‘,—l—n . ,}/n ca— a, (27)
we can define
w,, : Wo(a) — a (2.8)
(0, X1y ey Tpy.-r) — an(xo) +an_1(x1) + ... +a1(zp—1) + zp,

which should not be confused with the n-th Witt polynomial of Wy (.S) for some
O’ and some (’-algebra S. The map w), is wy-linear, this means that beside
additivity w/,(ra) = wy,(r)w] (z) holds for all n € N, z € Wp(a) and r € Wo(R).
The main application of this structure is the following: We define on a¥ a Wo (R)-
module structure by setting

§[a0, at, .. } = [Wo(f)ao,wl(f)al, .. ]

with ¢ € Wo(S) and [ag,a1,...] € a¥. Tt is not too hard to check that we then
get an isomorphism of Wy (.S)-modules
log : Wo(a) — o (2.9)
a=(ag,ai,...) — [wy(a),wi(a),...].
We should also remark how ¥,V and multiplication are described on the right
hand side (by passing to a suitable universal situation):
[ao, aj, .. .][bo, bl, .. ] == [agbo, 7m1b1, e ,Wiaibi, . .], (210)

Flag,a1,...] = [ray,mag,... mai,.. ], (2.11)

V[ao,al,...] == [O,ao,al,...,ai,...] (212)
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hold for all [ag, a1, ...}, [bo, b1, -.] € al¥. We define the ideal a C Wo(a) by
log~!([a,0,0,...]| forallac a). (2.13)

It should be remarked that “a = 0 holds. We will use this ideal in the following
simple Lemma:

Lemma 2.3.3. (cf. [Zin02, Lemma 38]) Let P = (P, Q, F, F}) be an f-O-display
over R and a C R an ideal equipped with an O-pd-structure. Then there is a
unique extension of Fj to

Fy : Wo(a)P+Q — P,
such that FjaP = 0 holds.
Proof: If we choose a normal decomposition P = L @ T, then
Wo(a)P+Q =aT & L& IoRT.

We define F; : Wo(a)P 4+ Q@ — P with the help of this decomposition. We need
to verify that FyaL = 0 holds, which follows, since ©'a = 0. O

Furthermore, if ay,(a) = 0 for all n > 0, we get a map
log : Wo(a) — a®™, (2.14)

which becomes an isomorphism if « is nilpotent. Now we turn to the proof of
Theorem 2.3.1.

Proof: If N2 = 0, then N has a trivial O-pd structure v = 0, and we can consider
all the results of 1.4. of [Zin02] without fearing our new situation here. Of course,
all the argumentations dealing with the A2 = 0 case and v = 0 can be extended
to arbitrary nilpotent R-algebras with a nilpotent O-pd structure. We can extend
I :@N—>]3Ntoamap

F V[/%(N) ®WO(R)P_>W5(N) ®W@(R)P (2.15)

by applying Lemma 2.3.3 to F} : Qg — Pg first (with S = R & N) and then
restricting to I/I//E(N) ®we(r) P- So now we first show that (2.6) is injective.
The functors N +— PN and N — Q n from Nilg to Modp are exact in the sense
that if we apply any of these two functors to any short exact sequence in Nilg
we obtain a short exact sequence in Modn, where we establish the fact for @ N
by considering its decomposition (2.4). Any nilpotent N admits a filtration

0=NyCN C...CN, =N

with /\/12 C N;_1, so we are allowed to reduce our observations to N2 = 0 and we
then may equip A with the trivial O-pd structure again. The map (2.6) can be
seen as the restriction of

—id: WoN) @wom P = WolN) @wom) P, (2.16)
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where F} is the map (2.15). We obtain the injectivity of (2.6), when we prove
that (2.16) is an isomorphism by showing that this F} is nilpotent, what we will
do now.

Because the divided powers are nilpotent, we get an isomorphism

WB(/\/) ®WO(R) P — @N ®Wi,WO(R) P.
>0

We want to describe, what happens if we let F} act on the right hand side induced
by this isomorphism. We define the operators K; for all ¢ > 0 by

Ki: N @y wom) P — N Oy wor) P

ez — nlla® Fa.
Then it is easily checked that F} is given on the right side by
Fl[uo,ul, . ] = [K1Uf, Kguf+1, .. }

and the nilpotence follows.
Hence, we may define BT((Of ) (P,N) by the exact sequence

—~ FFi—id ~
0 Qn —= Py — BT (P, N) —0.

There is an obvious O-module structure on BT, ((Qf ) (P,N). For an R-algebra
morphism 7 : N' = M with N, M € Nilg we receive an O-module morphism
BT((Qf) (P,n): BT((Qf) (P,N) — BT((Qf) (P, M) by the commutative diagram

~ Fi1—id ~

0 Qn - Py BT((Qf)(P,N) —0
7 " lBT((?f) (P.m)
—~ F1—id ~

0 Om—— Py BTY (P, M) —=0,

where 7 is the induced morphism 7 ® id : Pyy — Pug and 7/ is the restriction
of " to Q. It is easily seen that the image of 1/ is contained in Q by using
ﬁ(a/) C 1%74 and the decomposition for @ v and @ M- We need to verify that
the conditions of Definition A.0.1 hold. The first two points are clear because we
already remarked that the functors N — ]SN and N — @N are exact. For the

remaining points we need to look at ¢ B . Because we only consider Mod g

T(gf)(Pv_)
in Nilg, we have for any ' € Modg that A2 = 0. Hence, we can equip A/ with

the trivial O-pd structure again. We define an isomorphism

expp : N ®p P/Q — BT((,)f)(P,/\/')
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by the commutative diagram

0—Qun %> Py N &g P/Q ——0
\LFl—id leXpP
~ Fi—id ~

0—= Qy — Py — BTY)(P,N) —0.

One can easily deduce from this diagram that expp is an isomorphism. We see

furthermore that ¢ is isomorphic to M — M®prP/Q via this exponential

BTY (P,~)
mapping. Hence, it suffices to consider the latter functor and we obtain easily that
the last two points of Definition A.0.1 are satisfied. We conclude that BT((Qf ) (P,-)
is a formal group (with O-action), but since it is easily seen that the two O-actions

on the tangential space coincide, it is also a formal O-module. O

Let o : R — S be an O-algebra morphism and P an f-O-display over R. We
get an f-O-display a,P over S by base change and obtain a formal O-module
BT((gf )(a*P, —) over S. On the other hand, we obtain a formal O-module
oz*BT((,)f ) (P, —) over S by considering Nilg as a subcategory of Nilg and restrict-
ing BT((Qf ) (P,—) to it. The following Corollary says that the functor P —
BT((Qf )(P, —) from the category of f-O-displays to the category of formal O-
modules commutes with base change.

Corollary 2.3.4. (cf. [Zin02, Corollary 86]) With the conditions as above we
get an isomorphism of formal O-modules over S

a, BT (P, —) = BT (0, P, -).
We have for all /' € Nilg the obvious isomorphism
Wo(N) @we(r) P = WoN) @wy(s) Wo(S) @wer)y P = WoWN) @wy(s) axP,

which induces the isomorphism of the Corollary. We want to cite two Propositions
of [Zin02], from which we deduce that BTéf ) (P,—) is a m-divisible formal O-
module for all nilpotent f-O-displays P. The proofs are omitted here, because
apart from some obvious changes we would only copy them.

Proposition 2.3.5. (cf. [Zin02, Proposition 87]) Let O = (O, 7, q = p™) be an
RRS, R an O-algebra, such that TR = 0, and P a nilpotent f-O-display over
R. Furthermore, let Frp : P — P(@) be the Frobenius endomorphism (see (2.1))
and G = BT((Qf) (P,—) resp. Gl = BT((gf) (P(qf), —) be the formal O-module
associated to P resp. P, We obtain, because BT, ((Qf ) commutes with base

change by Corollary 2.3.4, a morphism of formal O-modules

BT (Frp) : G — G,
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which is the Frobenius morphism of the formal O-module G (with respect to
x +— z9) iterated f times Fré. (This Frobenius is the obvious generalization of
[Zin84, Kapitel V]).

Proposition 2.3.6. (cf. [Zin02, Proposition 88]) With the setting as in Propo-
sition 2.3.5, we obtain that there is a number N and a morphism of nilpotent
f-O-displays

v:P— P(qu),

such that the diagram

is commutative.

Corollary 2.3.7. (cf. [Zin02, Proposition 89]) Let O be an RRS, R an O-algebra
with 7 nilpotent in R and P a nilpotent f-O-display over R. Then BT((Qf ) (P,—)
is a m-divisible formal O-module (cf. Definition A.1.2).

Proof: First we consider the case, when 7R = 0. Then we may apply BT, g ) to
the diagram of Proposition 2.3.6 and we obtain that some iteration of the Frobe-
nius on BT, ((9f ) (P,—) factors through 7 and some other morphism. By [Zin84,
5.18 Lemma| and [Zin84, 5.10 Satz|, we obtain that 7 is an isogeny. Hence,
BT((Qf ) (P,—) is a m-divisible formal O-module over R.

If 7 is nilpotent in R, then a formal O-module is 7-divisible, iff its reduction mod-
ulo 7 is m-divisible (cf. [Zin84, 5.12 Korollar|). Hence, we know that BT((f)f ) (P,—)
is m-divisible. 0

2.4 Drinfeld’s equivalence of formal O-modules and re-
duced Cartier modules revisited

Let O be an RRS and R an O-algebra. First we will introduce the Cartier ring
Eo r as it has been done in [Dri76]. In this article the not necessarily commutative
O-algebra Ap g is considered, which is generated by Wp(R) and the elements F
and V' in which the following relations are demanded to hold for all a € Wy (R)

VaF = Va, (2.17)
Fa = FaF, (2.18)
aV = Vla, (2.19)
FV = (2.20)
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The right ideals, spanned by V! i.e.,

ViAo r ={ Y V'anmF™ € Aog|anm € R,agm =0if k <1},

n,m>0

where we have the elements in the usual presentation, give us a topology and we
define

Eo,r = @AO,R/VIAO,R-
We may embed Wo(R) in Ep r by

z = Y Vin|F€Eonr (2.21)
=0

for each € Wp(R). Furthermore, each element e € Ep r may be written in a
unique way as

e= Y V'anmlF™, (2.22)

n,m>0

where a, ,, € R and for fixed n the coefficients a,, ,, are zero for m large enough.
We now come to the definition of a special kind of Cartier module (this means an
Eo r-module here), for which we will show that the category of all those modules
is equivalent to the category of formal O-modules over R (see Definition A.0.2),
when O is the ring of integers of non-Archimedean local field of characteristic
Z€ero:

Definition 2.4.1. (cf. [Dri76]) With R and O as above, a Cartier module over
R and O, i.e., an Ep gr-module, say M, is called reduced, if the action of V' is
injective, M = lim M/VEM and M/V M is a finite projective R-module. M/V M
is called the tangential space of M.

Definition 2.4.2. Let O be an RRS, O — S a ring morphism, R an S-algebra
and M a (reduced) Ep p-module. Then we call an S-action, i.e., an O-algebra
morphism ¢ : S — End M, strict, iff the induced action 7 : S — M/V M coincides
with the S-module structure given by the R-module structure of M/V M and
restriction to scalars.

Unless otherwise stated, we will assume for the rest of this section that O
and O are rings of integers of non-Archimedean local fields of characteristic zero.
This is important, when, for example, one wants to show that the element y
defined by (2.24) is a unit in W (R), which would not be the case for each RRS,
e.g., (Z,p,p). Now let R be an O-algebra and M a reduced Ep g-module.

If we assume that the R-module M /V M is free, we may choose as in [BC91, (1.5)]
a V-basis of M, say m1,...,mqg € M. This means that the reductions of the m;
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modulo V form an R-module basis of M/V M. We may write each element of M
in a unique way as
d
22 VVenddmi
n>0 i=1

with ¢, ; € R. Furthermore, we get that F' is uniquely described by

d
F(mi) =Y V"[enjilm;
n>0 j=1
for each i = 1,...,d with ¢, j; € R. Conversely, if we are given ¢, j; € Wo(R)
for each n > 0 and 1 < 4,5 < d, there exists up to unique isomorphism a reduced

Eop,gr-module M with M/V M free over R and a V-basis mi,...,mgq € M, such

that .
F(ml) = Z Z V"cmjﬂ-mj

n>0 j=1
holds for each i = 1,...,d.
The same argumentation holds for the action of . This means, given a reduced
Cartier module M and a V-basis m1,...,mgq € M, there are uniquely determined
elements d,, ;; € R for m > 1 and 1 <14, j < d, such that

d
™m; = [w|m; + Z Z V" dimj.ilm

m>1 j=1
holds for all ¢ = 1,...,d. Conversely, if we are given d,, ;; € Wo(R) for each

m > 1and 1 < 4,5 < d, we obtain up to unique isomorphism a reduced Ep g-
module M with M/V M free over R and a V-basis my,...,mg € M, such that

d
™, = [ﬂ]mz + Z Z dem’j,imj
m>1 j=1

holds for each i = 1,...,d. We obtain F' by the fact that
m—[n] = VyF (2.23)

holds with y € Wp(R), which can be considered as the image of an element
y € Wo(O) (with a little misuse in the notation) given by

7L+1_1

wp(y) =1— 71 (2.24)

via the obvious morphism Wy (O) — Wp(R). Hence, since yy = wo(y) is a unit
in O, y is a unit in W (O) and so a unit in Wy (R) and we obtain

d
Fmi = yilzzvmildmdﬂ'mj

m>1 j=1

d
= S 3 v Y d a)my,

m>1 j=1
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so by the aforementioned, the exists a unique reduced Cartier module, satisfying
the structural equations for ' and hence the equations for w as well.

Theorem 2.4.3. (cf. [Dri76]) Let O be the ring of integers of a non-Archimedean
local field of characteristic zero and R an O-algebra. Then the category of formal
O-modules over R is equivalent to the category of reduced Ep r-modules.

The proof, which now follows, is essentially the same, as the one that can be
found in the article of Drinfeld, but we have taken an extended form of reduced
Cartier modules, since we consider an extended form of formal O-modules, at
least compared to the Definition of formal O-modules in the article of Drinfeld,
which rely on the Definition of formal groups in the sense of [Laz75], where the
tangential space is finite and free. The second part of the proof is due to Zink.
Here the proof of the equivalence is a bit different from Drinfeld’s. Nevertheless,
the functor is the same. We will give the full proof here, since in Drinfeld’s article
the proof was very short and needs explanation at many points.

Proof: When O = Z,,, the theorem is established in [Zin84, 4.23 Satz]. Hence, it
suffices to prove that if O — (O’ is an extension and the theorem is true for O,
then it is true for O as well.

First we assume O to be nonramified over O of degree f and R to be an O'-
algebra. Formal (’-modules over R are equivalent to reduced Eo,r-modules
equipped with a strict O’-action. The morphism @' — R induces a morphism
0" — Wo(R) which is obtained by the composition of k : O" — Wpn(O') (see
(1.2)) and W (O') — Wo(R). From this we obtain that O’®@pEe p is isomorphic
to a product of f copies of Ep r. This can be seen in the following way: Let
o denote the relative Frobenius of the extension @ — @’. Then O’ ®n O’ is
isomorphic to 0 via the map = @y — (zy,zo(y), ..., x07 "1 (y)). So we get

O ®oEor=0 00 (0 @0 Eor) = (0 ®00) &0 Eor=0" @0 Eonr
= (0'®o Eor) =EL g

We obtain a Z/ fZ-grading on M via M = EBieZ/fZ M;, where
M;={me M|ia)m =F"" am for all a € o'}

Here . : O — End M is the strict O'-action and the ¥ ' comes from O’ —
W(/)(R) Since CL(MZ) C M, foralla € Wo(R), V(Mz) - Mi-l—l and F(MZ) C M;_4
by (2.17)-(2.20), we have dega = 0 for alla € Wp(R), degV =1 and deg F' = —1.
V : M; — M1 is an isomorphism for ¢ # —1, and the actions of O’ on My, i.e.,
¢ and the other action obtained by 0" — Wp(R) — Ep g, coincide. We define
U:=VY'F: My - My. The image lies in My, since the map has degree
zero. To the element Y ° _ V"u(xp ) F"™ of the Cartier ring Eor g in the

n,m=0
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usual representation, i.e., xp,,, € Wo(R), such that x,,, = 0 for fixed n and
almost all m, where u is taken from Corollary 1.2.2, we associate the operator
Z;fm:O v/ "TmaU™. We have to verify that this association is well-defined, so
by this we would have turned My into an Ep/ g-module, which is reduced, and
may take this functor as an equivalence.

Obviously it suffices to show that, if >0 V"™"u(zp,n) '™ = 0, then the asso-
ciated operator operates as zero on Mj. We should bear in mind that

Z V’nu(ﬂfm’n)F/m — Z Vm—l—k[u(xm’n)k]F/k—i-m

n,m=0 n,m,k=0

by means of (2.21). We define a:g)n '= Ty, for all m,n. By reducing modulo V'

we get,
[o.¢] [o.¢]
> v ™= " fu( o]F =0 mod V/,
n,m=0 m=0

from which it follows that u(z,, © 0)o = (:USS?O) = 0 for all m > 0. Hence we can
() _V ()

write x,, for all m and obtain u(x( )0) =V (Ff_lyg’)o). So we have
n ™m m ) n 1

SV o ™ = Va2 gVl =g V" (00

where x((]li = 1:(()?%, :BS)I - yfi?o + :USS?I for all m > 0 and l'%)n = a:,(g)n

for all n > 2,m > 0. By reducing modulo V’? we get that (335,17)1)0 =0
(j).)

for all m. Inductively, we get (:Emd = 0 for all 5 > 0 and m, where for

7 > 1 we define a:(]) = x(()jj 1), x%)n = :Ly(ﬂn) foralln > j+1,m > 0 and
) . (43— 1) JrFf Y (4) (-1 _v )

Ly s 7= Ty Ym=1j-1 for m > 0 with Ty 11 = ymejfl. Hence, we

see for t € M(] and t,, := U™t for all m € Ny

i VI, U™ = megtm+ Z ving(O)

n,m=0 n=1,m=0

= ZVymOth+ Z vIng©

n=1,m=0

= ZVyﬁg,)ovffltm+1+ Z VIngQ) b,

m=0 n:l,m:()

00 P (g %)
= S vy e+ > VIO,

m=0 n:]_,m:()

oo o0
= fo((ﬂto + Z Vf$£,1l?1tm + Z Vf”xg,ll?ntm

m=1 n:27m:0

By repeating this step inductively, we get that > yin Tma U™t € VEM for
all k and because M is separated, > - v/ xmynU t = 0 must hold. Hence,
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the association is well-defined. We obtain a functor from the category of reduced
Eo,r-modules with a strict O’-action to the category of reduced E¢s r-modules
by passing to the My-modules and restricting the morphisms to the zeroth com-
ponent. It is easily seen that this functor is an equivalence.

Now we consider the case, where © — (O’ is a totally ramified extension,
and assume R to be an (O'-algebra . Let us consider the unique continuous ring
morphism p : Eo g — Eor g, which is obtained by

tlwor) = u,
w(v) = v/,
uw(F) = (x/")F".

With the help of this morphism we can build an obvious functor G from the cate-
gory of reduced Ep/ g-modules in the category of reduced Ep g-modules equipped
with a strict O'-action. First we show that this functor is fully faithful. We de-
fine ¢ € Eoy g by V¢ = 7' — [#'] and get that ¢ must be of the form yF’ with
y € Wor(R) as in equation (2.23) (with V' and F’ instead of V' and F'). From
equation (2.24) (with 7" instead of ), we get that y is a unit. It follows that all
elements ky are units in Wy (R) for all £ > 0 and hence, we may write each
element of Eo g in the form

(o]
Z V(@ )™,
n,m=0

where &, , € Wo(R). Let M, M’ be two reduced E¢r g-modules and ¢ : G(M) —
G(M') an Ep g-linear morphism between them which respects the O’-action. We
need to show that 1 is Eor g-linear. But this follows from V'i = pu(V)y =
(V) = V' u(w)y = plw)p = Ypu(w) = Pu(w) for each w € Wp(R) and
o) = 1, which in turn follows from V'py = (o' — [7'])y = (7’ — [#']) =
YV'o = V'ipp. Hence, G is fully faithful.
In order to show the essential surjectivity of GG, we first consider the case, where
the tangential space of the reduced Ep g-module equipped with a strict O’-action
is free. Let M be such a module and myq,...,mg a V-basis of M. If the action
of ’ is described by

d
7'm; = [7'Jm; + Z Z V™ en,jilm; (2.25)
n>1j=1

with ¢, ;; € R for i = 1,...,n, we define the reduced Ep/ gp-module M’ with
M'/V'M' free by

d
w'mi = 7m0 V™ enjalmi, (2.26)
n>1j=1
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where the m/ should be a V'-basis of M’ and the Teichmiiller representants are
elements of W/ (R). Since u([a]o) = [a]or for each a € R (where the indices
should indicate in which O-algebra resp. O’-algebra of ramified Witt vectors we
consider the Teichmiiller representants), we obtain that we may rewrite (2.26) as

d
w'mi = u((7)mf+ > Y V™u((en,zil)m). (2.27)
n>1j=1
By iterating the equation (2.25) for each k > 0, we obtain in M that
P = s 3V

n>1j=1

holds with £}, € Wo(R). Now let

=Y apr’* (2.28)
k=1

be obtained from the Eisenstein equation of degree e, when e is the ramification
index of the extension @ — (', which 7’ satisfies, so a;, € 7O for all k < e and
ae. € O*. From the above equations, we obtain

m™Tm; = (Z akﬂ'k)mi (2.29)

= Zak mZ+ZZV" Zakg(,yz

n>1j=1

This yields

ZZV” Z(I é-n]z = (ﬂ' - Zak[ﬂ',k])mi (230)
k=1

n>1 j=1
= VaFm;

with
e
= 7= "] (2.31)
k=1

We need to verify that «g is a unit in R. Then we would get the structural
equations by

DN 12@%

n>1j=1
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By some calculation, we obtain that

e—1
ap = 1— Z(ak/ﬂ')ﬂ'/kq 4707 q 0TS,
k=1

with
5 = ) (i ) H /Y,
. . . - . . 11, - Ze 15J -
0<in,.vte—1,J<q,i1+... +le—1+j=¢q =

We see that «q is clearly a unit when considered as an element of O’ and hence
a unit in R.

We obtain in M’ by the iteration of 7’ given by (2.27) and addition, the analogue
0 (2.29)

e
/ 1k,
m; = (Zakﬂ' )my;
- Sl XSV el

n>1j5=1

From this we obtain the analogue to (2.30)

ZZV’” Zaku 5(7])2))771; = (m— Zak[ﬂ"k])m'
k=1

n>1 j=1 k=1
= u(W—Zak[ﬂ'/k])m/
k=1
= V'u(a)(r/7")F'm],

with v € Wo(R)* given by (2.31). Since we may consider M’ as an Ep g-module
via the map pu, we obtain that the structural equations are the same as those for
M. Hence, M and M’ are isomorphic in a canonical way as Ep r-modules.
Clearly, the 7n’-action of both modules is respected by this isomorphism and so
the essential surjectivity is clear for reduced Ep r-modules with strict O’-action
and free tangential space. Now let M be an arbitrary reduced Ep r-module with
a strict O'-action, i.e., M/V M is just projective and not necessarily free. Let

pap A MyvM o (2.32)

be an exact sequence of R-modules, with P; and P finite and free. Let eq,...,eq,
be a basis of P, and m; be liftings of the 5(e;). We find equations

d
m'm; = [7']m; + Z Z V' [enjilm;

n>1 j=1
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for each i = 1,...,d and define the reduced Eo/ g-module L; with tangential
space Py by these equations (with some V-basis ¢; instead of m;), where we
consider the Teichmiiller representants as elements of Wy (R) and V' in place of

V. It is not too hard to verify that the obvious surjective mapping L; g M,
given by

Z V’”[cnﬂ-]’e} — Z v [cn,i]mi,

n,% n,0
with ¢,; € R, is an Ep g-linear morphism (where L; is considered as an Eop g-
module via the map p) respecting the O’-action and may be identified modulo
V with 8. The kernel K of E is a reduced Ep r-module equipped with a strict
O'-action and K/V K equals the image of a. When we repeat this procedure for
K instead of M and P, — Im « instead of 3, we obtain a reduced Eor g-module
L, with tangential space P, and an Ep g-linear morphism « : Ly — L respecting
the O’-action, which equals @ modulo V' = V’. Hence, we may represent M by
an exact sequence of reduced Ep p-modules with strict O’-actions

Ly S Ly — M =0, (2.33)

such that the tangential spaces of Ly and Lo are free (and the morphisms respect
the O’-actions). Since the functor G is fully faithful, & is also a Eor g-linear
morphism of reduced E¢ g-modules and we obtain an exact sequence of (at first
not necessarily reduced) Eo/ p-modules

Ly % Ly — Coker(a) =: M' — 0.

Clearly, when we consider this sequence as a sequence of Ep r-modules with strict
O’-actions, we get (2.33) back. But since p maps V to V' it is clear that M’ is
also a reduced Eor g-module. Hence, the equivalence is established in the totally
ramified case as well. O

We should remark that for each O an RRS, R an O-algebra, we may consider
Wo(N) for each N € Nilg as an Ep g-module. For e € Ep i as in (2.22), the
action is written as a right multiplication and is defined by

we = Z Vm([an,m](an))»

n,m>0

where w is an element of I/I//B(j\/’ ). It is left to the reader that this association
defines indeed a module structure. This generalizes [Zin02, Equation (166)].
Clearly, an morphism between N — N’ in Nilg induces a morphism of Ep p-
modules Wo (N) = Wo(N7).

Now let O be the ring of integers of a non-Archimedean local field of characteristic
zero again. By considering VI//B(N ) as an Ep r-module we will be able to see how
the functor from reduced Ep r-modules to formal O-modules over R described
in Theorem 2.4.3 looks precisely, but first we need two Lemmas.
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Lemma 2.4.4. (cf. [Zin86, (2.10) Lemmal) Let R be an O-algebra, A a nilpotent
R-algebra with a nilpotent O-pd structure and M a reduced Ep r-module. Then
we have an isomorphism of O-modules

WoN) @kg n M ~ N @p M/VM,

given by n®@m — Y. wi(n) ® Fim for all n € V/VB(/\/') and m € M, where the w/
are given by (2.8). The inverse mapping is given by n @ m — log~!(n,0,...)@m
for all n € N and m € M/V M, where m is any lifting of m and log is given by
(2.14).

The proof is left as an easy exercise.

Lemma 2.4.5. (cf. [Zin84, 4.41 Satz]) Let M be a reduced Ep r-module and N
a nilpotent R-algebra. Then Tor];.EO‘R(W//Z(/\/'), M) = 0 holds for each i > 1.

Proof: First we consider the case, where N2 = 0. If we take an exact sequence
of reduced Ep gr-modules

O—-L—-P—>M—0

with P a finite free Ep g-module, we obtain by tensoring with T/I//?g(./\/' ) by Lemma
2.4.4 an exact sequence (since M/V M is a projective, hence flat R-module) of
O-modules

0 >N®rL/VL—-3N®grP/VP—->NRrM/VM — 0.
This shows that the sequence of Ep r-modules
0= Wo(N) ®Eo.r L — Wo(N) ®Eo.r P — Wo(N) REor M — 0
is exact. Thus, by considering the long exact sequence
0 WoN)@go x M — Wo(N)®ge o P — WoN)@E, L + Tor,"F(Wo(N), M)

— Tor]fO’R(ﬁ/B(N), P) « TOI?O’R(WB(N),L) — TorIZEO’R(WE(N), M)+ ...
we first conclude that Tor]lEo‘R(WB(N), M) = 0 and since TorllEO’R(T/T//B(./\/'), P) =

0 for each i > 1, we obtain

Tor; ©*(Wo(N), L) = Tor, 5 (Wo (N), M)

for each 7« > 1. Inductively, since L is also a reduced Eop r-module, we obtain
that ToriEO’R(W@(N), M) =0 for each i > 1.
For general N' we proceed inductively as well. Assume the assertion has been
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shown for each N with N"~! = 0 and let N’ be a nilpotent R-algebra with
N'" = 0. By considering the exact sequence

0N 'S N S NN S0

and considering the long exact sequence analogue to the above one only with
the variation in the first argument, we obtain by Tor?o’R(W//(\g(N’T_l),M) =
Tor];-Eo’R(ﬁ/B(N'/N’T*l),M) = 0 for each ¢ > 1 that Tor];-Eo’R(ﬁ%(/\f’),M) =0
holds for each 7 > 1. O

Proposition 2.4.6. For each reduced Ep r-module M the functor from Nilg
to Modp given by %(—) ®Ep r M is a formal O-module. Furthermore, the
equivalence functor from the category of reduced Ep g-modules to the category
of formal O-modules as constructed in Theorem 2.4.3 is given by this functor.

Intuitively, the Proposition says that the construction of Drinfeld of the equiv-
alence is the obvious generalization of the classical equivalence for Z,,.
Proof: The only fact which is nontrivial in order to establish that V/VB(—)@)EQ M
is a formal O-module, is that the tangential space is a finite projective R-module
and that it preserves exact sequences. But this follows from Lemmas 2.4.4 and
2.4.5.
The second assertion is already confirmed for the Z,-case (cf. [Zin84, 4.23 Satz]).
Hence, as in Drinfeld’s proof, it suffices to show that if the assertion is true for
some O, for any extension O — O’ the assertion then follows for O’. So we first
consider the case, in which @’ is nonramified over O, and then the case, in which
@’ is totally ramified over O. We will only focus on the objects and leave it to
the reader to verify that the assertion holds for the morphisms as well. Let O’ be
nonramified over O, R an O'-algebra and M a reduced Ep g-module equipped
with a strict O’-action. By construction we obtain an E¢s g-module My. We
need to show now that Wo(—) ®Ee z M and Wor(—) ®E,, , Mo are isomorphic as
formal O’-modules. We consider the @’-module morphism 77, which is obtained
by the commutative diagram of (’-modules

WB(N) ®Eo, r M == @{;OI(WB(N) OFo g M),

wl lpr

M//E’ (N) ®EO’,R Mo e (ﬁ/(\?(-/\/’) ®EO,R M)O’

where wyr is obtained by sending a ® m to u(a) ® m with u as usual. This map
makes sense, because

(WoN) ®kex M)i ={ Y aj@m;|J finite ,a; € Wo(N),m; € M;}
jedJ
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holds for all i = 0,..., f — 1, where M = @{:_01 M; is the graduation of M from
the proof of Theorem 2.4.3. Since each (I/T//?g(/\/') ®Ep. r M); may be considered
in a canonical way as an Eo/ p-module, we obtain that wy and the projection
are in fact an E¢/ g-module morphisms, hence O'-linear. In order to show that
Ty is an isomorphism of @’-modules for each N, it suffices to reduce to the case
N? = 0, which is rather obvious by Lemma 2.4.4 since M (as an Eo, r-module)
and My (as an Ep/ p-module) have the same tangential spaces.

Now let O — O’ be totally ramified and R an O’-algebra. We start with a
reduced E¢r p-module M’ and consider the Ep r-module M equipped plus a
strict O’-action, which is obtained by restriction to scalars. We get an (’-module
morphism

_— . A ®idyy
W WoN)®ge M = Wo(N)®k, nEor r®E,, M’ N Wo (N)®g,, M,

where Ay 1 Wo(N) ®Eo  Eor,R — Wor(N) is obtained by sending a ® e to
u(a)e. Hence, by reducing to the A2 = 0 case and the fact that the tangential
spaces of M and M’ are the same, we obtain by Lemma 2.4.4 again that yy is
an isomorphism for each N. O

It is of course interesting to ask how we may describe the reduced Cartier
module of a formal O-module associated to an f-O-display over an O-algebra R,
where O is the ring of integers of a non-Archimedean local field of characteristic
Z€ero.

Proposition 2.4.7. (cf. [Zin02, Proposition 90]) Let P = (P,Q, F, F1) be an
f-O-display over an O-algebra R. The reduced Ep r-module associated to the
formal O-module BT((gf ) (P, —) associated to P is given by

M(P) = My ) =Eo r®wo P/ (For—VI'@Fz, VI Fly—18y)epyeq-

If @’ is the nonramified extension of degree f of O and R an (0’-algebra, we obtain
a naturally arising strict @’-action on P by the usual map O — Wp(O') —
Wo(R) (see (1.2)), from which we also get a strict (’-action on M (P).

Proof: First we need to verify that M = M (P) is indeed a reduced Ep g-module.
By setting N = (Fz—-V/"'@Fz, Vi@ Fly— 1®Yy)zepyecq We obtain a diagram
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of Ep, g-modules

ker V ker V ker V
0 N Eo,r @w,(r) P M 0
v 1% 1%
0 N “ Eo,r ®@wy(r) P M 0
B

Coker V Coker V = P, RF! Qwo,Wo(R) P Coker V,

whose rows and columns are exact. Because it is obvious that V' : Eo r @w,,(r)
P — Eo,r @w,(r) P is injective, is suffices by the snake lemma to show for the
injectivity of V : M — M that the obvious map

Boa:N =D RF @y womr) P
1>0

has kernel VN, which is not too difficult to verify. By generalizing the above
diagram from V to V¥, we obtain exact sequences

0— N/VkN — Eo.r Qwo (R) P/VkEO,R Owe(r) P — M/VkM — 0
and since
N/VFIN — N/VFEN

is surjective, we get by a standard argument (cf. [Liu06, Chapter I, Lemma 3.1.])
an exact sequence

0 = lim N/VEN = limEo,r @we(r) P/V"Eo,R @we(r) P — lim M/VFM — 0.

Since

WmEo r @w, (k) P/V*Eo g @wo(r) P = Eo,r @we(r) P

and
lim N/VFN = N

holds, it is clear that M = leM / VM holds. Furthermore, the tangential space
of M is P/, which is a finite projective R-module. Hence, M is a reduced Eop g-
module. By representing BT((gf ) (P,N) by the usual sequence, we have an obvious
morphism from ﬁj\/ to WZ(/\/) ®Ep r M and the image of Fy —id : @N — ]3/\/
lies in the kernel of this mapping, so there is a canonical O-module morphism

BTY) (P,N) = Wo(N) ®zp , M
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and by reducing to the A2 = 0 case we obtain the isomorphism, since the tan-
gential spaces are the same. If R is an (O’-algebra, with O’ nonramified over O
of degree f, then the assertion for the strict O’-action is obvious. (]

In case that P is nilpotent and R a perfect field extending the residue field of
O, the reduced Cartier module can be described by

M =Fo.r Qwor) P/V @2z —-10 Ve, Fox - V7' ® Fa)ucp,

where the operator V : P — P on the right hand side of the tensor product in
the expression VI ®  — 1 ® Vz is constructed after Proposition 2.2.3. Since this
V is topological nilpotent, we obtain, if V¥ P is a subset of 7P for a fixed k, that
for each z € P

VRl @ =10 Vs =19 "

holds for each n and some 2’ € P. We can represent M by the following simpler
module structure given by P/, where the i-th component z; of an element z =
(o,...,xp-1) € P1 corresponds to V? ® ;. The actions of F,V and an element
w € Wp(k) are given by

Fx = (mxy,mxg,..., 1251, Fxg),
Ve = (Vap_i,20,...,25-2),
F F? Ff-t
wr = (wxg,” WT1,..., Tiy.o., wry_1)

where the F' and V on the right hand side are the operators of the f-O-Dieudonné
module. This does indeed define an Ep r-modules structure because of the above
described nilpotence of V. Furthermore, if R is an O’-algebra, where O’ is the

nonramified extension of O of degree f, we have an obvious strict O’-action on
M = Pf by O = Wp(0') = Wo(R).

2.5 Introducing I';(O, 0’) and Q,;(0, ')

In this section, each O and O’ are assumed to be rings of integers of a non-
Archimedean local fields of characteristic zero and R an (O'-algebra. Assume now
for this abstract that 7’ is nilpotent in R. We will construct four functors: For
O — O’ nonramified of degree f, we define functors Q1 (O, Q') from nilpotent O-
displays over R equipped with a strict O’-action (see Definition 2.2.9) to nilpotent
f-O-displays over R and Q5(O, O0’) from nilpotent f-O-displays over R to nilpo-
tent (O'-displays over R and we will consider the composition I'1 (O, 0’). For a
totally ramified extension O — O’ we set up a functor I'o(O, O’) from nilpotent
O-displays over R equipped with a strict (’-action to nilpotent O’-displays over
R. Their motivation arises from the previous section by considering Drinfeld’s
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method of proving the equivalence between formal O-modules and reduced Eo -
modules. In the end, showing that BTp is an equivalence of categories for each O
and each O-algebra R with 7 nilpotent in R is equivalent to show that I'1 (O, Q')
and I'y(O, O') are equivalences for all cases.

2.5.1 The functors Q;(O,0’) and I'1 (O, O’)

Unless otherwise stated, in this subsection we only consider nonramified exten-
sions. Here we introduce the functors ;(0,0’) and I'1 (O, O’).

Lemma 2.5.1. Let O — O’ be nonramified of degree f, R a 7’-adic (O'-algebra
and P = (P,Q,F,F;) an O-display over R equipped with a strict O’-action
t. Then we may decompose P and @ canonically in P = @, , / fZPin =
@z‘eZ/fZ Qi, where each P; and Q; = P,NQ are Wp(R)-modules, P; = @; for all
i #0, F(P;), F1(Q;) C Py for all i (where we consider ¢ modulo f) and

Hig - WO(R) ®Fi,Wo(R) -P] — -Pi+j7
given by w ® p; — wFfpj is an isomorphism for all i + j < f and j # 0.

Proof: First we need to remark that we have got two actions of @’ on P; one is
obtained by the given action ¢ and the other one is obtained by the composite
map of 0" — Wp(0') = Weo(R), where the first map is (1.2). If we denote the
relative Frobenius of the extension @ — O’ by o, we obtain that P and  are
O' @0 Wo(R) = Wo(R)/-modules and that we may decompose them as follows:

P = @ &

i€Z/fZ
Q = @ Qi?
i€Z/fZ
where
P, = {zeP|(a®l)x= (1®0i(a))x for alla € O'}
and
Qi=QNP,.

The elements @ ® 1 and 1 ® ¢%(a) in the construction of the P; are elements of
O @0 Wo(R). Since
P/Q= € P/
i€Z/ fZ
we get, because of the strictness of the attached O’-action on P, that P; = Q; for
all  # 0. It is easily verified that F(F;), F1(Q;) € Pi+1 hold for all 4.
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To show that p;; : Wz, (R) @p W (R) P; — P, ; is an isomorphism, we just need
’ P
to consider the obvious generalization of [Zin02, Lemma 9], which says that for

a given normal decomposition L & T = P we obtain an "-linear isomorphism

LoeT 2 LaT

Since each normal decomposition looks like
L:Lo@Pl@...@Pf_l

T=Ty®0®...H0

the result is easily seen. U

Definition 2.5.2. Let f > 1 be an integer, O — O’ a (not necessarily non-
ramified / totally ramified) extension of rings of integers of non-Archimedean
local fields of characteristic zero and R an (O'-algebra. Then the category (f —
dispp o /R) is defined by the f-O-displays P over R equipped with a strict
O'-action as objects and those morphisms between f-O-displays respecting the
attached O’-actions as morphisms. Now let R be 7’-adic. The category (f —
ndispp o /R) is the full subcategory of (f — dispp ¢ /R), whose objects are the
nilpotent f-O-displays over R equipped with a strict (’-action. The objects in
the categories (f — dispp o /R) resp. (f —ndispp o /R) are (P, ), where P is
a (nilpotent) f-O-display over R and a: O" — End P the strict O’-action, but if
it is clear that we have such an action attached, we write with abuse of notation
just P instead of (P, ).

Definition 2.5.3. With the setting as in the previous Proposition we are able
to define a functor

0(0,0) : (dispo,or /R) — (f — dispp /R)

given by sending (P, @, F, F1) equipped with a strict O’-action to

(PO,QO,Flf “F Flf ) and restricting a morphism between two f-O-displays re-
specting the attached (O’-actions to the zeroth component. Furthermore, we
obtain by restriction the functor

Q1(0,0") : (ndispp o /R) = (f — ndispp /R).

It is easily checked that the functors commute with base change.
At first glance, it appears to be not too difficult to show that Q;(O,0’) is an
equivalence of categories in both cases (i.e., for the nilpotent and not neccesarily
nilpotent case) as in Drinfeld’s proof of the previous chapter. Unfortunately,

(R)

i # 0, so we can only show the essential surjectivity directly for cases when

we can only deduce Py = Wo(R) Qpr—i Wo P; from the previous Lemma for
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' Wo(R) — Wo(R) is an automorphism (see Proposition 3.3.3 for the case of
perfect fields, which extend the residue field of O’).

Furthermore, it is not too hard to convince oneself by (1.2) that for any O’-
algebra R, the BT( ) functor from f-O-displays over R to formal O-modules
defines a functor to formal @’-modules. Analogously, if 7’ is nilpotent in R, the
BT((Qf ) functor restricted to nilpotent f-O-displays over R to m-divisible formal
O-modules defines in fact a functor to 7’-divisible formal (’-modules. Hence, the
following Proposition makes sense.

Proposition 2.5.4. Let O — O’ be nonramified of degree f and R a 7’-adic
('-algebra. Then the following diagram is commutative:

(dispo,or /R) ——1 = (formal @’ — modules/R)

Ql(o7ol)l /
BrY)

(f —dispp /R)

If 7/ is nilpotent in R, then the restriction of the above diagram

(ndispo o /R) BTo _ (1/_divisible formal @’ — modules/R)

91(0701)\L /
BTY)

(f — ndispy /R)

is commutative.

Proof: Let P be a (nilpotent) O-display P over R and Py its image via Q1(0, O").
In order to show the commutativity on the objects, we just have to construct a
morphism

BTo(P,—) — BTY (Po, -)

and to show that this morphism is in fact an isomorphism. For this purpose
consider for a nilpotent R-algebra N the sequence

~ Fi—id ~
0 On — Py BTo(P,N) —=0

and the one defining BT((Qf ) (Po, —). By using the Z/ fZ-grading of Q) and P, we
obtain for the above sequence

~ F1—id
0—>Bicz/z Qin —

€L/ fZ Pin BTO(P7N) >0,

where ]3@ i N and @1 A have their obvious meaning, and it should be remarked that
Pl N = Ql A holds for all 7 £ 0, which is important for the reason, Why we may
apply the map F; on B A for ¢ # 0. There is a map 6 from ®Z€Z/fz BN = PN to
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]307/\/ defined by 6(xo,x1,...,25-1) = Zle Flf_jxj (with indices taken modulo
f) and we want to show that the image of 6 of the image of F} —id is contained in
the image of Ff id, which would establish a map BTo(P,N) — BT( )(770,1\/).
An element (zo,...,x5_1) of Py = @zEZ/fZ P“\/ is contained in (Fy — id)(Qn),

iff there is a (qo,...,qf-1) € ®zeZ/fZ Qz,N = Q/\/, such that
T =Figi-1 — ¢ (2.34)

hold for all 7, where the indices have to be considered modulo f again. Inductively

we obtain for such an element (zo,...,2¢_1) that
. i . .
g = Fiqo— Y F 7z, (2.35)
j=1

holds for all ¢ =0,..., f. So we get

I
Flog—qo =Y F{ 7, (2.36)
j=1

from which we can deduce 6(F; —id)(Q) € (Ff - 1d)(Q0 ). Hence the induced
map

0: BTo(P,N) — BTY (Po, N)

is well-defined. It is obvious that # is a morphism respecting the O’-module
structure and that § = (N is functorial in N. Furthermore,  is injective,
since, if (zg,...,2¢-1) € BTp(P,N) is mapped to zero, i.e., (2.36) holds for
some qo € @07/\/, we get that (qo,...,qs—1) with go as right above and ¢; given
by (2.35) for i = 1,..., f — 1 fulfils (2.34) relative to (x¢,...,z¢—1) and hence
(®o,...,xf—1) is zero. We obtain the surjectivity, since for zo € BT((Qf) (Po,N)
we may take the element (x¢,0,...,0) € BTo(P,N), which is mapped to Tg.
Hence, BTp(P,—) and BT( )(790, —) are isomorphic. The commutativity on the
morphism sets is left to the reader. O

In order to obtain a functor from nilpotent O-displays over R equipped with a
strict @’-action to nilpotent O’-displays over R, it would suffice to give a suitable
functor from nilpotent f-O-displays to nilpotent O’-displays over R.

Definition 2.5.5. With O — O’ nonramified of degree f and R an O’-algebra,
we define a functor

02(0,0') : (f - dispo /R) — (disper /R)
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by sending Py = (P, Qo, Fo, F1,9) with a normal decomposition Lo ® Ty = Py to
P = (P, Q' F', F]), where the elements of the quadruple are given by

Pl = WO/(R) ®W@(R) P07

Q" = Io.rOwyr) To® Wor(R) @w,(r) Lo,

F' = F ®W@(R) F07
Flluoz) = Fw Owe(r) F1,0(2),
F("wor) = wewym) For,

for all w € We/(R), x € Py and z € Qp, where we have used the morphism
u: Wo(R) — Weor(R). Here the operators related to Wy (R) are marked with
a dash. The mapping of the morphisms is simply given by tensoring. Of course,
for ©’-adic O’-algebras R this defines a functor

02(0,0") : (f — ndispp /R) — (ndispyr /R)

and we define
Fl(o, O/) : (diSpO’O/ /R) — (dlSpol /R)

as the composite of Q2(O,0’) and Q1(0O, ') and analogously for the nilpotent
case for all 7’-adic O'-algebras R.

It is easily checked that the definition of @’ is in fact independent of the

normal decomposition of Py and that F] exists. It should be remarked that this
functor looks very similar to the usual base change and that it is rather obvious
that the functors commute with base change.
Furthermore, it gets now apparent why it was necessary to define f-O-displays,
since if we would simply tensor an O-display over R by W/ (R) as above via
the morphism u, we would not obtain sensible mappings F’ and F] in general,
because we only know u(¥” z) =F u(z) (see Corollary 1.2.2).

Proposition 2.5.6. Let O — O’ be nonramified of degree f and R an O’-algebra.
Then the following diagram is commutative:

BT
(f —dispp /R) = (formal O" — modules/R)

Qs (0,0/) \L /
BTy,

(dispor / R)

If 7’ is nilpotent in R, then the restriction of the above diagram

BTl
(f —ndispp /R) © - (n-divisible formal @' — modules/R)

QQ(O,O/)J/ /
BTy

(ndispey /R)
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is commutative.

Proof: Let Py = (P, Qo, Fo, F1,0) be a (nilpotent) f-O-display over R and P’ =
(P,Q', F', FY) its image via Q2(O, Q). We need to show that BT((Qf) (Po, —) and
BTo/(P',—) are isomorphic in the category of (7’-divisible) formal O’-modules
over R. For N € Nilg the equations

Py = WoN) ®wer) Po

Qn = lon@wer) To® Wor(N) @we(r) Lo
hold (for a normal decomposition Ly @ Ty of Py) and we define a map

M:uN®id:ﬁo’N—>/P\’N,

where ups is the map defined in Proposition 1.2.1. We obtain a commutative
diagram

~ F1() id ~ ()
0 Qo Py — BTy (P, N) —=0

'LL'@O,N\L iu l;},
—~ F{—-id _Z
0 Q' ——= Py —= BTo/(P',N) —=0,

where 7 is the induced map, which makes sense, because it is easily verified that
the image of u| Oon is contained in @)’ ,. In order to show that 1 is in fact an

isomorphism, we may reduce to the case that N2 = 0. If we consider the exact
sequence

0—>Q —P'=Wo(R) ®w, (r) Po ~—~ R®r Py/Qo = Po/Qo —0,

where w = w(, ® pr, we get that P'/Q’ is isomorphic to Py/Qo as R-modules. It
is easily seen that the diagram

0—= Qo 4 Pox —=N®g Py/Qo —0

Fl,Oidl\u EXPO,POJ/ \1(1
0 —> Qo o Do — BT ( Po,/

u\QoN

0—=Qy — Ply| , N®RP’/Q’*>O
#@O,N\\ Fl—ldl lexpo/ P!
0 @\N F{—id BTo/(P',\N) —=0

is commutative, where the upper two rows and the lower two rows are as in the
diagram at the end of the proof of Theorem 2.3.1 for the construction of expp p,
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and expe pr, respectively. Since both exp mappings are isomorphisms, we get
that 7 : BT((Qf )(Po, N) = BTo/(P',N) is an isomorphism. The commutativity
on the morphism sets is easy. U

2.5.2 The functor I';(O, O')

After establishing the functors ©;(0,O’) and I'1 (O, @’) in the nonramified case,
we will now construct I's(O,0’) in the totally ramified case. As in the non-
ramified case, we took the construction of Drinfeld’s functors, which helped to
establish the equivalence of reduced Ep r-modules and formal O-modules over
an O-algebra R, as inspiration. In this section O — O’ is always assumed to be
a totally ramified extension.

Definition 2.5.7. With O — O’ totally ramified and R an O’-algebra with 7’
nilpotent in R, we define a functor

['5(0,0') : (dispp o /R) — (dispor /R)

by sending the O-display P equipped with a strict O’-action to the O’-display
P’, which is defined by

P, = WO/ (R) ®O’®()WO(R) P’
Q" = ker(Wo(R) @0gowe(r) P — P/Q : w® x — wppr(z)),

Fluoz) = Tw-yteR((# —)),
F(Mweor) = ylwe ([ —)z), (2.37)
Fllwez) = Twe Fi(2), (2.38)

for all w € Weor(R), z € P and z € @, where we have used the morphism

O/ (2J6) W@(R) — W@/(R)

a®@w — au(w),

where a € 0" and w € Wo(R), and y € Wor(R) is given by V'y = 7/ — [#']. Here
P is considered as an O ®» Wp(R)-module. The mappings of the morphisms
should be the obvious ones. The functor

['(0,0") : (ndispp o /R) — (ndisper /R)
is defined by restriction.

We can deduce (2.37) by the equation for F, since wF’(x) = F|(" wz) must
hold for each w € Wy (R) and x € P’. Furthermore, we can deduce the equation
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for F’ by (2.38), because for each w € We/(R) and x € P

"2y we (7 - 7))

= y 'y

=y HI((Twy) @ (1@ )

= Yy H(FwpeDF o) = Flwsa)

y M we By ((x - [@'])z)

w® (
w"”

must hold. One can easily verify that the functors commute with base change.
It is not all obvious that this definition makes sense: We have to check that P’ is
a finite projective module over Wy (R), that the map F] exists (it is clear that
it is unique, if it exists) and is an ¥’ "linear epimorphism and that the nilpotence
condition is preserved. First of all it is clear that P is finite over O’ ®p Wo(R),
hence P’ is finite over Wy, (R). The fact that P’ is projective over Wer(R) follows
with the next Proposition. But first we need a small Lemma:

Lemma 2.5.8. Let (S,m) < (S,m) be an embedding of local rings and P a
finite S-module. If P = S ®g P is free over S, then P is free over S.

Proof: Since P/mP is free over the field S/m, we may take a basis Z1,...,Zg
of P/mP and consider liftings x1,...,24 € P, which lift the corresponding ;.
Because

S/M Qg/m P/mP = P/mP

holds, the elements 1 ® Z; € S/M ®g/y P/mP form a basis of P/mP. If we
consider now the elements 1 ® z; € S ®g P = P, we obtain a basis of P. This
can be seen as follows: First we get by the Lemma of Nakayama that

a:Sd - P
e = 1®x;

is surjective and then that it is injective, because P is free, so the kernel is finitely
generated and by the Lemma of Nakayama zero. By defining

g:584 — P
e, = I;
we obtain the commutative diagram of S-modules

Sdi)P

L

The injectivity of 3 follows, since a is an isomorphism of S-modules. The sur-

jectivity follows by Nakayama again, hence 8 is an isomorphism and P is free.
O
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Proposition 2.5.9. Let R and O — O’ be as in the previous Definition and P
a finite projective W (R)-module equipped with an O-algebra morphism 0" —
Endyy,(g) P- Then P is a finite and projective O' ®o Wo(R)-module.

Proof: First we consider the case, where R = k is a perfect field of characteristic
p, which extends the residue field of @ and O'. Then Wp (k) ®0 O’ is isomorphic
to Wer(k) by Lemma 1.3.5, hence a PID by Lemma 1.2.5. Since P is finite and
torsion free over Wo (k) ®o O’, it must be free.

Now let R = k' be an arbitrary field extending the residue fields of O and O'.
We consider the algebraic closure k of k' and the result follows with Lemma 2.5.8
if we take S = Wo (k') ®0 O and S = Wo (k) ®p O'.

Next we assume that (R, m) is local with residue field k. The Wo(k) ®p O'-
module Wo (k) ®y,,(g) P is free, so there is a basis of the form 1®y1,...,1®yq
with y; € P. We claim that the y; form a basis of the Wp(R) ®p O'-module P.
Let us consider the morphism of Wy (R) ®o O'-modules

v:(Wo(R) @0 O — P

e = Y.

Clearly the cokernel B of + is finitely generated as an Wy (R)-module and

Wo (k) ®w,(r) B is zero. Since R is local, we obtain that Wo(R) is local with
the maximal ideal M = Wp(m) + Ip r. By the above we get M B = B and so
B = 0 by Nakayama. Hence, 7 is surjective. Since P is finite and projective as a
Wo(R)-module and Wo(R) ®o O’ is finitely generated over Wy (R), the kernel
of ~y is also finitely generated over Wy (R). By tensoring with W (k) we obtain
the zero module, hence the kernel of v is zero by Nakayama again and P is free
over O' @0 Wo(R).

Now let R be a general (’-algebra with ' nilpotent in R. P is projective over
Wo(R)®o O, iff P, := Won(R) ®w,(r) P is projective over Wo ,(R) ®0 O" for
each n > 1, where Wo ,(R) = Wo(R)/V" Wo(R).

We first show that P, is finitely presented over Wo ,(R)®0 O’. For any collection
x1,...,x of generators of P, over Wp ,(R), the kernel of the Wo ,,(R)-linear

surjection
Won(R)* — P,
e = I
is finitely generated. Now for a fixed choice of generators y1, ..., yq of generators

of P, over Wo ,,(R), we consider the Wo ,,(R) ®o O'-linear surjection
§: (Won(R)®0 0 — P,
e = Y.

Clearly, the ;77 also form a generating system over Wo ,(R), hence we obtain
by the above that the W ,(R) ®o O'-module kerd is finitely generated over
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Wo.n(R), hence also over Wo ,,(R) ®p O', which establishes the fact that P, is
finitely presented over Wo »(R) ®p O'.*

It suffices to show that for each maximal ideal of Wo ,,(R) ®p O’ the localization
of P, at this ideal is free over the localized ring. It is not too hard to verify that
the maximal ideals of A := Wp ,(R) ®p O’ are of the form

M = 7" (Wo n(m) + Tonr) + T Won(R) + ...+ 7 Won(R),

where m runs through the maximal ideals of R and Ip, r C Wo,(R) has its
intuitive meaning. We claim that

Ay =~ Won(Rw) ®0 O (2.39)

holds. First one sees that every element of the image of A\M via the obvious
morphism Wo ,,(R) @0 O" — Wo n(Rn) o O is a unit. Now let B be any
A-algebra such that A\M C B*. By considering We ,(R) as a subring of A in
the canonical way we get that there is a unique morphism of Wo ,,(R)-algebras
g : Won(Rm) = B, since Wo ,(Ry) is the localization of Wo ,(R) at Wo ,(m) +
Io . r. By considering the value z of 7’ € A in B we get a unique morphism of A-
algebras Wo ,(Rm) ®0 O' — B given by g and 7’ — z. By the universal property
of localizations the isomorphism (2.39) is established. Since (Wo ,,(Rn)®00")®4
P, is clearly free over Wo ,,(Rm) ®0 O’ by the assertion for local rings, the general
assertion follows. U

Our next aim is to show that Fj exists. Let L ® T = P be a normal decom-
position of P. We define My for each Wo(R)-module M by R ®., w,r) M. Let
us now consider the exact sequence of O’ ®» R-modules

0—>L0—)P0—>T0—>0,

where the O’-action on Lg is induced by the action of @’ on Q and the O’-action
on Tj is given as the action on the cokernel of the map Ly — Fy. By tensoring
this sequence with R ®org,r — we get the canonical morphism of R-modules
R ®0gor Po = R ®@ogor To. If we consider the canonical O ®o R-linear
morphism Tp — R ®org,r Py, we obtain the commutative diagram

To — R®orgor Fo
R ®ogor To,

where the equality follows from the strictness of the (’-action on the tangent
space. Hence, we get the injectivity of Ty — R ®org,r o and obtain for the
exact sequence of R-modules

0—>A—>P0:L0@T0—>R®0/®ORP0—>O

*The same method can be applied to show that P is finitely presented over Wo (R) ®o O'.
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that A C Lg. Since the sequence splits (because R ®org,r Po is projective over
R by the previous Proposition), we obtain an R-module decomposition of Lg
into A @ La, such that Lag @ Ty ~ R Qog,r Po in Py. Now we can lift
A @ Lao = Lo and Tp to the projective Wp(R)-modules A* @ Lo = L and T.
The obvious morphism of W (R)-modules

Wol(R) ®W0(R) LA D W@/(R) ®W@(R) T — W(/)/ (R) ®O/®OWO(R) P

is an isomorphism, which can be seen be reducing from Wy (R) to R and utilizing
the construction above. Hence

Q" =Wor(R) @we(ry La ® Ior r Qwe(r) T
holds and we define the map

F{O : Q/ — W(Q/(R) ®O’®OWO(R) P (240)

Flolwela) = Twe Fi(la)
Fio(Mwet) = wy™ e A((x - [*]))

for w € Wor(R), In € La and t € T.
We have to check that

Fl,1®6) = 18 F(5) (2.41)

holds for each §* € A* and with this we are going to establish that the relation
(2.38) defining FY holds for our construction of F},,. Hence, the existence of F}
would follow.

If we declare on R the ' ®» R-module structure by the product mapping ¢, then

0— ker(e) > O @0 RS> R—0

is an exact sequence of O ®» R-modules. By tensoring this sequence with the
projective O’ ®» R-module Py, we obtain the exact sequence

0— ker(a)Pg =A—->P— R RoO'®oR Py — 0.
Now let us have a look at
e—1 ‘ e—1 .
ker(e) = {Zriz’ | Zrm” =0 in R},
i=0 i=0
where we have considered O’ ®p R as R[z]/P(z) and P is the Eisenstein polyno-

mial of degree e, where e is the ramification index of the extension O — ', for
which P(7") = 0.
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Lemma 2.5.10. kere C O’ ®p R = R[z]/P(z) is generated as an ideal by
2®1—1®n’. This element is nilpotent, hence ker(¢) is contained in the nilradical.

Proof: The elements
1®1,z201,...,2° a1

form a basis of O’ ®» R considered as a free R-module. From this we obtain a
new R-module basis

191,z01—-1@7,...,2° '@l -1@n*!

The elements z® 1 —1®@7',...,2¢° ' ®1—1® 7! are all elements of kere, so
we obtain an R-module surjectlon

O®@0R/(z01-1@7,...,2T®1-107° ) 5 R

given by the product morphism. Since the left hand side of this morphism is
isomorphic to R, it is in fact an isomorphism. It is obvious that the elements
2'®1—1®@7" are for each i > 1 elements of the ideal generated by z®@1—-1®7’.
Since the 2 ® 1 and 1 ® 7’ are both nilpotent, 2 ® 1 — 1 ® 7’ is nilpotent as well.

O

Now let 01,...,0,, and Ia1,...,lam, and t1,...,t,, be generating systems
for the R-modules A, L ¢ and Tp, respectively. Since each element in A may be
represented by a finite sum of elements ¢;p; with ¢; € ker(e) and p; € Py, we get
the following system of equations

ny n9 ns
0 0 0
o = Y o+ Diai+ > dn
i=1 i=1 =1

Oy = mela +ZcmllAz+Ed£%1t@,

where the b( ), Z(?) and d( ) are all in ker(e). Now we subtract from both sides of

the first equation 55351 and obtain

K10y = ibg% + Zc(o)zm + Zdl t;,

i=2
where k1 =1 — bﬂ is a unit in @' ®e R, since bﬂ is contained in the Jacobson
radical by the previous Lemma. After multiplying with nfl we obtain an equation

Z b6, + Z C(l)lA,z' + f: dz(,l1)tz',
i=1
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with bgll) , 01(,11) and dz(,l1) in ker(e). Inserting this for §; in the other n; —1 equations,
we obtain the system of equations

n1 ng n3
CRE SRS SELINES pr
i=2 i=1 i=1

5"1 szn16 +chn1ZAZ+Zdl"1

with bz( ]), cz( j) and d(l) in ker(e). Hence, we could express every d; without using

01. Now let us c0n81der
ni no ns
1 1
STo0 4+ Y iag + Y dYt
i=2 i=1 i=1
By subtracting b( )52 from both sides, we receive

ni
Kolp = Z b(-1)5 + Z C(I)ZA i+ Z dz? ti,
i=3
where kg =1 — bglg is a unit in O’ ®p R. After multiplying with x5 1 we obtain
an equation

n2

52—2[711 Z ZA1+Zd11 1)

=1

with bﬁ), cﬁ) and dz(i) in ker(e). Inserting this for dy in the other n; —1 equations,
we obtain the system of equations

ni no ns
6= S b5+ Y iai+ Y de
=3 =1 =1

5n1 = szn15 +ZcznllAl+Zd'E2n1

with bg J), 5 J) and d( ) in ker(e). Hence, we could express every §; without using

01, 92. We could repeat this for d3, d4, etc. until reaching the equation for §,, and
in the end we obtain a system of equations

no ns
0 = Z citla; + Z di1t;
i—1 i—1

n2

n3
Oy = D Cimlai+ Y dimti

i=1 =1
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with ¢; ; and d; ; in ker(e), where no §; is needed in order to express a d;. Let
¢ij be of the form zz_énjkz and d;; be of the form ZZ;E sijkzk with 75
and s;j; € R. Then we define cj; := Sz O[TZJk]ﬂ’k and df; := Z;B[Sijk]ﬂ',k in
O @0 Wo(R). Let Z*A7i € La be hftmgs of Ia; and t7 € T be liftings of ¢; and
consider for each j the element

Zc 1A1+Zd;]t;

of P. When projected to A* we get that the collection of all these projected
elements must generate A* over W (R), because the reductions generate A and
we can apply the Lemma of Nakayama then. Let [; € La be the projection of w;
to La and Y%, Vw;;tf with w;; € Wo(R) be the projection of w; to T, where
have used the strictness of the (O’-action in order to get that the zeroth entries
in the scalar factors can be chosen to be zero. If we define now

n3
* 2 :V *
(5]- = wj — lj — wijti

ng n3
v
= E Cij + g d;]t: lj — E w,'jtz*
i=1 =1

we get for each j an element of A*, whose collection generates this module over
Wo(R). In order to show that (2.41) holds for each §* € A*, it suffices to verify
this equation for each ¢7. Let us consider 1® 07 € Wor(R) @o'gowe(r) P- After
applying (the above constructed map) Fj, to this element, we obtain with the
above description

e—1
Fo(1®d) = ZZ rin™) © Fula +Zy tmij @ Fi((n' = [7)t})

i=1 k=0 =1

- 1@ Zy (r/n"u(wig) © Fa(x' = [7'])t7),

where m;; is given by ¥V'm;; = ZZ;E [sijx]7* € W/ (R). Furthermore, we obtain

e—1 e—1
1@ Fi(0) = Z Y @ Fila,) + 21 ® FL((Q_[sieln™)th)
i=1 k=0 k=0
n3
— 1@ FR(ly) =Y u(wy) @ F(t),
i=1
so to verify (2.41) it suffices to confirm
e—1
yimy @ Bi((n = [7t) = 1@ PO [sir]n™)E) (2.42)
k=0

“Hn/r) @ Fi((x' — [7)E) = 1@ F(t) (2.43)
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for each i and j. We make the following definitions for elements in O’ ®» Wo(R)
for k > 0:

X, = 7_‘_/Ic + [ﬂ_lq]ﬂ_/k:—l 4.+ [ﬂ_/(k—l)q]ﬂ_/ + [ﬂ_/kq]

X: _ ﬂ/k + [ﬂ/]ﬁ/k—l 4+ [ﬂ/k—l}ﬂ/ + [W’k]

e—1

X = ZakJrle
k=0
e—1

X* =) apa X
k=0

Here m = > f_, ap7'* is as in (2.28). We need for the outcome the equation in
Wor(R)

wla)r/rm = yX (2.44)

in Wor(R), where the unit a € Wp(R) is defined as in (2.31) by Va = 7 —
S ¢ _,ag[m’*]. The equation can be checked by considering the equation in
Weor(O') and then by evaluating the Witt polynomials and applying Lemma
1.1.3.

Now we turn to solving equation (2.43):

y\(r/) @ R —[W])E) = u(@) X ® A((x — [])E)
= (@) @ XA(( — [))E))
— w(a) @ (XN — 7))
= (@ ® A (Vat))

Here we have used (2.44) and X*(n' — [7']) =7 — > "1 _, ap[7'*] =V a.
Next we turn our focus to (2.42). At first we will reorganize the right hand side
of (2.42) by

e—1 e—1
1® Fl((Z[Sijk]W/k)tf) = 1@ F(O [siw) (@™ — [7"*]))t7)
k=0 k=1
e—1
+ 1@ F(OQ sl =™ t))
k=0
e—1
— Z[ngk]Xk_l QP ((r = [7DtH) +1® Fl(vﬁtz*)
k=1
e—1
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where & € Wo(R) is defined by Vi = S ¢_¢ [sijx] [7'%]. After subtracting
el [sgjk}Xk,l ® Fi((n" — ['])tF) from both sides of (2.42), we obtain that we
have to show

e—1

(' myy — S IsL )Xo @ F((x — [7)6) = u(k) @ F(t).  (2.45)
k=1

If we assume now that

e—1

Mij — yZ[ngk]kal = u(k)m/7’ (2.46)

k=1
holds in Wer(R), we get (2.45) with the same method we used to show (2.43),
so we need only to confirm (2.46). For this purpose we first pass to the universal
situation Ry = O'[Y1,. .., Ye_1] and have the map Ry — R, which sends Y}, to s;ji
and hence — Ef;ll Y7 to sij0, in mind. If we define now, with abuse of notation,
m;j,k and X, X etc. in the same manner in Wer (Ry), resp. Wo(Ryp), resp. O'®o
Wo(Rp), than we did in the original case in Wer (R), resp. Wo(R), resp. O’ ®0
Wo(R) (i.e., we replace s;ji by Yj for k # 0 and s;j0 by Yp := — 25;11 Y;r'), it
suffices for the verification of (2.46) in Wer(R), to verify the equation in Wy (Ryp),
which in turn can be done by Lemma 1.1.3 only by considering the values of the
Witt polynomials of both sides. Let us define Z € Ry by — Zf;ll Y"1, We get
by

e—1
! V! q" Ik
wi,(V'my) = Y v
k=0

= 7wy, 1(mij)

that
e—1
n+1 n+1 n+1
wh(my) = > Y0 akly gzt
k=1
holds. Furthermore
e—1 e—1 » - k-1 "
Wiy Y VXeo) = D v - O] k@)
k=1 k=1 =0

e—1
n+1 _ n+1_1
— § Y4 (W/k liﬂ_lkq )
k
k=1

holds, which yields

e—1 e—1
’ / n+171 n+1 n+1 1k n+171
W, (mi; —y E ViXp—1) = ' ZARE S E yd 't .
k=1 k=1
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Because of

e—1
Wn(VK) _ Zykqnﬂ/kqn
k=0
= 7TWp_1(K)

we get,

e—1
(/' ywp(u(s)) = a0z L3y ket
k=1

and we obtain that (2.46) holds, which in turn verifies (2.43) and this finally
confirms (2.41).

Now we are able to show that (2.38) holds for Fj,. For this purpose let z =
N+ 0+ 2%, Vav;ts be an arbitrary element of (), where I\ € La, 6" € A%,
the ¢t € T form a generating system of T over Wp(R) and w; are elements of
Wo(R). Then we obtain for w € W/ (R) with (2.41) and (2.44)

Fiolw®z) = Flo(weli)+ Flow® )+ Fo(" (7 w)(w/ayu(w;)) @ t7)
=1

= Mwe (L +6) +Zy w)(m /7" Yu(w;) @ Fi((n" — [7'])t7)
= F/w®F1 +0%) —|—Z w) Xu(w;) @ Fi((n" — [7']))t7)
= Pwe R4+ Y u(e) ) & F (X~ ()8

n3
= Twe Fi(A+6)+ > ule) (Fwu(w) @ Fi(Yaot))
i=1

= Mwe R +6) +Z u(w;) @ F(t)
=1

n3
= TweR(a+6)+) Twe A(Vwt)
=1

frg F/w®F1(Z),

so (2.38) continues to hold. Hence, the existence of F} follows, since it is the map
FJ,. With the above results it is an easy exercise to show that FJ is an "-linear
epimorphism.

Now we should also have a look on the fact that I's(O, O') preserves the nilpotence
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condition. Let P be a nilpotent O-display over R equipped with a strict O’-action.
It can be easily verified that for each n > 0 the diagram

P P
\Lvnﬁ \L V/n)j
Wo(R) ®rn yw,ry P Wor(R) @rm gy P’

| |

R/TrR ®pr OWO:WO(R) WO(R) ®Fn7WO(R) P - R/THR ®pr OW67WO’(R) WOI(R) ®F{n7WO’(R) P,

is commutative. We have to show that the composite map p,, of the two vertical
arrows on the right half is zero for some n. But if the composite map of the two
vertical arrows on the left half is zero for some ng, then p,,(1 ® z) = 0 for each
x € P. Since the elements 1 ® = generate the Wy (R)-module P’ we get that
no = 0 holds.

Proposition 2.5.11. Let O — O’ be totally ramified and R an O'-algebra with
7/ nilpotent in R. Then the following diagram is commutative:

(dispo,or /R) —222~ (formal O’ — modules/R)

FQ(O’O/)\L /
BTy

(dispor /R)

Also the restriction of the above diagram

BTo»

(ndispp o /R) (r'-divisible formal @' — modules/R)

m(o,o’)l /
BT,

(ndisppr /R)
is commutative.
Proof: Let P = (P,Q,F,Fy) be a (nilpotent) O-display over R with a strict
O'-action and P’ = (P,Q’, F', F]) be its image via I'2(O0,0’). We need to
show that BTp(P,—) and BTo/(P’,—) are isomorphic in the category of (n'-
divisible) formal O'-modules over R. For a nilpotent R-algebra N we have
Py~ Wor(N) @0rgowe(r) P and we may define
u:u/\/®id:ﬁ/\[:%(/\/) ®W@(R)P—>7)\/N-
We have to show that
~  Fi—-id ~
Qn — Px

u@NJ/
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is commutative, which would induce an O’-module morphism 7 : BTo(P,N) —
BTy (P',N). This follows easily for w @ | € Qx with w € Wo(N) and I € L.
For Vw @ t with w € WE(N) and t € T we have to utilize that y~!(r/7")u(w) ®
Fi((n' — [®'])t) = u(w) ® F(t) holds in P’y by (2.43). To show that 7 is an
isomorphism of O’-modules, we can reduce to N2 = 0 and proceed in a similar
manner as showing that BTo(Py, N') and BT/ (P’, N') are isomorphic in Propo-
sition 2.5.6. The commutativity on the morphism sets is left to the reader. [

2.5.3 Concluding remarks

Definition 2.5.12. Let O — O’ be a (not necessarily nonramified / totally
ramified) extension of rings of integers of non-Archimedean local fields of char-
acteristic zero and R an (O'-algebra. We denote by (Cartpr /R) the category
of reduced E¢r p-modules and by (Cartp o /R) the category of reduced Eo g-
modules equipped with a strict O’-action.

After considering the constructions made by Drinfeld concerning Cartier mod-
ules, Proposition 2.4.7 and the construction of the Q;(0,0’) and T';(O, O’), the
assertions of the following Proposition is obvious:

Proposition 2.5.13. Let O — O’ be nonramified of degree f and R a 7’-adic
('-algebra. Then the diagram

(dispo,or /R) (Cartp o /R)
l >//>
(f —dispp /R) — (formal O’ — modules/R)
(dispey /) (Cartor /R)

is commutative, where the arrows follow by the previous constructions. Let
O — O be totally ramified and R an (O'-algebra with 7’ nilpotent in R. Then
the diagram

(dispp,or /R) (Carto,0r /R)

\/

(formal O" — modules/R)

/\

(disper /R) (Carter /R)

is commutative, where the arrows follow by the previous constructions again.
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We need to make some conventions, which should hold troughout the rest of
this thesis.

Conventions 2.5.14. Whenever we talk about Q4 (0, 0"), Q2(O,0") or I'1 (O, O'),
we always assume (O’ to be nonramified over O of degree f and whenever we talk
about I'2 (0, 0'), we always assume O’ to be totally ramified over O.

When we claim assertions like

For any O’-algebra R with nilpotent nilradical and 7’ nilpotent in R
the functors I'1 (O, O’) and T'2(O, O’) are equivalences of categories.

we actually mean

Let O — O’ be nonramified. Then for any @’-algebra R with nilpo-
tent nilradical and 7’ nilpotent in R the functor I'1 (O, O’) is an equiv-
alence of categories.

Let O — O’ be totally ramified. Then for any O’-algebra R with
nilpotent nilradical and 7’ nilpotent in R the functor I'y(O, Q') is an
equivalence of categories.

Unless otherwise stated, when we talk about BT((gf), BTo(= BT((;)), r;,(0,0),
2;(0,0") we always consider the functors restricted to nilpotent display struc-
tures.

Definition 2.5.15. Let @ — O’ be a nonramified extension of degree f. For an
O'-algebra R with 7/ nilpotent in R we define the boolean variable P(O,0’, R)
to be true, iff the following assertion is true:

The BT((,)f ) functor is an equivalence between nilpotent f-O-displays
over R and 7’'-divisible formal O@’-modules over R.

In case Q' = O, we just write P(O, R) instead of P(O,O’, R).

Theorem 2.5.16. (cf. [Lau08, Theorem 1.1.]) The functor B7%z, is an equiva-
lence of categories for all rings with p nilpotent in it.

Hence, the previous Theorem, the main Theorem of (classical) display theory,
says that P(Z,, R) is true for each ring R with p nilpotent in R. This is particu-
larly important, since we need a starting point in order to argue in the analogous
way as Drinfeld did.

The following Lemma only presents very basic facts, all of which are obvious but
need to be noted, so we will not prove them.

Lemma 2.5.17. Let O — O’ be a nonramified / totally ramified extension and
R an (0’-algebra with 7/ nilpotent in R. Then:



62 Chapter 2. f-O-Display theory

o Let {7,5} ={1,2}. I T1(0,0) and Q;(0, ') are equivalences of cate-
gories, then the same is true for Q;(0,0’)

Now we assume that P(O, R) is true. Then the following assertions are true:
e I'1(0,0) and Q1(O, O’) resp. I'y(O, O’) are faithful.
° BT((Qf ) resp. BT is essentially surjective.
e If BT is faithful, then I'1 (O, O’) resp. T'2(O, Q') is fully faithful.

o 1f BTY) is faithful on the image of Q1 (0, 0’), then Q,(0, O') is fully faith-
ful.

o I'1(0,0) resp. I'2(0, ') is an equivalence of categories, iff BT is one.
e ,(0,0) is an equivalence of categories, iff BT((Qf ) is one.

Let us now only assume that P(O,0’, R) is true for a nonramified extension
O — O (i.e., P(O, R) is not necessarily true).

e (O5(0,0) is faithful.
e If BT is faithful, then Q2(O, ') is fully faithful.
e BTo is an equivalence of categories, iff Qy(O, @) is one.

Unfortunately, we cannot see directly, under the assumption that P(O, R)
resp. P(O,0', R) is true, that BT((Qf) or BT (both with respect to P(O, R))
resp. BT (with respect to P(O, O, R)) is full, since we only know this fact for
the full subcategory of nilpotent f-O-displays over R resp. nilpotent O’-displays
over R whose objects are the images of (O, 0') resp. Q2(0,0’) or T'1(0,O') or
['5(0, '), and for these functors we do not know so far that they are essentially
surjective in general.

To prove that BT is an equivalence of categories, is eventually equivalent to
show that T'1 (O, @) and I'y(O, ') are equivalences for all O’-algebras R with 7’
nilpotent in R, where O — (0’ is a nonramified / totally ramified extension.

The in the end established equivalence of nilpotent f-O-displays over R and
nilpotent (’-displays over R is nontrivial, since the equivalence of I'; (O, Q') resp.
BTy does not tell much about nilpotent f-O-displays and to(vx;hich category their

category is equivalent to. Hence, we also obtain that BTOf is an equivalence
between nilpotent f-O-displays and n’-divisible formal O'-modules over R. This
equivalence is particularly interesting, when O = Z, and O — O’ nonramified,

since the ramified f-Z,-displays over R are closely related to the classical displays.
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Deformation theory

Let O be an RRS and S — R a surjection of O-algebras. A lift for a fixed
(nilpotent) f-O-display over R is a (nilpotent) f-O-display over S, for which the
(nilpotent) f-O-display obtained base change to R is isomorphic to the original
f-O-display over R. In this chapter we show for some special cases that lifts of
nilpotent f-O-displays exist, and what information we need to obtain unique lifts.
With these results we are able to show the equivalence of BTy for each O a ring of
integers of a non-Archimedean local field of characteristic zero and R a complete
local O-algebra with perfect residue field, nilpotent nilradical and 7 nilpotent in
R. Throughout this chapter our standard source of reference will be [Laul0], in
which Lau established deformation theory for frames and windows, which in turn
are introduced in [Zin01]. These structures generalize the concept of (nilpotent)
displays over p-adic rings, but not in a way which would contain our f-O-displays,
hence we have to do a slight generalization of frames and windows as well. So,
just like Lau, we get results, which are valid for more general structures then just
for f-O-displays over m-adic O-algebras.

3.1 O-frames and f-O-windows

Definition 3.1.1. (cf. [LaulO, Definition 2.1.]) An O-frame is a quintuple
F =(S,I,R,0,01), where O = (O, m,q) is an RRS, S an O-algebra, I C S an
ideal, R = S/I together with an O-algebra morphism o : S — S and a o-linear
morphism of S-modules o1 : I — S, which satisfy the following properties:

1. I +7S C Rad(9),
2. o(a) =a? mod 78 for all a € S and

3. 01(I) generates S as an S-module.

63
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A special situation one should have in mind for an O-frame is the so called
Witt O-frame (Wo(R), lo.r, Wo(R)/Io.r = R,F V™) for a m-adic complete and
separated O-algebra R. We will denote this O-frame by Wo g.

Now let F = (S,I,R,0,01) and F' = (S',I',R,0’,07) be two O-frames. We
declare a morphism of O-frames « : F — F' by an O-algebra morphism « : S —
S, such that a(I) C I, 0'a = ao and oja = aoy hold. We could extend the
definition of a morphism by demanding that just oja = uao holds with u € S" a
unit. This the definition of Lau in [Laul0, Definition 2.6.], where our morphisms
would be strict morphisms in his notation. Nevertheless, these general morphisms
are not important for us.

Nearly all assertions from [Laul(] can be rewritten such that they fit to our
situation here. If a proof is essentially the same (beside some obvious changes)
and the idea behind it not used here any further, we omit it. Let p: A — B be a
ring morphism. We define for any A-module M the B-module M (®) by B® p,AM.
For any B-module N and p-linear map g : M — N, we define the B-linear map
gt M®P) 5 Nbybom — bg(m). The following Lemma is easy, but nonetheless
very important.

Lemma 3.1.2. (cf. [Laul0, Lemma 2.2.]) Let F be an O-frame. Then there is
as unique 0 € S, such that o(a) = 6o (a) holds for all a € I.

Proof: The third condition of Definition 3.1.1 says that the linearisation (ftlt :

I@) — S is surjective. If b € I\?) satisfies aﬁ(b) = 1, then necessarily 6 = o¥(b).
For a € I we obtain o(a) = a%(b)a(a) = aﬁ (ba) = o*(b)o1(a), which confirms the
assertion. O

Definition 3.1.3. (cf. [Laul0, Definition 2.3.]) An f-O-window over an O-frame
F is a quadruple P = (P, @, F, F}), where P is a finitely generated projective S-
module, @ C P a submodule, F : P — P and F} : Q — P are of-linear
morphisms of S-modules, with the following properties:

1. There is a decomposition P = L & T with Q = L & IT, where L,T are
S-submodules of P,

2. Fi(az) = 0/ Y (o1(a))F(x) for a € I and x € P and
3. F1(Q) generates P as an S-module.
If we have f = 1, then we just denote f-O-windows by O-windows.

If we are now given a Witt O-frame for a m-adic O-algebra R, where O is
an RRS, then the f-O-windows are precisely the f-O-displays over R. We need
to remark that, as in the usual display theory, F' is uniquely determined by Fi:
If b € I satisfies ag(b) = 1, then we obtain by the second condition of the
Definition of an f-O-window F(x) = Ff(b’x) for all x € P, where
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Flti 1S ®pr g Q — Pis the o/-linearisation of I} and ¥’ is the image of b via the
map 1(7) el g Qgf-1.9 1) = 1) In particular we have F(z) = o/~ (0) Fy(z)
for all z € (), see the proof of Lemma 3.1.2.

Similar to what we have done in the previous chapter there is for an f-O-window

over an O-frame F a unique morphism of S-modules
Vi:iP — S®,gP

satisfying VH(wFiy) = w®y for all y € Q and w € S. We define V™ : P —
S ®yfn g P as usual, i.e., as the composite of the S-linear maps

id®ai,svﬁ 18 Qurig P — S ®prirn) g P,

from ¢ =0,...,n—1. The nilpotence condition in the f-O-display case is defined
relative to o r + 7Wo(R), we will do it more general. For this purpose we call
an ideal J of S with o(J)+1460S C J, where 0 is obtained from Lemma 3.1.2, an
ideal of definition for F. The ideal I + nS is always an ideal of definition, since
0 is an element of this ideal, which follows from the argumentation of Lemma
3.1.2.

Definition 3.1.4. For an ideal of definition J for an O-frame F, we call an
f-O-window over F nilpotent (with respect to J), if there is a number N, such
that VIV = 0 modulo J.

Lemma 3.1.5. (cf. [LaulO, Lemma 2.5.]) Let F = (S, I, R, 0,01) be an O-frame,
P = L®T afinitely generated projective S-module and Q = L& IT, where L,T
are S-submodules of P. Then the set of f-O-window structures (P, @, F, F) over
F corresponds bijectively to the set of of-linear isomorphisms ¥ : LT — P
given by W(l +t) = Fi(l) + F(t) for l € L and ¢t € T. Conversly, if we start with
a ¥, we obtain an f-O-window over F by F(l +t) = o/=1(0)¥(l) + ¥(¢) and
Fi(l+at) =Y() + /Y o1(a))¥(t) for € L,t € T and a € I.

We call the triple (L, T, ¥) a normal decomposition of (P, Q, F, F}).

Let O be an RRS, o : F = (S,I,R,0,01) - F = (S, I')R',0',0}) be a

morphism between two O-frames and P = (P, Q, F, Fy),P' = (P',Q', F', F]) be
f-O-windows over F and F’, respectively. We declare an a-morphism g between
P and P’ as a morphism of S-modules P — P’ with ¢(Q) C @', which fulfils
F'g = gF and F{g = gFi. A morphism of f-O-windows over F is an idz-
morphism.
We are allowed to define a base change for f-O-windows, which is a lot like the
base change defined in section 2.2 of the previous chapter and is of course an
extension for f-O-displays over m-adic O-algebras, when considering the f-O-
windows over the Witt O-frame for this O-algebra.
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With « as above, we associate an f-O-window a, P =: P’ = (P, Q', F', F}) over

F’ to an f-O-window P over F in the following way:

P = S'®gP

Q = SesLol'®sT

F' = odfeoF
Fi(s®q) = o/(s)® Fy
F(i ©p) = o loi(i)® Fa

Here P = L & T is a normal decomposition and s’ € S/, ¢/ € I', y € Q and
2 € P. There is an obvious mapping Homz (P, P) — Hom (P, P) for all f-
O-windows P over F’ given by composing maps, which is in fact an isomorphism
(cf. [Laul0, Lemma 2.9.]). This property determines a,P uniquely.

Definition 3.1.6. Let F and F’ be two O-frames and « : F — F’' a morphism
between them. We say that « is crystalline if it induces an equivalence of cate-
gories between f-O-windows over F and f-O-windows over F'. If we are given
two ideals of definition J C S and J' C S’ such that «(J) C J', then «, sends
nilpotent f-O-windows over F with respect to J to nilpotent f-O-windows over
F' with respect to J'. We call « nilcrystalline if it induces an equivalence of
categories between the nilpotent f-O-windows.

We now come to the central assertions of this section. The proofs of them are
generally omitted, since they are essentially the same as the ones given in [Laul0],
one has only to observe that adding O in the frames, the changes induced by it
and the occurrence of f does not make big differences. Since we demand in the
next Theorem a different condition than in the referred source in order to obtain
the nilcrystalline property, will give an outline what changes in the proofs of the
referred source in the generalized setting. This new setting is helpful to deduce
deformation assertions for O-pd-thickening more directly (see the next section)
than with the naturally generalized condition for J of [LaulO, Theorem 10.3.].
The equivalence property for nilpotent f-O-window structures in Lemma 3.1.8
cannot be found in the reference, but this is easily seen.

Theorem 3.1.7. (cf. [LaulO, Theorem 3.2., Theorem 10.3.]) Let O be an RRS
and a: F = (S,I,R,0,01) = F = (S, I',R',0’,0}) a morphism between two O-
frames, such that it induces R = R’ and a surjection S — S’ with kernel b C I. If
there is a finite sequence b = by 2 ... 2 b, = 0 with o(b;) C b;11 and o1(b;) C b;
such that o is elementwise nilpotent on b;/b;11 and finitely generated projective
S’-modules lift to projective S-modules, then « is crystalline. If we drop the
elementwise-nilpotence condition and are given an ideal of definition J C S with
(IT" ¢*(J))b = 0 for large n, then « is nilcristalline with respect to the ideals J
and J = J/b C S
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We now only show what changes in the proof of [LaulO, Theorem 10.3.] in
the generalized setting with the different condition for J.
Proof: Let P be an f-O-window over F with normal decomposition (L, T, V) and
let the elements x1,...,x, € L be generators of the S-module L. We consider
the o/-linear map

fy—1 T
A:LcLaT A L) g @) B peh),

P is nilpotent with respect to J, iff A is nilpotent modulo J (see [LaulO, Remark
10.2.]). Hence, since we consider nilpotent P, there is a k > 1, such that for the
composite map

ML A LD =850, s LS @, L) =10 o @)

and each generator x,, € L the element A\*(z,,) is of the form Soi Jim @
with jim € J. With the analogous setting as in the proofs of [LaulO, Theorem
10.3.] and [Laul0O, Theorem 3.2.] (where we have b and b; here in place of
a and a; there), we have to show that the endomorphism U of the group H =
Hom (L,bP) given by U(wr,) = F{wﬁL)\ is nilpotent. For z > 1 the operator

of-linear

U? equals

AT ®uh

x 1 T — x— F/
LY LD = 50,0158 0pr g L —- (0P) D "top Dpp,
where h,_1 is given by the composite map

QF]

z— 1 n
(e=0r) S ®0.(z72)f,s S ®qgt,8 bP = (bP)(

(z—2)f 1QF*
g Gy

(bP)
It is easily seen that for any fixed y > 1 the condition ([[i_,c*(J))b = 0 for
large n is equivalent to ([, 0¥"(J))b = 0 for large n. Now let a fixed n > 1 be
chosen that large, such that ([]7_, o/*(J))b = 0 holds. We claim that the map
Uk equals zero. It is not too hard to verify that for each generator z,, € L the
element \*"(z,,) is of the form

r n
SY o™t o1e. 10w

i=1 z€Z; ¢c=0

where j;., € J and Z; are finite index sets. After applying 1 ® wﬁL and hy,_1 to
this element we obtain that the image is zero by assumption, hence U*" is zero.
O

The Hodge filtration of an f-O-window P over an O-frame F = (S,I, R, 0,01)
is the R-submodule Q/IP C P/IP.
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Lemma 3.1.8. (cf. [LaulO, Lemma 4.2.]) Let O be an RRS and o : F =
(S,I,R,0,01) = F = (5',I',R',0’,0}) a morphism between two O-frames, such
that S = S’ holds. Then R — R’ is surjective and I C I’ holds. The f-O-
windows P over F are equivalent to a pair consisting of an f-O-window P’ over
F' together with a lift of its Hodge filtration to a direct summand V' C P/IP.
If J is an ideal of definition for F’, then we have the equivalence for nilpotent
f-O-window structures with respect to the ideal J for F and F'.

3.2 Applications to triples

To show how these two results are useful, we consider a morphism of O-frames
a: F=(SI1,Ro,01) — F = (5I,R, 0, 0}), where O is an RRS, S —
S’ surjective with the kernel b and I’ = I.5’. We would like to factor « into
morphisms

(S,1,R,0,01) S F'"=(S,I" R ,0,0!) B (S I' 'R ,¢ ), (31

in such a way that ag fulfils the first or the second part of the hypotheses of
Theorem 3.1.7, i.e., for the crystalline or the nilcrystalline property (with respect
to an ideal of definition J for F”). We must have I” = I + b. So all what
remains is to define of : I” — S, or which is the same as to define a o-linear
morphism of : b — b with o) = o1 on INb, such that the hypotheses of Theorem
3.1.7 are fulfilled. Then by using the above Lemma and Theorem we get that
(nilpotent) f-O-windows over F (with respect to J) are equivalent to (nilpotent)
f-O-windows P’ over F' (with respect to J/b) together with a lift of the Hodge
filtration to a direct summand of P/IP, where P"” = (P,Q", F", F/') is the unique
lift of P’ under as.

With the help of the isomorphism defined in (2.14) it is possible for us to define
of in cases, which are important for us, which will be helpful in Proposition 3.3.4.
We need to define the notion of an O-pd-thickening:

Definition 3.2.1. Let S — R be a surjection of O-algebras, such that the kernel
a may be equipped with an O-pd-structure (see Definition 2.3.2). If 7 is nilpotent
in § we call S — R an O-pd-thickening. If the O-pd-structure on a is nilpotent,
we call S — R a nilpotent O-pd-thickening. We call S — R a topological O-
thickening, if there is a sequence of subideals a,, of a, such that 7 is nilpotent in
S/an, S is complete and separated in the linear topology defined by the a,, and
each a,, may be equipped with an O-pd-structure.

To apply these structures we take (3.1) in a more concrete term:
WQS X WO,S/R = (W()(S),i, R, o, (7/1/) i { W(/)?R, (3.2)

where S — R is an O-pd-thickening with kernel a. Let J C Wp(S) be Ip s +
TWo(S) + Wo(a). Since I = Ins + Wo(a), we are able to define with the
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help of log (cf. (2.9)) the map of in the way that of[ao,a1,...] = [a1,as9,.. ]
in logarithmic coordinates on Wp(a). We can take J as an ideal of definition
for Wo s and Wp g/p and we may apply Lemma 3.1.8 then. Now consider the
filtration b; = 7'b on b = W (a), which is zero for large n by considering (2.11)
and (2.12) and IV = 7. Furthermore, ([]\_,0*(J))b = 0 holds for large n, since
o"(j) € Io,s + Wp(S) for all n > 0 and j € J, (lo,s + mWo(S))" C Ip s for
large n, I gJ“Sl C m"Wo(S) for all n > 0 and 7" Wp(a) is zero for n large enough.
Hence, we may apply Theorem 3.1.7 to ay to obtain that is nilcristalline with
respect to J C Wp(S) and J' = J/b C Wo(R).

Since it is easily seen that nilpotent f-O-windows over Wp g with respect to J
and Ip s +7Wo(S) are the same, we obtain:

Proposition 3.2.2. With S — R an O-pd-thickening, we obtain that nilpotent
f-O-displays over S are equivalent to nilpotent f-O-displays P’ over R plus a lift
of the Hodge filtration to a direct summand of P/Ip sP, where (P,Q", F, F/') is
the unique lift of P’ under as.

From this result we can deduce rigidity assertions:

Corollary 3.2.3. Let S — R be an O-pd-thickening or a surjection of O-algebras
with nilpotent kernel and 7 nilpotent in S and P, P’ be two f-O-displays over S.
Then

Homg(P,P") — Hompg(Pg, P'r)

is injective.

Proof: First let S — R be an O-pd-thickening. By Proposition 3.2.2 we get that
the nilpotent f-O-displays over S are equivalent to nilpotent f-O-displays over R
plus the lift of the Hodge filtration, which must be respected by the morphisms in
the category for R. This shows that Homg(P,P’) — Hompg(Pgr, P'r) is injective.
Now let S — R be a surjection of O-algebras with nilpotent kernel a and =
nilpotent in S and n chosen that large, such that a” = 0. If we define S; = S/a’
for i =1...n, we can consider the obvious surjections of O-algebras

S:Sn—>5n,1—>...—>51:R.

For S;y1 — S; the kernel a’/a’™! can be equipped with the trivial O-pd structure,
so the injectivity of Homg(P,P’) — Hompg(Pg,P'r) follows inductively by the
above assertion for O-pd-thickenings. O

As in [Zin02, 2.2. Triples and Crystals|, we should now have a look at P-
triples, where P is a nilpotent f-O-display over R.

Definition 3.2.4. Let S — R be an O-pd-thickening with kernel a. A P-triple
T = (P, F, Fy) over S consists of a finitely generated projective Wp(.S)-module
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ﬁ, which lifts P, and ¥ " Jinear morphisms F' : P — P and Fr o @ — ﬁ, where
@ denotes the inverse image of @) by the surjection P — P (which has kernel

Wo(a)P). Furthermore, the following equations are required:

F(Ywz) = F o F

Fl(aP) = O,

with w € Wo(R) and 2 € P. Here a C Wo(R) is given by the logarithm (see
(2.13)).

F} is uniquely determined by these requirements (by choosing any lifting of
P to a nilpotent f-O-display over S and applying Lemma 2.3.3.
A morphism between triples is as follows: Let a : P; — P2 be a morphism
between nilpotent f-O-displays over R and 7; be a P;-triple S for i = 1,2.
Then an a-morphism « : P - Pyis a morphism of Wy (S)-modules which
lifts o and commutes with the ' and F; maps, which only makes sense since
a(@\l) C @\2 We need to define base change of triples. For this purpose let
S — R, S — R’ be O-pd-thickenings, respectively, and let ¢ : R — R’ be an
O-algebra morphism. Assume we are given a morphism of O-pd-thickenings, i.e.,
an 0-algebra morphism S — S’, such that

S——9

L,

R—> R

commutes. Now for a P-triple 7 over S, we define the Pg/-triple Tg over S’ by
setting
7-5' = (WO(S/) ®WO(S) P7F7F1)7

where F is the '/ -linear extension of F and E on @\’ is uniquely determined by

Rwey) = "we Ry,
ﬁ(vw@)x) = "y Fr,
Filla®z) = 0,

forz € P,y € Q,w € Wo(S') and a €  C Wp(a'), where o is the kernel of
S — R

Now let S — R be an O-pd-thickening. It is rather obvious that nilpotent
f-O-windows over Wy g/p with respect to J = Io s + 7Wo(S) + Wo(a) and
P-triples for all nilpotent f-O-displays over S are practically the same. For this
purpose consider the category f-O-Cg/g consisting of the objects (P, T), where
P is a nilpotent f-O-display over S and T a P-triple over S. A morphism
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between two objects of f-O-Cg/g, say (P, T) — (P',T’), consists of a morphism
of displays a : P — P’ and an a-morphism & : T — T’. We obtain an equivalence
of categories between the category of nilpotent f-O-windows over Wy g/r with
respect to J and the category f-O-Cg g, such that the diagram

(nilpotent f-O-windows over Wy g/r with respect to J ) — f-O-Cg/r

OCZ*l

(f — ndispo /R)

commutes (the upper categories lie over the lower one), where ag, is induced by
the map ay of (3.2). This equivalence is given by sending a nilpotent f-O-windows
over Wo g/r With respect to J, say P=(P,Q,F, ﬁ), to (a2, P, (P, F, F\I)), and
morphism between to f-O-windows over Wy g/ with respect to J, say 7: P —
?;’, to (ags7, 7). The inverse functor is easily constructed. Hence, it follows that
we could also work with nilpotent f-O-windows over Wy /g with respect to J
in place of P-triples, but since we try to follow the notation of [Zin02], we take
P-triples. Since aia, is an equivalence of categories by Theorem 3.1.7 we obtain
with the above notation:

Proposition 3.2.5. (cf. [Zin02, Theorem 46]) Let S — R be an O-pd-thickening
and a : P; — P2 a morphism between two nilpotent f-O-displays over R. For
P;-triples 7; over S there is a unique a-morphism of triples a : 71 — 7Ta.

Hence, given an O-pd-thickening S — R and a nilpotent f-O-display P over
R, it makes sense to talk about ”"the” P-triple over S, since by the previous
association we can always find a P-triple and it is uniquely determined up to
unique isomorphism by the previous Proposition.

3.3 Applications to f-O-displays

In this section every O, (', etc. is assumed to be a ring of integers of a non-
Archimedean local field of characteristic zero. We want to prove that P(O, O’ R)
is true for as many (’-algebras R as possible. All these proofs have a very similar
framework and the following Definition is helpful to simplify the proofs.

Definition 3.3.1. Let R be a fixed ring with p nilpotent in R. We say that the
boolean variable A(R) is true, iff the following three assertions hold:

e Let O — O be a nonramified extension and R equipped with an additional
O'-algebra structure. If P(O, R) is true, then (O, O’) is an equivalence
of categories. (Hence, P(O,O’, R) is true.)
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o Let O — O be a nonramified extension and R equipped with an addi-
tional O'-algebra structure. If P(O, 0’  R) is true, then Q2(0,0’) is an
equivalence of categories. (Hence, P(O', R) is true.)

e Let O — O be a totally ramified extension and R equipped with an addi-
tional O'-algebra structure. If P(O, R) is true, then I'y(O, O') is an equiv-
alence of categories. (Hence, P(O', R) is true.)

Lemma 3.3.2. Let R be a ring with p nilpotent in R, such that A(R) is true.
Then for each nonramified extension @ — O’ and each (’-algebra structure on R,
P(O,0', R) is true. In particular, P(O, R) is true for each O and each O-algebra
structure on R.

Proof: First we prove that P(O, R) is true with O arbitrary and R equipped with
an O-algebra structure. We choose O, such that Oy is nonramified over Z, and
O is totally ramified over Oy. We can establish with Theorem 2.5.16 and the
three points of Definition 3.3.1 that P(O, R) is true by first considering the step
Zy, — Op and then Oy — O. By using the first part of Definition 3.3.1 again we
obtain that P(O,0’, R) is true for each nonramified extension @ — O’ and each
(O'-algebra structure on R. O

Proposition 3.3.3. Let [ be a perfect field of characteristic p. Then A() is true.
Hence by Lemma 3.3.2 we obtain that P(O,0’,1) is true for each nonramified
extension O — ', such that [ is a perfect field of characteristic p extending the
residue field of O'.

Proof: We need to confirm the points defining A((), assuming that P(O,!) resp.
P(O,0',1) is true. First we consider the case that O’ is nonramified over O
and [ extends the residue field of @’. We first show the essential surjectivity of
01(0,0"). Let Py = (Po, Qo, Fo, F1p) be a nilpotent* f-O-display over I. We
define foreach i =1,...,f —1

P =Wo(l) @pi-r Py

and consider

f-1
P = P
=0
f-1
Q = QoPPr.
i=1

*We could use the same arguments for the not necessarily nilpotent case to establish the
essential surjectivity there.
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The operators F' and F} are given by

F($0,1®1‘1,...,1®$f71) = (xf,1,1®F0(L‘0,1®1’1,...,1®$f,2)
Filyo,1@z1...,1®xr-1) = (ry-1,1® Fioyo, 1 @x1,...,1®@xs_2)

with z; € Py and yg € Qp. Then P = (P,Q, F, F}) is a nilpotent O-display over
l. By letting the O'-action of Py act on the second factors of the tensor products
of the P; we obtain a strict (’-action of P. It is clear that P + O’ is mapped via
21(0,0’) to Py and an easy exercise to show the fully faithfulness.

Now we have a look at Q2(0, Q"). Since u; : Wo(l) — Wer(l) is an isomorphism
by Lemma 1.3.6, it is easily seen that Q2(O, Q') is essentially surjective. Because
we assume P(O,0’,1) to be true we need for the fully faithfulness only to show
that

HOIH@ ('P() s 73*0) — Hom@/ (73/, 'Pl*)

is surjective, where Py, Py are nilpotent f-O-displays over [ and P’, P, are the
respective associated O'-displays over [, but this is again fairly obvious.

Now let O’ be totally ramified over O and let [ extend the residue field of O" and
O. We consider I'y(O, O') and assume P(O, 1) to be true. Let P = (P, Q, F, F) be
an O-display over [ equipped with a strict O'-action and P’ = (P, Q’, F', FY) its
image via I'y(O, @). By considering Lemma 1.3.6, we obtain the isomorphism of
rings O’ Wo (1) =~ Wer (1) and so the module P’ is P interpreted as O'®@oWo (1)-
module from which the essential surjectivity follows easily and it is left as an
exercise to the reader to verify that I'y(O, Q') is full for I, which would establish
that it is an equivalence. O

Proposition 3.3.4. Let O — O’ be a nonramified extension of rings of integers
of non-Archimedean local fields of characteristic zero of degree f and R an O'-
algebra with nilpotent nilradical and 7’ nilpotent in R. Then BT((Qf ) is faithful.
In particular, BTy is faithful for each O an each O-algebra R with nilpotent
nilradical and 7 nilpotent in R.

The last assertion of the Proposition is only a partial result compared to the
fact that we prove the faithfulness for all O’-algebras with 7/ nilpotent in them
in Chapter 5. Nevertheless, there we need crystal theory, so it seems sensible to
state this result on its own, since we need only deformation theory.

Proof: Let k¥’ be the residue field of O'.

If R =1 is a perfect field extending &', the fully faithfulness of BT((Qf ) follows from
Proposition 3.3.3.

Now let k be any field extending k' and [ the algebraic closure of k. If P, P,
are two nilpotent f-O-displays over k, P, P,; the corresponding nilpotent f-O-
displays over [ obtained by base change and X, X,, X;, X, ; the corresponding
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7’-divisible formal O’-modules, then the faithfulness of the BT, ((Qf ,)g functor follows
from the commutative diagram
)

O,k

Homp (P, Py)

Homey 1 (X, Xy)

BTY) l .
Hom (P, Pyy)— Homor (X0, X ),

where the indices of the Hom-sets should indicate over which (0’-algebra we con-
sider them. Now let R be a reduced O'-algebra with 7R = 0 and P, P, two
nilpotent f-O-displays over R. Hence, we may embed R into a product [[,.; K;
of fields, each extending &', and with the help of the commutative diagram

Homo r(P, Py) Homer r(X, Xy)

|

Hie[ HomovKi (PKi’p*vKi)C—> Hie[ HomO',Ki (XKNX*JQ)

the faithfulness follows for this case. Now we may assume that R is an (O'-algebra
with 7 nilpotent in R and nilpotent nilradical a. Let Ry = R/a and P, P, be
nilpotent f-O-displays over R. We obtain the injectivity of Homep (P, Px) —
Homo g, (PR, Px,r,) by Corollary 3.2.3. With the commutative diagram

HOIH({)’R(,P,,P*) I’IOHIOI’R()(7 X*)

|

HomO,Rl (PR1 ) P*,R1 )(—> Homo/,Pq (XRl ’ X*7R1)
the result follows. U

Proposition 3.3.5. Let O — O’ be a nonramified / totally ramified extension,
S — R a surjection of O’-algebras with 7’ nilpotent in S and nilpotent kernel and
P a nilpotent f-O-display over S (for Q1(O, Q")) resp. a nilpotent O’-display over
S (for Q5(0, 0 resp. T1(O,O') resp. T2(O, '), such that Pg lies in the image
of 21(0,0")g resp. Q2(0O, 0" resp. T'1(O,O')g resp. T'2(O,0")g. Then P lies
in the image of the respective functor over S. In particular, if one of the functors
21(0,0),92(0,0"),T1(0,0’) or T'2(0, O') is essentially surjective over R, then
this is also true for the respective functor over S.

Proof: The assertions for I'1 (O, O’) follows from the assertions for €;(O, 0’), so
we will only consider ©;(0,0’) and T'2(O,O’). Let a be the kernel and a™ = 0
for an integer n > 0. By considering the sequence S/a’ for i = 0,...,n and the
O'-algebra surjections S/a’ — S/a’~!, we obtain that we may reduce for each
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functor to the case, where a? = 0. By taking the trivial O-pd structure on a, we
may construct the morphisms of O-frames (see (3.2))

WO,S g (WO(S)va RJ ag, Ul) O& WO,R'

With the help of Theorem 3.1.7 and Lemma 3.1.8 we get that the category of
nilpotent (f-)O-displays over S is equivalent to the category of nilpotent (f-)O-
displays over R equipped with a lift of the Hodge filtration. Of course the same
is true for O@’. Additionally, the equivalence assertions over O continue to hold,
if we add a strict O’-action to each object and consider only those morphisms
respecting the (’-actions. Hence, we obtain commutative diagrams

(ndispp o /9) LTS (f —ndispy /5) (f —ndispp /S) —— fas (ndispey /5)

(ndispgo, /R) —> (f — ndispz9 /R) (f — ndlspo /R) (ndlspo, /R)

(ndispp o /R) up (f — ndispy /R), (f —ndispp /R) fos (ndispepr /R)
and

(ndiSpO,O’ /S) i (ndisp@/ /S)

(ndispTQO, /R) —*— (ndisng, /R)

| l

(ndispp o / R) 2% (ndispey /R),
where the dagger at each category in the middle of each diagram should indicate
the further structure (i.e., the lift of the Hodge filtration) and the horizontal
maps are Q1 (0, 0'), Q2(O, 0') and T'y(O, O’) (over S and R) or at least induced
by it (for the a-arrows in the middle of each diagram). We need to know what

happens with the liftings in the middle left categories of the diagrams, when a;,
ag or o are applied. With the help of this it easily shown that P lies in the
image of the respective functors over S, since we only need to show that the to
P corresponding element in the middle right categories of the respective above
diagram lies in the image of oy resp. as resp. o’.

First we consider a: Let P be a nilpotent O-display over S equipped with a strict
O'-action. The element (ndisng’o, /R) corresponding to P is (Pr, S @y, we(s) L)
with L as usual and the induced strict O'-action. The element of (f — ndispz9 /R)
corresponding to Q1(0,0")s(P) is

(Q1(0,0")5(P) Ry S @wowo(s) Lo) = (21(O, 0" )r(Pr), S Qwowe(s) Lo),
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where Ly is obtained as in Lemma 2.5.1. Hence, «; is given by sending

(PR, S ®@wy,we(s) L) to (21(O,0")r(PR), (S ®wywe(s) L)o), where the last zero
in the index should indicate one takes only the zeroth component of the obvi-
ous direct sum decomposition of S @y, w,(s) L (see the proof of Lemma 2.5.1).
Let (733, My) be the element of (f — ndispz9 /R) corresponding to P and P, €
(ndispp o /R) chosen, such that Q1(O0,0")r(Px) = Pr holds. Let (P,F,F)
be the P,-triple over S. By Proposition 3.2.5, we can lift the O’-action of P,
uniquely, so P becomes an O’ ®» Wp(S)-module and we obtain the usual grad-
ing (see Lemma 2.5.1)

T
0

P=PPr.

s
Il
o

Since the lifted O'-action leaves the P; invariant, we get that with the S-module

F-1
M = MO@@S@’WO(S) P;
=1

we obtain a lifting respecting the O’-action, hence (P, M) is an element of
(ndispio o /R) and

a1(Py, S) = (Pr, My)
holds, so P lies in the image of 21(0,0)s.
We get that for a nilpotent f-O-display Py over S the corresponding element
in (f — ndispzr9 /R) is (Po,r, S ®wy,we(s) Lo) with Lo as usual (cf. Definition
2.5.5). Because of the construction of Q3(O,0’) we obtain that the element of
(ndisp;fo, /R) corresponding to Q2(O, 0")s(Py) is

(Q22(0,0")5(Po) s S @y wion(s) Lox) = (22(0, O")r(Po,r), S @y wi(s) Lox),
where Lo = Wor(S) @w,(s) Lo- Because of

S ®wt Wi (5) Lox = 5 ®wr wio(5) Wor(S) ®@wi(s) Lo
= 5 Owo,Wo (S) Lo

we get that ag is given by sending (Py, M) to (Q2(0, O")r(Py), M), where Py €
(f— ndlspo /R) and M is a hftlng of the Hodge filtration. Hence, the element of
(ndlspo/ /R) corresponding to P lies in image of ap by obvious reasons and so P
lies in image of Q2(0, 0’)s.

Now we have a look at o’: Let P be a nilpotent O-display over S equipped with a
strict O’-action. With the notation as right after the proof of Proposition 2.5.9 the
element of (ndispg’o/ /R) corresponding to P is (Pr, Lao@® A) plus the induced
strict O'-action. The element of (ndispg, /R) corresponding to I'y(O, O0")s(P) is

(T2(0,0")s(P)r, La).
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Hence, o' is given by sending (PR,LAO @ A) to (FQ(O ONg(Pr),Layp). Let
(PR, M) be the element of (ndlsp@, / R) corresponding to Pand P, € € (ndispp o /R)
chosen, such that T'y(O, O')g(P,) = Pg holds. Let (P, F, F1) be the P,-triple over
S. By Proposition 3.2.5, we can lift the O’-action of P, uniquely. If we define
the S-module Py by S @y, we(s) P and the R-module Py o by R Q) we(r) Px
we get a commutative diagram of S-modules with exact rows

0 Ag Py S ®orgns Po—0
0 AR P*,O R®O’®@R P*,O H‘Oa

where the upper line lifts the lower line via S — R. Clearly Ag is O'-invariant
for the lifted O’-action and for the module My, considered as a submodule of P,
(the sequence splits), holds x(My) C My @ Ag for each k € O by assumption,
since M(] respected the O’-action when we considered the element (ﬁR, My) of
(ndispo, /R). Since My lifts the module Laor C R ®WO Wwo(r) Px We get that
(Ps, Ag @ Mp) is in (nd1spo o /R) and is mapped to (Pr, My) via o. Hence, P
lies in the image of I's(O, 0’)s. O

Proposition 3.3.6. Let R be a complete local ring with maximal ideal m, perfect
residue field, nilpotent nilradical and p nilpotent in R. Then A(R) is true. Hence
by Lemma 3.3.2 we obtain that P(O,O’, R) is true for each nonramified exten-
sion O — O’ and each O'-algebra structure on R. Furthermore, ;(0,0’) and
I;(0,0’) over R are equivalences of categories for nonramified/ totally ramified
extensions O — O’ and each O’-algebra structure on R.

Proof: Let us assume that R is equipped with an (O’-algebra structure and
P(O,R) resp. P(O,0',R) is true. Then by Proposition 3.3.4 the functors
01(0,0),T2(0,0’) resp. Q2(0,0’) are fully faithful, so we only have to show
that they are essentially surjective. With the help of the previous Proposition we
may consider from now on only reduced R in the proof. By considering Proposi-
tion 3.3.3 this is immediate for the case, when R is a perfect field of characteristic
p extending the residue field of @’. For general reduced complete local R with
perfect residue field and p nilpotent in R, equipped with an O’-algebra structure
we obtain, by using the previous Proposition again, that the equivalences are
established for R/m" for each n.

Now we take a look at ©;(O,0’) and I'y(O, ') for the whole R. Since these
functors are compatible with base change, we may take a nilpotent f-O-display
P resp. a nilpotent (’-display P over R, make a base change to R/m" for each
n and we obtain a nilpotent f-O-display resp. a nilpotent O’-display Prjmn-
These nilpotent displays now correspond to nilpotent O-displays over R/m"™ with
strict (O’-actions resp. to nilpotent f-O-displays over R/m™ and they form an
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inverse system. By building the projective limit we obtain an O-display over R
with a strict O’-action resp. an f-O-display over R, say P,, which is mapped
via Q;(O, 0’) resp. I'y(O, O') to P, when the functors are considered as functors
from general display structures, i.e., not necessarily nilpotent ones. To show the
essentially surjectivity of ;(O0,0’;) and I's(O, O'), when restricted to nilpotent
display structures again, it remains to show that these display structures P, are
nilpotent. For this we may utilize the fact that R is reduced and may be embed-
ded into a product of algebraic closed fields of characteristic p. Hence we may
restrict ourselves to the case, when R is an algebraically closed field of charac-
teristic p which extends the residue field of O’. First we treat Q1(O,0’) and
consider the commutative diagram of We(R)-modules

P, P:P*,O

Wo(R) ®pin we(r) P —= Wo(R) ®@pin we(r) Pro

| |

R ®WfN7WO(R) Py R ®W/fN7WO(R) Py,

where N is chosen that large, such that the right vertical composite map is zero.
The nilpotence of P, follows, since Py; = F}(Q4p) holds for eachi =1,...,f -1
with the usual graduation and so the composite map

VN
. — Wo(R) ®Ff(N+1),Wo(R) P — R ®Wf(N+1)7WO(R) P

is zero.
Let us now consider Q3(O,0’). Here we obtain the commutative diagram of
Wo(R)-modules

P, P =Wo (R) ®w,(r) Ps

o -
)

W(’)(R) ®FfN,Wo(R) P —— WO’(R) F'N Wei (R Wor R) ®WO( R) P

| |

R Q. wo(r) Pr R @y W (k) Wor (R) @we (r) Prs

where N is chosen as above. The lower horizontal map is an isomorphism, from
which we can deduce the nilpotence of P.
Now we shift our focus towards the totally ramified case. We get a commutative
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diagram of Wy (R)-modules

P, P

V*Nﬁl i‘/Nﬁ

Wo(R) @pnN we(r) P —= Wor(R) @piv w,,(r) P

| |

R ®wy wo(r) Px R &y wei(r) P

with NV as above. Since the lower horizontal map is an isomorphism the nilpotence
of P, follows. O






Chapter 4

The stack of truncated
f-O-displays

In this chapter we assume that the reader is familiar with the basic terminology
of stacks, as it can be found in [LMB91]. We take the ideas of [Lau08], but apply
them not to the functors BT resp. BT(f), but to the functors €;(O,0’) and
I;(0,0), where O — (' is a nonramified / totally ramified extension of rings of
integers of non-Archimedean local fields of characteristic zero. Unless otherwise
stated, if we just talk about O (with no reference to an O’) then we just mean any
ring of integers of a non-Archimedean local field of characteristic zero; for given
f>1and O, k is the residue field of O, where 0’ is the nonramified extension
of O of degree f, and R is an k-algebra. The primary ideas are essentially taken
from [Lau08], but with the definition of a truncated f-O-display inspired from
[Lau, Chapter 3.

4.1 Truncated f-O-displays

If we denote for an m-adic O-algebra R and a positive integer n the ring of
truncated ramified Witt vectors of length n by We ,(R) and the kernel of wy
by Io rn then we have an O-algebra morphism Fn . Won+1(R) = Won(R)
induced by the Frobenius on Wp(R) and the inverse of the Verschiebung of
Wo(R) induces a f-linear bijective map Vil Io,rnt1 = Won(R). If TR =0,
the Frobenius induces an O-algebra endomorphism » of Wo ,,(R) and the ideal
1o, rn+1 of Wo ni1(R) is a Wo n(R)-module. Since this Fn ig obtained by the
map ™ : Wo ny1(R) — Won(R) because the (n+1)-th entry has no influence on
the value, this abuse of notation seems to be tolerable. A similar argumentation
establishes that Ip pn41 is a Wo ,(R)-module, since for every lift of a fixed

81
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element of Wo ,(R) to an element of Wp 11 (R) the multiplication with a fixed
element of Ip r 41 has the same value.

Definition 4.1.1. Let f > 1, O as usual and R a k-algebra. An f-O-pre-display
over R is a sextuple P = (P,Q,t,¢, F, F}), where P and @ are Wp(R)-modules

with morphisms
Io.r ®wer) P — Q — P,

and F': P — P and F; : Q — P are F Jinear maps, such that e : To r Qw,(r)
P — Pand ¢(1®) : lo,r ®@w,(r) @ — Q are the multiplication morphisms
and Fie =F"7'V7" @F holds. If P and Q@ are Wp ,(R)-modules, we call P an
f-O-pre-display of level n.

A morphism between two f-O-pre-displays P, P’ consists of a tuple of mor-
phisms (g, 1), such that

Io.r ®wor) P ———+Q —=P

1®a1l Otoi Oélt
/

IO,R ®Wo(R) 24 ;Q/ %P/

commutes and a3 o F; = F] oap and a1 o F = F' o ay hold. Tt is easily seen
that we obtain an abelian category, named (f — pre-dispy /R), which contains
(f —dispp /R) as a full subcategory. We denote the abelian subcategory of f-O-
pre-displays of level n by (f — pre-dispe ,, /R).

Definition 4.1.2. A truncated pair of level n over R is a quadruple B = (P, @, ¢,€),
where P and @ are Wp ,,(R)-modules with module morphisms

10n41,R W, (r) P — Q — P
such that

o e lont1,R ®w, (r) P — P and el®e): lopt1,R Qwe .(r) @ = Q are
the multiplication maps, i.e., they coincide with

It
IO,n—I—l,R ®Wo,n(R) P— IO,n,R ®Wo,n(R) P==P

and
It
10.41.R W () @ = TonR W . (r) Q — @Q,

respectively, where Ip ,11,r — lon g is the restriction map and mult the
multiplication map,

e P is projective and of finite type over Wo ,,(R),

e Coker(¢) is projective over R and
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e We have an exact sequence
0 — Jrn+1 ®r Coker(r) =N Q % P — Coker(1) — 0,

where Jp 41 is defined as the kernel of the restriction map Wo ,41(R) —
Wo »(R) and € is induced by e.

A normal decomposition for a truncated pair is a pair of projective Wo ,,(R)-
modules (L,T) with L C @ and T C P, such that

1 1
LoT % Pand L& (Io.pnit @we,m) 1) — Q
are bijective morphisms. By the obvious generalization of [Lau, Lemma 3.3.]
every ramified truncated pair admits a normal decomposition .

Definition 4.1.3. A truncated f-O-display of level n over R is an f-O-pre-
display P = (P, Q, ¢, ¢, F, F}) of level n over R, such that (P, Q,,¢) is a truncated
pair of level n and the image of F| generates P as a Wp ,(R)-module.

The rank of P is defined as the rank of P over Wp ,(R). We denote the
category of truncated f-O-displays of level n over R by (f —dispe, /R). This is
a full subcategory of the category of f-O-pre-displays of level n over R.

If we are given a truncated pair (P, @, t, £) with normal decomposition (L, T"), then
we have a bijection between the set of pairs (F, F}) such that (P, Q,t,¢, F, F}) is
a truncated f-O-display and the set of © 7 linear isomorphisms W : L& T — P,
such that ¥|;, = Fi|; and ¥|p = F|p. If L and T are free Wp ,,(R)-modules,
then W is described by an invertible matrix with coefficients in Wp ,,(R). The
proof of the bijection is an obvious variation of [Zin02, Lemma 9] and the case,
when L and T are free, is a variation of the explanation after this Lemma. We
call (L,T,¥) a normal decomposition of P = (P,Q,t,&, F, FY).

Furthermore, we need to remark that morphisms (g, a1) between two truncated
f-O-displays over level n, say P,P’, may be described in a reduced way. If we
are given a normal decomposition (L,T") of P, it suffices to know (ag|r,a1|r),
since we obtain by the definition of a morphism that as|,;, = ¢/ o ap|y and
a0|5(IO,n+1,R®WO’n(R)T) =¢'(1 ® a1|7) must hold.

All assertions from Lemma 3.5. to Proposition 3.14. in [Lau] are true in their
obvious generalization, and their proofs will be essentially the same, so we omit
most of them here. We will only prove Lemma 3.6. and Lemma 3.10., since we
need to know what truncation means.

Lemma 4.1.4. (c¢f. [Lau, Lemma 3.6.]) Let f > 1, O and a morphism of
k-algebras B : R — R’ be given. Then there is a unique base change functor

ﬁ* : (f - diSpO,n /R) - (f - diSpO,n /R/)
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together with a natural isomorphism

Hom(¢_pre-dispe, ,, /7) (P> 8*P') = Homys_qisp,, , /) (B<P, P'),

for all truncated f-O-displays P of level n over R resp. P’ of level n over R'.
Here 8* is the functor (f — pre-dispe ,, /R’') — (f — pre-dispp ,, /R) obtained by
restriction to scalars.

Proof: In terms of normal decompositions Sy is given by
£
(L, T, %) = Won(R) @we .(r) L, Won(R) @we. . (ry T,/ @F).
The rest is obvious. O

Lemma 4.1.5. (cf. [Lau, Lemma 3.10.]) Let f > 1, O and a k-algebra R be
given. Then there are unique truncation functors

Tn : (f - diSpO /R) - (f - disp(’),n /R)
™ (f — disp@,n+1 /R) — (f-— disp@,n /R)

together with a natural isomorphism

Hom(ffpre—dispo /R) (Pa P/) = Hom(ffdispo,” /R) (Tnpu P/),

if P is an f-O-display or a truncated f-O-display of level n + 1 over R and P’ a
truncated f-O-display of level n over R. These truncation functors are compatible
with base change.

Proof: In terms of normal decompositions 7, is given by
f
(Lv T, \Ij) = (WO,TL(R) ®VV@(R) L, WO,TL(R) ®Wo(R) T>Fn ®\I])'
The rest is obvious again. U

We now fix some integers h > 0, f > 1 and the ring O and denote by f —
Dispy , — Speck the fibered category of truncated f-O-displays of level n and
rank h. Hence, f — Dispg ,,(Spec R) is the groupoid of truncated f-O-displays of
level n and rank h over R. There is an obvious morphism 7o, : f —Dispp 11 —
J — Dispp ,, induced by the truncation functors.

Lemma 4.1.6. (cf. [Lau, Proposition 3.15.]) The fibered category f — Dispp,,
is a smooth Artin algebraic stack with affine diagonal. The truncation morphism
J — Dispp 41 — [ — Dispp,, is smooth and surjective.

Proof: By the generalization of [Lau, Proposition 3.14.], we know that f—Dispe ,,
is an fpqc stack. To clarify the affineness of the diagonal, we have to show that
for truncated f-O-displays P; and Ps of level n and rank h over a k-algebra R
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the sheaf Isom(Py, P2) is represented by an affine scheme. By passing to an open
cover of Spec R, we may assume that P; and P, have normal decompositions
with free modules. The homomorphisms of the underlying truncated pairs are
clearly represented by an affine scheme. Commuting with F' and F} is a closed
condition and a homomorphism of truncated pairs is an isomorphism iff it in-
duces isomorphisms on Coker(:) and Coker(e), which is equivalent to demand
that two determinants are invertible. Hence, Isom (P71, Ps) is represented by an
affine scheme.

For each integer integer d with 0 < d < h, let f — Dispp, 4 be the substack
of f — Dispp,, where Coker(:) has rank d. We define the functor X¢, 4 from
the category of affine k-schemes to (Sets) by defining Xo ,, 4(Spec R) as the set
of invertible Wo ,,(R)-matrices of rank h. Hence, Xp 4 is an affine open sub-
scheme of the affine space of dimension nh? over k. We now define the morphism
TOmnd : Xomd — f — Dispp , 4 in the way that 7o, 4(M) is the truncated
f-O-display given by the normal representation (L, T, ¥), where L = Wo ,,(R)"~¢,
T = Won(R)? and M is the matrix representation of ¥. We define the sheaf of
groups Go .4 by associating to each k-algebra R the group of invertible matrices
(55) with A € Aut(L), B € Hom(T, L), C € Hom(L, I, n+1 ®w,,,(r) T) and
D € Aut(T), where L and T are as above. Go 4 is an affine open subscheme
of the affine space of dimension nh? over k and Ton,d s a Go p g-torsor. So we
see that f — Dispy ,, 4 and f — Dispg ,, are smooth algebraic stacks over k. The
truncation morphism 7o , is smooth and surjective because it commutes with the
obvious projection Xo p41,4 — X0 n,d, which is smooth and surjective. O

For a truncated f-O-display P of level n over a k-algebra R there is a unique

morphism V*: P — P1) = Wy, (R) ® pf Won(R) P with VH(Fi(z)) = 1 ® z for

all z € Q. The proof of this is fairly similar to the one of Lemma 2.1.4. V* is
compatible with truncation. We call P nilpotent, if there is an m, such that the
m-th fold iterate of V¥, i.e., the composite morphism P — P1) — ... — p(m)
is zero. Because o g, is nilpotent, P is nilpotent, iff its truncation to level 1 is
nilpotent. An f-O-display over R is nilpotent iff all its truncations are nilpotent.

Lemma 4.1.7. (cf. [Lau, Lemma 3.17.]) There is a unique reduced closed
substack f — nDispy,, C f — Dispp, such that the geometric points of f —
nDisp, ,, are precisely the nilpotent truncated f-O-displays of level n. We have
the cartesian diagram

J —nDispp 41 —— f —nDispp ,,
J —Dispp 41 — f — Dispp,, -

In particular, f—nDispy 41 — f—nDispg , is smooth and essentially surjective
on R-valued points for every R.
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Proof: Apart from the last assertion, this is the obvious generalization of a partial
result made in [Lau, Lemma 3.17.]. The smoothness and essential surjectivity
follow easily. O

Is is sensible to ask if it is possible to establish the analogous results (compared
to [Lau08, Chapter 1 and 2]) for truncated w-divisible O-modules of level n and
height h and then proceed as in the rest of [Lau08]. These results are indeed
true (see [Fal02]). Nevertheless, it is possible to use our established arguments
in the codomains of Q;(0,0"),Q(0,0"),I'1(O,O') resp. T'2(O,’) in order to
establish that these functors are equivalences for all (’-algebras with 7’ nilpotent
in them, under the assumption that the respective functor is fully faithful for all
O'-algebras with 7’ nilpotent in them. For the fully faithfulness of the functors
we will establish a generalized version of Zink’s universal extensions in the next
chapter.

4.2 Applications to f-O-displays

Proposition 4.2.1. (cf. [Lau08, Proposition 1.2.]) Let f > 1 and O be given.
For any positive integer h there is a sequence of finitely generated reduced k-
algebras By — By — ... with faithfully flat smooth maps and a nilpotent f-O-
display P of rank h over B = | J B; with the property that for any other nilpotent
f-O-display P’ over a reduced k-algebra R and of rank h, there are is a sequence
R — 51 — Sy — ... of faithfully flat étale k-algebra morphisms and a k-algebra
morphism B — S = J.S; such that Pg = P's.

Proof: We construct recursively an infinite commutative diagram

Y, Ys Y3

l i l

f —nDispp 1 <— f —nDispp g <—— f —nDispp g <— >

where Y,, = Spec B,, for a finitely generated k-algebra B,,, such that Y; —
J —nDispp; and Y11 — Xm+1 = f — nDispe 11 xf_nDispovam are smooth
presentations. By Lemma 4.1.7 the morphisms B,, — B,y are faithfully flat
and smooth. We have a canonical nilpotent f-O-display P over B = li%mBm.

A nilpotent f-O-display P’ over a reduced k-algebra R is equivalent to a compati-
ble system of morphisms Spec R — f—nDispg ,,. For Spec.S; = Spec RxfanispO’l
Y], there is a natural map SpecS; — X2 and for m > 2 we have got for
Spec S, = Spec Sy—1 Xy,, Y, that there is a natural map Spec S, — Xm+1-
Hence we obtain compatible isomorphisms 7,(P)s = 7,(P')s over S = |J Sy,
where 7, should be the truncation morphisms, hence we obtain Pg = P’g. Be-
cause a surjective smooth morphism has a section étale locally, we may replace
the S, by an étale system. O
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Definition 4.2.2. (cf. [Lau08, Definition 5.4.]) A nilpotent f-O-display over a
k-algebra R is called of reduced type if all its truncations are in f —nDispg ,.

Proposition 4.2.3. (cf. [Lau08, Lemma 5.5.]) A nilpotent f-O-display over a
k-algebra R is of reduced type, iff there are k-algebra morphisms R — S < A
with A reduced, S = |JS; for a system of étale faithfully flat k-algebra morphisms
R — 51 — S; — ..., and the base change of this f-O-display to S descends to
A.

Proof: While the backward direction is immediate, we need, in order to prove
the forward direction, the proof of Proposition 4.2.1. But here, we may drop the
equivalence condition in the first line of the second part, since we already demand
that our f-O-display is of reduced type. O

Unless otherwise stated, from now on until the end of this chapter, R, .S, etc.
are just (’-algebras and not necessarily k-algebras.

Definition 4.2.4. We call a faithfully flat morphism of O’-algebras R — S an
admissible covering, if S ®pg S is reduced.

The use of this Definition is the following: Let us assume that (O, O0"),
22(0,0"),T1(0,0") or T'y (O, ) is fully faithful for all O’-algebras with 7’ nilpo-
tent in them. If R — S is an admissible covering over @’ with 7’ nilpotent in R,
we may apply Proposition 2.2.10. So if we get that for a nilpotent f-O-display
P over R resp. nilpotent O’-display P over R the nilpotent f-O-display over S
resp. nilpotent O’-display over S obtained by base change lies in the image of the
corresponding functor over S, then P does so as well. All assertions we will need
about admissible coverings, can be found in [Lau08, Chapter 3|, where the ring
morphisms have to be replaced by O'-algebra morphisms. The proof of [Lau08,
Proposition 3.4.] depends on [Lau08, Lemma 3.3.], which is not correct. In [Lau,
8.2.] it is clarified, how to prove the Proposition without using this Lemma.

Proposition 4.2.5. (cf. [Lau08, Proposition 4.4.,Lemma 6.1.]) Let O — O’ be
a nonramified / totally ramified extension. Assume that Q1 (O, 0’), Q2(0, 0’),
(0,0 or T'y(0,0’) is fully faithful for all O'-algebras with 7' nilpotent in
them, then the respective functor is an equivalence for all such algebras.

Proof: It remains to show that Q;(0,0’),Q2(0,0"),T1(0, ') resp. I'2(0,0")
is essentially surjective for all O’-algebras R with 7’ nilpotent in R. We treat
only the Q;(0, 0’)-case, since the others follow analogously. At first we show
the assertion for all reduced k-algebras R, where k is always the residue field of
O’ here. Let P be a nilpotent f-O-display over R. With R — S < B given as
in Proposition 4.2.1, Pg descends to B. Since R — S is an admissible covering,
it is enough to show that Q1(O,0’) is essentially surjective over B. When &’
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is an uncountable algebraically closed field of characteristic p extending k, then
B — B®y k' is an admissible covering and we may apply [Lau08, Proposition 3.2.
to B®g k' = B; ® k', so we may reduce to the base ring [[(B ®k k')m, where
the product runs through all maximal ideals m of B ®; k’. We may reduce to
(B ® k'), since nilpotent f-O-displays are compatible with arbitrary products
of reduced local O’-algebras. The residue field of (B ® k')m is k' by [Lau08,
Lemma 4.3.] and we may apply [Lau08, Proposition 3.4.] to consider just the
completion of (B®j k’)m, for which the assertion is already known by Proposition
3.3.6.

Now we consider general (O'-algebras R with 7’ nilpotent in R. By Proposition
3.3.5 it suffices to treat the case, where R is a k-algebra. Let P be a nilpotent f-O-
display over R. Because f—Dispy ; is of finite type, we obtain that f—nDispy; —
J — Dispp ; is finitely presented. Since P is modulo a nilpotent ideal of reduced
type, we may assume by Proposition 3.3.5 that P is of reduced type. Now let
R — S < A be as in Proposition 4.2.3. Because Q1(O, Q") fully faithful, it
suffices to show that Pg lies in the image of (O, 0’), which holds, since Pg
descends to A, which is reduced, and the result follows by the first part of the
proof. O
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Crystals

In this section we associate to each nilpotent O-display and to each correspond-
ing m-divisible formal O-module a crystal and show that they are isomorphic on
the nilpotent ideal crystalline site of O-pd-thickenings. From this we can deduce
that BTp is faithful for all O-algebras with 7 nilpotent in them. For nilpo-
tent f-O-displays we will construct an extension with which we can establish
the fully faithfulness of ;(0, ©’). Combining these results we obtain all desired
equivalences. The rings O, ', O are always assumed to be rings of integers non-

Archimedean local fields of characteristic zero.

5.1 The crystal associated to f-O-displays

We need to have a look at the different types of crystalline sites (see [Zin02,
Remark after Theorem 46]).

Definition 5.1.1. Let X be a scheme over Spec O with 7 locally nilpotent in
Ox (which should not be confused with O).

e The crystalline site consists of objects (U, T,d), with U C X an open sub-
scheme, U — T a closed immersion over Spec O, with 7 locally nilpotent
on T, defined by an ideal J C Or and § an O-pd structure on J (where
we extend Definition 2.3.2 trivially from an ideal of an O-algebra to J),
which has to be compatible with the canonical O-pd structure on 7O C O.

e The nilpotent ideal crystalline site consists of those objects of the crystalline
site, for which the ideal 7 is (locally) nilpotent.

89
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The nilpotent ideal crystalline site should not be confused with the (more

common) nilpotent crystalline site, which consists of those objects in the crys-
talline site, where the O-pd structure on J is (locally) nilpotent, which is a
stronger condition than to demand that J itself is (locally) nilpotent.
We let Wo(O5”®) be the sheaf on the crystalline site, which associates to (U, T, §)
the O-algebra Wo(I'(T,Or)). We call a crystal in Wo(O5")-modules a Witt
crystal. For an f-O-display P over an O-algebra R with 7 nilpotent in R we will
now define a Witt crystal KCp on the crystalline site over Spec R. It suffices, to give
the value of Kp for O-pd-thickenings Spec R — Spec S, where Spec R’ < Spec R
is an affine open neighbourhood. If the P-triple over S associated to Pgs looks
like (P, F, F1) (see section 3.2) we define

Kp(Spec R — Spec S) = P,

which we will also denote by Kp(.S) if the setting is clear.

Definition 5.1.2. The sheaf Kp on the crystalline site over Spec R is called the
Witt crystal associated to P. We define the Dieudonné crystal by

Dp(S) = Kp(S5)/10,sKp(95),

crys

which is a crystal in OSpec

p-modules on the crystalline site.

We define for any topological O-pd-thickening (5, a,) — R’ the crystals by
Kp(S) = lim Kp(S/an)

Dp(S) = lim Dp(S/ay).

n
It can be easily verified, that we can formulate the main assertions for triples for
topological O-pd-thickenings in an obviously generalized manner. Both crystals
are compatible with base change: If we consider a morphism of O-pd-thickenings
as in Section 3.2

we obtain

Kp,, (8) ~ Wo(S") @w,s) Kp(S),
DPR/(S/) ~ S/®SDP(S).

These isomorphisms are by obvious reasons also true, when we consider topolog-
ical O-pd-thickenings. Now let us consider the canonical morphism

wo : Wo(R) — R.
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The kernel Ip gr may be equipped with an O-pd-structure
y(Vw) = 7172V (w?) (5.1)

for all w € Wp(R). One easily verifies that this is indeed such a structure by
going to a suitable universal situation. The morphism wo : Wo(R) — R is a
topological O-pd-thickening, since wo : Wo ,(R) — R are O-pd-thickenings with
an O-pd-structure given by . If S — R is an O-pd-thickening with kernel a, then
a considered as an ideal of W (S) (by (2.13)) has the same O-pd-structure as
considered as an ideal of S. The kernel of the composite map Wp(S) - S — R
is Ip,s @ a, where on both summands we have O-pd-structures, so this follows
for the whole kernel. Hence, Wn(S) — R is a topological O-pd-thickening by
considering Wp ,(S) — R for each n. For the following Theorem we need to
introduce the Cartier morphism

A W@(R) — Wo(W@(R)),
which is uniquely determined for every O-algebra by functoriality and

Wn(A(Q) =" ¢

for all £ € Wo(R), where w,, : Wo(Wo(R)) — Weo(R) should denote the n-th
Witt polynomial for Wy(We(R)). Furthermore, the following relations hold for
each n and £ € Wo(R) (the operators belonging to Wo(Wo(R)) are marked with
a hat):

Wo(wn)(A(€)) ="" ¢

AFE) =F (A®©)) = Wo(F)(A(©))

A(Vf) - (A(f)) = [Vg’o’()? e ]

By passing to a suitable universal situation, these equations are easily verified.

Theorem 5.1.3. (cf. [Zin02, Proposition 53, Corollary 56]) Let S — R be an O-
pd-thickening with kernel a and P = (P, Q, F, F}) be a nilpotent f-O-display over
R. Let T = (]3, F, ) be the unique P-triple over S and 7 the unique P-triple
related to the topological O-pd-thickening Wy (S) — R with kernel Ip g @ a.
Then

T = (Wo(Wo(S)) @awes) P, F, F1)

holds, where F' and Fj are uniquely determined by the equations

F€or) = PioFs
FEoy) = Téary
A(ews) = MEeFa
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for all £ € Wo(Wo(S)),z € P and y € @), where Q is the inverse image of Q by
the map P — P. Then we have

Kp(S) =P =Wo(S) @z, (Wo(Wo(S)) ®awe(s) P) = Dp(Wo(S)).

If Wo(R) — S is a morphism of (topological) O-pd-thickenings over R, we obtain
that

Kp(S) ~ Wo(S) OWo (R) Kr(R)
Dp(S) =~ S®wer) Kp(R)

hold, where Wy (R) — Wo(S) is given by
Wo(R) % Wo(Wo(R)) = Wol(S).

The proof of [Zin02, Proposition 53] is absolutely analogous to the situation
here, so we omit it. The last assertion of the Theorem follows easily from the first
one by considering the trivial O-pd-thickening R — R and then making a base
change with respect to Wp(R) — S. The most important situations, in which
we will use this fact, are for S = Wp ,(R).

5.2 Universal extensions and the crystal of Grothendieck-
Messing

In this section we want to introduce more general (universal) extensions compared

to the ones introduced by Zink and show the existence of universal extensions. For

S an O-algebra and L an S-module, we may define the group C(L) = [[;5, ViL.
We may turn C(L) into an Ep g-module by the equations

QO VL) = ) Viwa(©l,

>0 >0

v Vi) = Y v,
i>0 i>0

FO VL) = > Vitlal,
i>0 i>1

for all £ € W (S) and l; € L. We may interpret C'(L) as the Cartier module of
the additive group of L. If Lt denotes the functor from Nilg to (O — modules )
defined by

LT (N) = (N og L)t

for each /' € Nilg, then there is a functor isomorphism

N @5 L~ Wo(N) @z, s C(L) (5.2)
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given by n @ [ + [n] ® VO for n € N and [ € L. The inverse mapping is given
by sending w @ Y50 Vi to Y50 wi(w) @ 1; for w € Wo(N) and I; € L for all
i >0 (cf. [Zin86, (2.1) Lemma.]).

Definition 5.2.1. Let S — R be an O-pd-thickening with kernel a and G a
(m-divisible) formal O-module over R with Cartier module M, which we consider
as an Ep g-module. Then an extension (L,t, N,x, M) of M by the S-module L
is an exact sequence of Ep g-modules

0—-C(L) 5 NS M0,

with N a reduced Ep g-module and aN C VL, where a C Wo(S) C Ep s is
given by (2.13). For simplicity, we just write (with abuse of notation) (L, N, M)
instead of (L, ¢, N, k, M).

Now let G, G’ be two formal O-modules over R, M, M’ their Cartier modules
and 8 : M — M’ a morphism between them over R. Furthermore, let (L, N, M)
and (L', N, M’) be extensions of M and M’'. Then a morphism of extensions
(L,N,M) — (L',N’, M) consists of a morphism of S-modules ¢ : L — L', a
morphism of Ep g-modules u : N — N’ and the Ep g-linear morphism 3, such
that the diagram of Ep g-modules

0——=C(L) N M 0
C(w)l iu lﬁ
0—C(L) N’ M’ 0

is commutative, where C(y) is given by sending V%l to Vy(l) for each i > 0 and
lelL.

Definition 5.2.2. With the above notation, we define the category Ext; s_,r by
the objects (L, N, M), such that M is the Cartier module of a w-divisible formal
O-module over R. The morphisms are those previously described.

In [Zin02, 3.2. The universal extension| we received a geometric interpretation
of the extensions in Zink’s sense in order to utilize [Mes72, Chapt. IV Theorem
(2.2)]. The generalization of Messing’s result can be found in [FGLO7, Theoreme
B.6.3.]. In these Theorems the divided power respectively the O-pd structure on
the kernel a of the surjection of rings S — R was required to be nilpotent. Luckily,
since we deal only with p-divisible formal groups respectively m-divisible formal
O-modules we can overcome the nilpotence condition of the O-pd structure (cf.
[Zin, Die Universelle Erweiterung nach Grothendieck und Messing, Theorem 3]).
First we establish the existence of a universal extension over an (O-algebra R
with 7 nilpotent in R, for which we consider [FGLO7, Annexe B.2]. We should
remark that in this book it is only referred to coherent sheaves in this particular
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section, nevertheless all assertions also work when we take the sheaves to be quasi-
coherent (which is in fact more natural as a generalization of [Mes72]). From
now on, if we write O we mean the usual O, where the F' should indicate the
non-Archimedean local field of characteristic zero. This convention is sometimes
necessary in order to stress that this O is not the structure sheaf of a scheme.
In the following Definition and Proposition and the discussion after them, we
consider 7-divisible formal Op-modules in the sense of Messing / Fargues, i.e.,
fppf-sheaves in Op-modules with additional conditions.

Definition 5.2.3. (cf. [FGLO7, Definition B.3.2.]) Let H be a w-divisible formal
Op-module over S = Spec R, with R an Op-algebra and 7NR = 0. An Op-vector
extension of H (by V) is an extension

0O—-V—FEF—-H-—0

of sheaves of Op-modules over Sy, r, such that V is a quasi-coherent Og-module,
V is the associated fppf-sheaf and the induced action of O on Lie F is strict.
Here Lie E is defined as the kernel of f,f*FE =’ E, where f : Spec(R[e]) —
SpecR = S.

As in [Mes72], we have Hom(H, W) = 0 for each quasi-coherent Og-module
W. Hence, any extension of H by W is uniquely determined by its class in
Extl(H , W), because the extensions do not admit automorphisms. Therefore, we
may introduce the notion of a universal O-vector extension: This is an O-vector

extension
0—Vo(H)— Eo(H)— H — 0,

such that for any morphism of w-divisible formal O-modules v : H — H' and any
O-vector extension
0—-W-—>FE—-H —0

there are unique morphisms Fp(H) — FE and Vo (H) — W, which is induced by
an R-linear morphism Vp(H) — W, such that the diagram

0—=Vo(H) —= Eo(H) —=H ——0

|k

0 w E H' 0

is commutative.

Proposition 5.2.4. (cf. [FGL07, Proposition B.3.3., Remarque B.3.6.]) With
the notation as above, there exists a universal O-vector extension. Furthermore,
Eo(H) is a formal O-module, Vo (H) and Lie Ep(H) are corresponding to finite
projective R-modules and there is an exact sequence

0 — Vo(H) — Lie Ep(H) — Lie H — 0.
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The proof of Fargues first uses that there is a universal vector extension for
the case O = Z,. We consider I = ker(Og ®z, Or — Og) and construct

0 Vz,(H) Ez,(H)—=H——=0
0 —> Vg, (H)/I - Lie Eg, (H) B H 0,

where E = Vz,(H)/I - Lie Bz, (H) HVZP(H) Ez,(H) = Ez,(H)/I - Ez,(H). This
is possible since the Op-action on H as a p-divisible formal group induces Op-
actions on Vz, (H) and Ez, (H) (cf. [Mes72, Chapt. IV Proposition (1.15)]). Then
the lower horizontal sequence is the universal one as in [FGL07]. We only have to

check that in the proof of the universality of the constructed sequence, we may
use quasi-coherent modules as well as coherent ones and that we can consider
morphisms of w-divisible formal O-modules H — H’ and O-vector extensions
of H' than just the identity morphism H — H and O-vector extensions of H
(where we use [Mes72, Chapt. IV Proposition (1.15)] again), so the proof works
completely in the same manner.

We need to remark that formal O-modules in Zink’s sense and in Messing’s/
Fargues’ sense are not the same, i.e., the first ones are functors from Nilg to
the category of abelian groups equipped with a strict O-action, while the second
ones are fppf-sheaves over Spec R in O-modules, such that the O-action is strict.
However, we can overcome this problem by associating to a formal O-module
over R, say G, in Zink’s sense an fppf-sheaf in the following way: Let S be an
R-algebra with nilradical N. Then we define

@)= lm  G(B),
B=(z1,...,xn)CN
where the colimes runs over each finitely generated ideal B contained in N.
It is obvious that each such B is in Nilg, hence the definition makes sense.
Conversely, given a formal O-module G’ in Messing’s / Fargues’ sense over Spec R,
we associate a functor G : Nilg — (abelian groups) by defining

G(N) = ker(G'(R® N) = G'(R)),

where A € Nilg and the O-algebra structure on R @ N is given by (2.5). The
strict O-action on G is obtained by obvious arguments. It needs to be checked
that these associations do indeed deliver a formal O-module in the sense of the
other definition and that they are inverse to each other, which is left to the
reader. Hence, after considering the morphisms we obtain an equivalence of the
categories of formal O-modules in both senses. The 7-divisible formal O-modules
correspond to each other.
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Definition 5.2.5. Let R be an O-algebra with 7 nilpotent in R. A wector group
associated to an R-module M is the functor M : Nilg — (O — modules) by
N — M @rN. A morphism of vector groups M — N for two R-modules M, N
is a morphism of functors induced by an R-module morphism M — N. Let G be
a m-divisible formal O-module (in the sense of Zink) over R. An O-extension of
G by the finite projective R-module M is an exact sequence of formal O-modules
over R

0—-M-—-FE—G-—=0. (5.3)

By the previous Proposition and the above translation we obtain:

Proposition 5.2.6. (cf. [Zin, Die Universelle Erweiterung nach Grothendieck
und Messing, Theorem 2|) Let G be a m-divisible formal O-module (in the sense
of Zink) over an Q-algebra R with 7 nilpotent in R. Then there is a universal
O-extension of formal O-modules over R

0= Vo(G) = Eo(G) - G — 0. (5.4)

This means, given a morphism f : G — H of w-divisible formal O-modules over
R and an O-extension
0—-M—FE— H—QO, (5.5)

there is a unique morphism of R-modules Vo (f) : Vo(G) — M (inducing Vo(G) —
M) and a unique morphism of formal O-modules Ex(G) — E over R, such that

the diagram
0— Vo(G) — Ep(G) — G —0

|

0 M E H 0

commutes.

It is also possible to apply the argumentation Fargues used to establish Propo-
sition 5.2.4 to [Zin, Die Universelle Erweiterung nach Grothendieck und Messing,
Theorem 2] and one would obtain this result for m-divisible formal O-modules
in Zink’s sense directly. From now on, (w-divisible) formal O-modules are only
considered in the sense of Zink (i.e., as functors from Nilg to the category of
abelian groups with an attached strict O-action).

Now we come to the construction of the exponential, for which the following

Proposition will be essential.

Proposition 5.2.7. Let S be an O-algebra and a C S an ideal equipped with
an O-pd structure «. Then for any nilpotent S-algebra N the algebra a ®g N
inherits a nilpotent O-pd structure 4 from a which is uniquely determined by
F(a®mn)=v(a)®n? for a € a and n € N.
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Proof: We only need to refer to the proof of [Mes72, Chapter III, Lemma (1.8)],
where we define the map ¢ : SN — 4 @ A by the formula
1 l
q
gp(; si(ai,m;)) Zv a;) Smi)q+z((i1,...,il) 1;[ sja; ®mn;)
Here the last sum runs over all I-tuples (i1,...,4) with 7; > 0 and ijl ij = q.
A similar argumentation, compared to the one there, for our ¢ establishes the
map 7. O

Before we can construct the exponential, we first need a reformulated state-
ment of Lemma 2.4.4. Let S be an O-algebra. By utilizing that Drinfeld’s functor
between reduced Ep g-modules and formal O-modules over S is given by sending
M to WZ(—) ®Ee s M by Proposition 2.4.6, we get for each formal O-module G
over S and each nilpotent S-algebra N equipped with a nilpotent O-pd structure
an isomorphism

log(N) : GIN) — LieG @5 N.

Definition 5.2.8. Let G be a formal O-module over an O-algebra S and a C S
be an ideal equipped with an O-pd structure. We define the exponential

expg :a® LieG = G

by

og ! N
a®LieGN) =a®s N g LieG ' 8g (09 )G(a®5/\/) — G(N)

for each N' € Nilg, where log.; is defined as right above and the last map is
induced by the product morphism a ®g N — N.

The Definition makes sense, since a ®g A inherits by Proposition 5.2.7 a
nilpotent O-pd structure and log;(a ®g N) is an isomorphism.

Theorem 5.2.9. (cf. [Zin, Die Universelle Erweiterung nach Grothendieck und
Messing, Theorem 3]) Let S be an O-algebra with 7 nilpotent in S, a C S an ideal
equipped with an O-pd structure and Hq, Ho two w-divisible formal O-modules
over S with reductions to S/a = R, say Hi g, Ho r. Let

0—Vo— FEy— Hy— 0

be a (not necessarily universal) O-extension of Hy. For a given morphism f :
Hy r — Ha R, there exists a unique morphism g : Eo(H;) — E», such that for
each morphism u : Vo(H;) — V; of vector groups, which lifts Vo (f) : Vo(H1,r) —
Va,r, we obtain, with the morphism given as in the diagram

Vo(H1\) "> Eo(H)

l lg

Ve B,
2
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that g o i1 — i9 o u factors as

Vo(H1) — a@ Lie By 52 B,

where the first map is induced by an S-module morphism Vp(H;) — a ® Lie Es.

We omit the proof, since it is the obvious generalization of the referenced
source.
Now we are going to introduce a category of extensions, which is similar to the
one explained in [RZ96, 5.19]. Let S — R be an O-pd-thickening. We consider
sextuples (W, ¢, E, p, é, G), where G is a m-divisible formal O-module over S,
G its base change to R, F a formal O-module over S and W a vector group
associated to a finite projective S-module, such that ¢+ : W — F and p: £ — G
induce an O-extension of G

05>W—E—G—0.
A morphism (W, ¢, E, p, G, G) — (W’,L’,E’,p’,a, G') is a tuple (v, ), where

v : E — FE’ is a morphism of formal O-modules over S and 3 a morphism of
formal O-modules G — G’ over R, which gives rise to the commutative diagram

0 Wr —>Er G 0
Uoi UR\L J/B
OHW/R ; E/R G, O?

‘R

where v is required to be a morphism of vector groups. Furthermore, we require
that for each lifting of vy to a morphism of vector groups vg : W — W’ the map

otg—vor:W— FE

factors over
WS a0 Lic B ¢ B,

where £ is a morphism of vector groups.

Definition 5.2.10. We define the category Exts g_sr by the above objects and
by the above morphisms.

It is essential to know how to switch between the extensions of Definition
5.2.2 and the extensions of Definition 5.2.10 precisely in order to utilize Theorem
5.2.9 for the extensions in Ext; g_,g. But before we can give the Theorem which

explains this to us, we need to understand the exponential mapping in [Zin86].
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Proposition 5.2.11. (cf. [Zin86, (2.3) Satz., (2.11) Satz.]) Let S — R be an O-
pd-thickening with kernel a, M’ a reduced Ep s-module and M = Ep r®g, ¢ M'.
Then there is an exact sequence of Ep s-modules

0— Clawg M'/VM') =2 M — M — 0.

Here the map exp is given by sending Vi(a ® m) to Vilog~!(a,0,...)m, where
log is given by (2.9). By passing over to functors from Nilg to (O — modules)
via Wo(—) ®g,, , K for K = C(a®s M'/VM'), M', we obtain the map

expe : a®g LieG' — &,

where G’ is the formal O-module over S associated to M’, where we have utilized
(5.2) for obtaining Wo(—) ®g, , Cla ®@s M'/VM') ~ a®@s Lie G’ .

Theorem 5.2.12. Let S — R be an O-pd-thickening with nilpotent kernel a.
Then there is an equivalence of Exty g_,r and Exts g, g, such that

Eth,SaR EXtQ,Sﬁ\R

——

(m — divisible formal O — modules/R)

is commutative. (The Ext; s, lie over the category of m-divisible formal O-
modules over R.)

Proof: Let (W, ¢, E, p, é, G) be an object of Exty g, g and W the finite projective
S-module associated to W. We consider the O-extension of formal O-modules
over S

0—+W—E—G—0, (5.6)

Translating this to Cartier modules, we obtain that
0—-C(W)—= Mg — Mz—0
is exact. We now consider the exact sequence
0— C(aLieMé) =EooMgz — Mgz — Mg — 0

of Proposition 5.2.11. The inverse image of C'(a Lie M) by the morphism Mg —
Mg is C(W + aLie Mg). So if we set L = W + aLie Mg, we obtain that the
exact sequence

0—C(L)—> Mg — Mg—0

is an extension in the sense of Definition 5.2.1, if aMg ~ aLie Mg holds, but this
follows easily by bearing in mind that aV = a = 0 holds. Hence, aMg C V°L
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and we obtain an object (L, Mg, Mq) of Exty g g.
Now assume that we are given an extension

0—-C(L)-»N—->M=Mzg—0

in Ext g,r. Since M/V M is a finitely generated projective R-module, we may
lift it by Proposition 2.1.2 uniquely up to isomorphism to a finitely generated
projective S-module P. We consider now any map 7 which makes the diagram

N/VN —= M/VM (5.7)

RN

P

commutative. The existence of 7 is guaranteed by the universal property of
projective modules (for N/VN). With the help of the Nakayama lemma we
obtain that 7 is surjective, so the sequence

0—W=kertr - N/VN - P —0

is exact. Furthermore, we have L = W + a(N/VN) C N/VN. We now consider
M = N/C(W) and claim that this module is a reduced Ep s-module. For this
purpose we consider the commutative diagram

0 0 ker(V : M — M)
0——=C(W) N M 0
174 1% 1%
0—=C(W) N M 0
0 1474 Lie N LieM = P 0
0 0 0 ;

where each row and column is exact. Via the snake lemma we obtain that V :
M — Mis injective. Since Lie M=Pisa finitely generated projective S-module,
we only need to show mﬂ / VEM = M. By generalizing the previous diagram
via taking V* instead of V, we obtain the exact sequences

0— C(W)/V*C(W) = N/VEN — M/V*M — 0

and since C(W)/V*LC(W) — C(W)/VFC(W) is surjective for each k > 0, we
obtain by a standard result that the sequence

0 — C(W) = lim C(W)/VFC(W) — N = lim N/VEN — lim M /VFM — 0
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is exact. But, because of the exactness of

0—>C(W)—>N—>JTI—>O,

the canonical morphism M — I&HM / VEM must be an isomorphism. Hence, M
corresponds to a formal O-module G over S, which lifts G. Since a is nilpotent,
G is m-divisble by [Zin84, 5.12 Korollar|. Hence, the previous exact sequence
corresponds to an O-extension of formal O-modules over S

0-WHEAG =0

and we obtain an object (W, ¢, E, p, é, G) of Exty g g. It is easily checked that
these two associations are inverse to each other.

We now focus on the morphisms of each category. Let (v, 8) : (W, ¢, E, p, G, G) —
(W' E G, G') be a morphism in Exty g_, g, where W resp. W’ is associated
to the finite projective S-module W resp. W’. From v we obtain a morphism of
Eo, s-modules Mg — Mpg/,. With the notation as for the definition of a morphism
in Exty g g, we take a lifting of vg : W — W'x to a morphism of vector groups
v : W — W', Since the diagram

W——FE

Wl 4/) E/
L
fails to be commutative by a map
W — a®gLie B “2F F,

where W — a ®g Lie E’ is induced by an S-module morphism W — a®gLie B/ =
aLie E', we obtain, with 8, : Mg — Mg the morphism of Ep z-modules corre-
sponding to 3, that the first vertical morphism in the commutative diagram

0— > C(L) = C(W + aLic E) Mg —> My ——0
| | b
0—— C(L,) = C(W’ + aLie El) — Mg My 0

is induced by maps from aLie E — aLie E/, W — W' and the nontrivial W —
aLie E from above. Hence, the first vertical map is induced by a module mor-
phism and we obtain a morphism in Ext; g g.

Conversely, let us start with a morphism in Exty s g, say

0——C(L)=C(W +alie E) —— Mp Mg 0

ol L

0—=C(L) = C(W' + aLie B') "> Mp — M — 0,
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where we take the sum respresentation of L and L’ from the description of the
objects (see above). Once we make the base change from S to R, we obtain a
commutative diagram of Eo g-modules

0 ——C(Wgr) —= MEgr Mg 0
C(@R)l \LuR lﬁ*
OHC(WI/%) HME’,R MG/ 0,

where the columns are exact. When we take the morphism of formal O-modules
v : E — E' corresponding to the morphism v : Mg — Mg and 8 : G — G’
the morphism corresponding to (4, then we claim that we obtain a morphism
(v,8) : (W,, E, p, G, G)— (W, E’,p’,a, G'), where domain and codomain of
this morphism correspond to (L, Mg, M¢) and (L', Mg/, M), respectively. First
of all, by base change to R, we obtain by the above diagram that the diagram of
formal O-modules over R

0 Wr Er G 0
I
0—>Wp E}, e 0

is commutative and Wi — W’'g is a morphism of vector groups. Now let ¢ :
W — W’ be any lifting of pr : Wr — W}. We consider the (not necessarily
commutative) diagram of Ep g-modules

oo )| l

C(W') = M.
Since its reduction to R is commutative, we obtain with
a=uok—rK oC(p): C(W) — Mg
that the diagram of Ep g-modules

C(W) L> ME/

|

C(WR) T> ME%:

with w the base change morphism, is commutative. Hence, « factorizes as

C(W) — C(a@LleME/) eig) ME’a
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so by Proposition 5.2.11 we obtain the demanded lifting property of a morphism
in Exty s, r. Hence, the tuple (v, ) is indeed a morphism in Exty g, g.

This establishes the equivalence and it is obvious that the diagram in the assertion
of the Theorem commutes. (]

With the help of the previous Theorem we receive a translated statement
of Theorem 5.2.9 for the extensions in Ext{ sz when the kernel of S — R is
nilpotent:

Theorem 5.2.13. (c.f. [Zin02, Theorem 92.]) If S — R is an O-pd-thickening
with nilpotent kernel and G a m-divisible formal O-module over R, then there is a
universal extension (L‘miv, Nuniv, Mg¢) € Ext1 s, r. Here the universality means,
for any 7-divisible formal O-module G’ over R, any morphism of Ep r-modules
f: Mg — Mg and any extension (L, N, Mq/) € Exty g g, there is a unique
morphism

(ru, B) + (L™, N Mg) — (L, N, Mgy).

Definition 5.2.14. With the notation as above, we define the crystal of Grothendieck-
Messing on the nilpotent ideal crystalline site by

D ¢(S) = Lie NUiY,

It is clear that in order to check the universality of a given extension, say
(L, N, M), we only have to verify that there is a unique morphism to each exten-
sion (L', N', M), with the morphism M — M the identity.

5.3 Comparision of the crystals and the generalized main
Theorem of display theory

Our next aim is to give an explicit description of the universal extension for
G = BTo (P, —), where P is a nilpotent O-display. The proof of Proposition 5.3.4,
in which we get such a description, basically reduces to trivial O-pd-thickenings
k — k in the end, where k is a perfect field extending of the residue field of O.
In this case we can work fairly well with the obvious generalization of the results
made in [Zin86, 2. Liftungen von formalen Gruppen)].

Proposition 5.3.1. (cf. [Zin86, (2.5) Satz]) Let k be a perfect O-algebra with
7k = 0 and 7 : ¥ — k an O-pd-thickening over Wp (k) (i.e., 7 is an O-pd-
thickening, where ker 7 is equipped with an O-pd-structure v, together with an
O-algebra morphism ¢ : Wp (k) — K/, such that wo = 70 ¢ holds and ¢y(z) =
vr(x) is fulfilled for all z € Ip i, where 7 is given by (5.1) *). If M is a reduced

*The last condition only makes sense, since necessarily ¢(Io ;) C ker 7.
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Eo r-module, such that F': M — M is an injection and V' nilpotent on M/FM,
then for any extension

0—-C(L)—-M —M-—0

in Exty /1 there is a uniquely determined Wy (k)[F|-linear section o : M — M’,
such that o(Vm) — Vo (m) € VOL for each m € M.

With &’ — k as in the Proposition, we define the category of Wp[F]-trivialized
extensions by the objects (E, o), where E is any extension

0—>C(L)y—-M —-M-—0

in Extq 3, i.e., the conditions in the Proposition for M do not necessarily hold,
and 0 : M — M’ a Wo(k)[F)-linear section, such that o(Vm) — Vao(m) € V°L
for each m € M. The morphisms between the objects are the morphisms between
the extensions respecting the sections.

The category H consists of objects (M,T,t,¢), where M is a reduced Ep -
module, T a finitely generated projective k’-module and ¢ and ¢ are k’-linear
maps, such that

K’ OWo (k) M- T

| lv

k @wo k) M —— M/VM

is commutative. A morphism (M,T,t,¢) — (M', Tt ¢) between two such
objects consists of an Ep y-module morphism M — M’ and a morphism of k'~
modules T' — T, such that the obvious compatibility with the above commutative
diagram for both objects is fulfilled.

If we are given a Wy [F|-trivialized extension (with the notation as above), then
the section o defines a Wy (k)-linear map M — M'/V M’ or equivalently a k'-
linear map

t: kK @ M — M JV M.

Because o is a section, we obtain that the diagram

K OWe (k) ML>M//VM/

| |

k @wo k) M ——= M/VM

is commutative, where ¢ is the obvious map induced by the extension. Hence
the following assertion makes sense:

Proposition 5.3.2. (cf. [Zin86, (2.6) Satz]) The functor given by sending (E, o)
to (M, M'/VM' t,¢) defines an equivalence of categories between the Wo|[F]-
trivialized extensions and the category H.
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In the original source T needs not to be finitely generated and projective
and the M and M’ only need to be V-reduced (i.e., they are modules over the
Cartier ring where all conditions hold for reduced Cartier modules apart from
the conditions on the tangential spaces), but a close look on the proof in the
referred source yields that we can require the stronger conditions and this in the
generalized setting for O. Since we will only deal with the trivial case that k = £’
is a perfect field of characteristic p, which extends the residue field of O, we will
assume this for the following discussion (this makes it trivial that M/7M is a
free/projective k-module for a reduced Ep j-module M). We now consider for H
the fiber over a reduced Ep p-module M, such that the conditions of Proposition
5.3.1 hold. Since M/mM is finitely generated and free over k by considering the
exact sequence of k-modules

0— M/FM % M/xM — M/VM — 0,

we obtain that k®yy,, ) M is finitely generated and free over k. Hence, we obtain
that there is an initial object in H(M) given by (M, k @y, ) M,id, p), where
p is the obvious mapping. By Proposition 5.3.1, there is an one-to-one corre-
spondence between the extensions of M in Ext; ;_,; and the Wo[F]-trivialized
extensions lying over M. Hence, (M, k Owe k) M, id, p) corresponds to the uni-
versal extension.

Lemma 5.3.3. Let S — R be an O-pd-thickening and P = (P,Q,F,F1) a
nilpotent f-O-display over R. By Proposition 3.2.5 there exists a unique P-triple
(P, F, Fy1) over S. The exact sequence of Ep g-modules

0 — C(Q/lo,sP) = Eo.s ®wes) P/U — M(P) — 0 (5.8)

lies in Exti s g, where the second arrow maps y € @ to VI @ Fly — 1 ® vy, the
third arrow is given by the canonical map P — P and U is the Ep s-submodule

of Eo s ®wy(s) P generated by (F@z —V/~'® Fa:)zeﬁ.

Proof: It is not too hard to verify that the module N in the middle of sequence
(5.8) is a reduced Cartier module and from the canonical map P — E¢ SOWe(s )P
we obtain an isomorphism P/IQSP ~ N/VN. We need to check the well-
definedness of the mapping C(@/ IQSﬁ) — N. The mapping @ — N given by
y+— VI® Fly —1®y is a group morphism. The subgroup IQSJS of @ is in the
kernel since for each w € W (S) and z € P

Vf®F1wa—l®wa = Vf®Ff71wa—l®wa:
VuViI'@Fr 10" we = VuFez—10"wr="w@z—-10" wz=0

holds. By representmg Q as al & Io, sT & L, where a is embedded in Wo(S)
as usual and L and T are liftings of the modules corresponding to a normal
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decomposition P = L & T, we obtain readily that
FVieFRy—18y) = 0

holds for y € @, so we obtain that the image of @ in N is an S-module morphism
in a natural way, i.e., via

*(VioFRy—1oy) =[s|(V/ @ ly—1®y)
for se Sand y € @ This makes sense, since for s,s' € S and y € @, we have

s(VieRy—1oy+s+(VIieFRy—10y) =
(sl+ NV e Fly—10y) =

([s + ¢ +Zvl JFYVI o Fly—10y) =
(s+s)*(Vf®F1y—1®y>

for some a; € R, where we have used F(V/® Fiy—1®y) = 0 for the last equation.
The induced map @ / I@ﬁﬁ — N is an S-module morphism, which extends in a
unique way to an Ep g-module morphism C(@/Iovgﬁ) — N, and we get that
the sequence (5.8) is a complex of V-reduced Cartier modules (see the discussion
after Proposition 5.3.2 for the definition of V-reduced Cartier modules). Hence, in
order to show the exactness of the sequence, we only need to check the exactness
on the tangent spaces, which is trivial. Furthermore, we need to confirm that
aN C Q/I@ SP holds, where a C Wp(S) as usual and @/I(g’sﬁ should be the
submodule of N via the image of the second arrow in (5.8). Let a € a,z € P and
£ =3V j]F7 € Ep s be in the usual representation. We obtain that af ® z =
3, ViFag i er = 3, alg | er = 3, VIV (alg ;) Fia holds,
which equals 1 ® Zj a[&oﬂ]F]aj for f =1 and 1 ® a[ép o]z for f > 2, so we only
need to verify that an element of the form 1 ® ax lies in the image of Q — N.
But this is clear because of VI @ Flaz — 1 ® ax = —1 ® ax. O

We now show under which circumstances the sequence (5.8) defines the uni-
versal one. It is not too hard to check that, when S = R is a perfect field, we get,
with the discussion after the proof of Proposition 2.4.7 and the discussion be-
fore the assertion of the previous Lemma that f = 1 must hold for f-O-displays
in general, since otherwise the module in the middle of the sequence gets too
”small”. Bearing this in mind, since we will reduce to this perfect field case, we
can assert:

Proposition 5.3.4. Let S — R be an O-pd-thickening with nilpotent kernel and
P = (P,Q, F, Fy) a nilpotent O-display over R (i.e., f = 1). Then the universal
extension of the formal O-module BT (P, —) is given by the exact sequence (5.8).
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Proof: In order to show the universality of the extension, we first reduce to the
case, where S = R. Consider the universal extension

0 — C(L"™V) — N"V 5 M(P) — 0,

whose existence is guaranteed by Theorem 5.2.13. Let M be a lifting of M (P)toa
reduced Cartier module over S. If we then consider the sequence (cf. Proposition
5.2.11)

0 — C(a ®g Lie M) — M — M(P) — 0,

there are unique maps ¢ : L™V — a ®g Lie M and w : NV — 7 , such that

0 C(Luniv) \univ M(’P) —0
C(sﬂ)i ul
0 —> C(a ®g Lie M) M M(P) —=0

is commutative. If we define L as the kernel of LUV — g ®g Lie M , we obtain
by the snake lemma and the lemma of Nakayama (applied to the cokernel of
Lie N"V — Lie M) that

0 C(L) —» N™¥ % AT — 0 (5.9)

is exact. It is not too hard to check that this extension is universal. Conversely,
if we start with the previous universal extension of M, we obtain the universal
extension of M by

0 — C(L 4+ aN"™") — N™V 5 M — 0,

where the sum L + aN"™V is taken in Lie NIV, Let (]3, F, Fy) be the unique
P-triple over S and @ C @ an arbitrary Wp(S)-submodule, such that P =
(P,Q, F, F}) is a nilpotent O-display over S. If we can show that

0— C(Q/losP) = N — M(P) =0 (5.10)

in Exty s_,5 is universal, then we obtain by the above considerations that the
assertion is true for the general case, so we are allowed to restrict ourselves to
the case S = R.

By starting with the universal extension (5.9) for M = M(P), we obtain a mor-
phism of finitely generated projective S-modules L—>Q /1o, ¢P. In order to show
that this morphism is an isomorphism we first reduce to the localizations of this
morphism for each prime ideal of S. With the help of the Nakayama lemma
we may reduce to the residue fields and from this we may pass to the algebraic
closures. Hence, it suffices to consider the case when S = R is a perfect field and
to show that (5.10) is universal. By the discussion following Proposition 2.4.7 we



108 Chapter 5. Crystals

are allowed to identify M (77) with P. Since Proposition 5.3.1 can be applied to
our extension, we obtain that the map P Eo.s @wy(s) P given by sending x
to 1 ® x induces the unique Wp (S)[F]-linear section o

N - e
0—=C(Q/losP) N P 0,

such that Va( )—o(Vz) € Q/I@ gP. Because this section defines a W@(S)
linear map P — N/VN, which is the natural P — P/I@ sP =5 OWo(S) P,
we obtain the universality of this extension by the argumentation prior Lemma

5.3.3. 0

Theorem 5.3.5. (cf. [Zin02, Theorem 94]) Let R be an O-algebra with 7 nilpo-
tent in R. For a nilpotent O-display P over R and the associated mw-divisible
formal O-module G we obtain a canonical isomorphism of crystals on the nilpo-
tent ideal crystalline site over Spec R:

Dp >~ ]D)G
It respects the Hodge filtration on Dp(R) and D¢ (R), respectively.

Proof: By Proposition 5.3.4 we obtain Dp(S) = ﬁ/]o,sﬁ =D (S). The asser-
tion for the Hodge filtration is also clear by this Proposition. O

Now let S — R be an O-pd-thickening with nilpotent kernel, ¢ : Wp(R) — S
be a morphism of O-pd-thickenings and P = (P, Q, F, F) a nilpotent f-O-display
over R. By Theorem 5.1.3 we conclude that if (), denotes the inverse image of
Q/Io,rP by the map S @y, (r) P — R®w,(r) P = P/lo,rP, then the extension
(5.8) is given by

0 C@y) = Eo,s ®wom) P/(F @z~ VIT' @ F)pep — M(P) — 0.

Here Ep g is considered as an Wp(R)-module by the map Wo(R) — Wo(S) as
in Theorem 5.1.3. We need to describe the second arrow of the extension. For
any § € Q, we take a lifting y € Q, C Wo(S) ®w,(r) P We obtain with

1®y € Eos Qw,(s) (Wo(S) @we(r) P) = Eo.s @we(r) P

that the image of 7 by the second arrow is given by VI @ F .,y —1®y, where
Fy,, is obtained by base change of the lifted F3, which in turn is an element of
the P-triple with respect to Wo(R) — R. This extension is universal for f =1
by Proposition 5.3.4.

Proposition 5.3.6. (cf. [Zin02, Proposition 98]) Let R be an O-algebra with 7
nilpotent in R. Then BTy is faithful.
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Proof: Let P and P’ be two nilpotent O-displays over R and o : P — P’ a
morphism between them. If we denote by G and G’ the associated m-divisible
formal O-modules, then « induces a morphism a : G — G’ and hence a morphism
b: Mg — Mg For each n > 1, we obtain with S = Wy ,,(R) and Proposition
5.3.4 that there is a unique morphism of the above described universal extensions
lying over b. Since « induces such a morphism of extensions as well, it must be
induced by it. By Theorem 5.1.3 and Theorem 5.3.5 we obtain D q(Wo ,(R)) =
Won(R) @wery P and Dg/(Wo n(R)) = Wo n(R) ®w,,(r) P’ for each n > 1. If
we now apply a to the functor D we obtain for each n > 1 a morphism

Won(R) @weor)y P =Da(Won(R)) = Da(Won(R)) = Won(R) @wyr) P

which is given by 1 ® a. Since we clearly obtain by these morphisms a morphism
of the inverse systems (Wo ,(R) ®w,,(r) P)n and (Wo n(R) Qw,(r) P')n, we get
« back by passing to the projective limit. Hence, the faithfulness follows. U

Since all our argumentation to establish all desired equivalences relies in the
end on stack theory, it seems sensible to ask, whether it is possible to prove
the main assertions, i.e., that BTy is an equivalence of categories, for a large
class of O-algebras without using this theory again, i.e., we only use stack theory
implicitly for establishing that BTz, is an equivalence. This is possible for all
O-algebras with nilpotent nilradical and 7 nilpotent in R.

Proposition 5.3.7. Let R be an O-algebra with nilpotent nilradical and 7 nilpo-
tent in R. Then BTp is an equivalence of categories between the nilpotent O-
displays over R and the w-divisible formal O-modules over R. Furthermore,
'1(0,0") resp. T'2(0,0’) is an equivalence of categories for nonramified / to-
tally ramified extensions O — O’ and O’-algebras R with nilpotent nilradical and
7' nilpotent in R.

Proof: By [FGL07, Theoreme B.7.1.] and Theorem 5.3.5, we can establish the
obvious generalization of [Zin02, Corollary 95]. By Theorem 5.3.5 and Proposition
5.3.6 we can deduce, together the generalization of [Zin02, Corollary 95|, the
obvious generalization of [Zin02, Proposition 99, i.e., BT is fully faithful for all
O and all O-algebras R with nilpotent nilradical and 7 nilpotent in R.

For the first assertion we choose Op, such that Oy is nonramified over Z, and O
is totally ramified over Op. Since BTy, is an equivalence by Theorem 2.5.167,
we obtain that BTy, is an equivalence, since it is fully faithful by the above
assertion and essentially surjective by Lemma 2.5.17. Analogously we obtain

TSee also [Lau08, Proposition 4.4.], where the equivalence is established particularly for
rings with nilpotent nilradical and p nilpotent in them, which is possible to prove with simpler
methods than the general assertion for all rings with p nilpotent in them, which in fact relies on
this result.
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that BT is an equivalence. The assertion for I'1(O,0’) resp. T'2(O, ') also
follows by Lemma 2.5.17. g

By using Proposition 4.2.5, which relies on stack theory, we can deduce with
the help of Proposition 5.3.6 and Lemma 2.5.17 the generalized main Theorem
of display theory:

Theorem 5.3.8. BT is an equivalence of categories between the category of
nilpotent O-displays over R and the category of m-divisible formal O-modules
over R for all O-algebras R with 7 nilpotent in R.

It should be remarked that we can extend this result to all m-adic O-algebras
by taking projective limits,
Proof: We choose Oy, such that Z, — Op is a nonramified and Oy — O is a totally
ramified extension. Since we know, that the assertion holds by Theorem 2.5.16
for the Z,-case, we get by Lemma 2.5.17 and Proposition 5.3.6, that I'1(Z,, Op) is
fully faithful for all Og-algebras R with p nilpotent in R. Hence, by Proposition
4.2.5 T'1(Zy,Op) is an equivalence for all Op-algebras R with p nilpotent in R.
By Lemma 2.5.17 we obtain that BTp, is an equivalence for all Op-algebras R
with p nilpotent in R. The analogous argumentation for the extension Oy — O,
I'2(Op, O) and all O-algebras with 7 nilpotent in it establishes the result. 0

Corollary 5.3.9. Let O — O’ be a nonramified / totally ramified extension and
R an (0’-algebra with 7’ nilpotent in R. Then

e I'1(0,0) : (ndispp o /R) — (ndisper /R)
e I'2(0,0) : (ndispp o /R) — (ndisper /R)
are equivalences of categories.

As for the previous Theorem we can extend these equivalences to all 7'-
adic O’-algebras, where I'5(O, 0’) is given by Hm T (O, ONgji- (2(0,0") was
originally only defined for the case, where 7’ is nilpotent in R.)

Proof: Since P(O, R) and P(O’, R) are true by Theorem 5.3.8, the result follows
by Lemma 2.5.17. O

To obtain all other equivalences, we are now going to consider the nilpotent
f-O-display case. Let O — O’ be nonramified of degree f and R an ('-algebra
with 7/ nilpotent in R. We consider the functor Q1(O,0’) over R. Let P =
(P,Q, F, Fy) be a nilpotent O-display over R with a strict O’-action and Py =
(Po,Qo, Fo = FI7'F, Fip = F/) its image via ©,(0,0’). Let § — R be an
(O'-algebra morphism, which is also an O-pd-thickening. Since we can lift the
O'-action of P to the P-triple (]3, F, Fy) over S uniquely by Proposition 3.2.5,
we obtain an f-grading on this triple. The module P looks like &b P (compare
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Lemma 2.5.1) and we obtain @ = @0 P @#0 ]5 Hence, the Py-triple over
S looks like (]BO,Flf_lF, Flf) Since BTp(P,—) ~ BT( )(730, —) as formal O'-
modules over R (and hence as formal O-modules as Well)7 we obtain that the
corresponding reduced Ep r-modules are isomorphic. By using the description of
reduced Cartier modules by Proposition 2.4.7 and the proof of Proposition 2.5.4
we obtain that the Ep g-linear isomorphism s between the modules

MBT@(’P,*) = EO,R ®W(9(R) P/(F@LU —1 (%9 F.I,V@Fly —1 ®y)xep,y€Q

and

MyrH (py,-) = BOROWo () Py/(Foz =V~ @ Fox, VI @ Floy—1©Y)seryyeqo

corresponding to the isomorphism of the associated formal O-modules is given
by sending 1 ® zg to 1 ® zg and 1 @ z; to VI ® Flf_ixi for ¢ # 0 with x; € B;,
where P; is obtained from the obvious decomposition of P. If we now consider
the sequences (5.8) for P and Py, we obtain a morphism of sequences

| I

0——=C(Q/Io,sP) —=Eo,5 ®we(s) P/U—— M(P) —=0
0—= C(Qo/Io,sPo) —Eo.s ®w(s) Po /Uy —= M(Py) —

0,

where U is the Ep g-submodule of Eo,s®wo(5)13 generated by (F®x— 1®Fx)r€15,
Uy is the Ep g-submodule of Ep g OWe () ]30 generated by (F ® z — Vvi-lg
Flf_lFx) 5, and p is given by p(l®xy) =1z and p(lewz;) = Vf_i®F1f_i:ci
for i #£ 0 Wlth r; € PZ in the obvious decomposition of P as above. In order to
show that u is well-defined, we consider the morphism

7 :Eo.s @wy(s) P — Eo,s @wy(s) ﬁo/(F Rz—V/'® Flf_lFm)meﬁo’

which is analogously constructed as u. Is easily seen that FF @ zg — 1 ® Fxg
is mapped via 7 to zero for xy € ]50. For the other cases we represent x; by
> ajFjz; for aj € Wo(S) and z; € Qo with which we can also show that
F®x;—1® Fx; is mapped to zero via 7. Hence p is well-defined. Furthermore,
it is not too hard to check that the first vertical morphism in the diagram is
obtained by the projection Q /o, <P — Qo /o, s P,. Hence, the above morphism
of extensions is indeed a morphism in Extq s,z and p is surjective.

Proposition 5.3.10. Let O — O’ be nonramified (of degree f) and R an O'-
algebra with 7" nilpotent in R. Then (O, Q') is fully faithful.

Proof: Since P(O, R) is true by Theorem 5.3.8, it suffices to show that BT((gf)
is faithful when we restrict to the full subcategory of the nilpotent f-O-displays
over R consisting of the objects which lie in the image of Q;(O,0’). Let P and
P’ be two O-displays over R equipped with strict (’-actions, Py resp. P’g their
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images via Q1 (0, 0’) and « : Py — P’y a morphism between them. « induces a
morphism of formal O-modules

BTo(P,—) ~ BT (Py,—) — BTY) (P's,—) ~ BT (P, -). (5.11)

Now let S = Wo ,(R) for n > 1 and we consider extensions of Exty g, g. If we
denote the exact sequences of (5.8) for P, P, Py, Py by E, E', Ey, E|,, we obtain
a commutative diagram

E——F

|

Ey —>E6,

where the arrows are morphisms in Ext; g—,g. The above extensions are universal
by Proposition 5.3.4 and so the morphisms, except the lower one, are uniquely
determined by the isomorphisms BTp(P, —) ~ BT((Qf) (Po, —) and BTo(P',—) ~
BT((Qf)(P’o,—) and the morphism BTp(P,—) — BTo(P’,—) given by (5.11).
The lower morphism is induced by «. Furthermore, the vertical morphisms of
extensions are obtained by the discussion before this Proposition. We obtain, by
passing to the Lie algebras of the modules in the middle of each extension in the
diagram, a commutative diagram

Wan(R) QW (R) P— > Wan(R) OWo (R) P’

| |

Wo,n(R) ®WO(R) Py—— Woyn(R) ®W@(R) P(/).

So we get, because of the surjectivity of the vertical arrows, that there is at most
one mapping Wo n(R) @w,r) Po = Won(R) @w,(r) Fy for each n > 1, which
leaves the diagram commutative, and the fully faithfulness of Q(0O, 0’) follows.

O

Furthermore, we obtain by Proposition 4.2.5, Lemma 2.5.17 and Theorem
5.3.8:

Corollary 5.3.11. Let O" over O be nonramified of degree f and R an O'-
algebra with 7’ nilpotent in R. Then the following functors are equivalences of
categories:

e 0(0,0) : (ndispp o /R) — (f —ndispp /R)
o BT((Qf ) (f — ndispp /R) — (7' — divisible formal @’ — modules/R)
o (0,0 : (f —ndispy /R) — (ndispyy /R)

We can extend these results to all 7’-adic O’-algebras by taking projective limits.
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Appendix A

Formal O-modules

Let R be a commutative unitary ring and Nilg denote the category of nilpotent

R—algebras. As in [Zin84] we can embed the category of R—modules Modp in
Nilg by setting M? = 0 for any M € Modg. In particular, this is the case for the
R-module R. If we are given a functor H from Nily to the category of abelian

groups or sets, we denote by ty its restriction to Modg.

Definition A.0.1. (cf. [Zin84, Chapter 2],[Zin02, Definition 80]) A (finite di-
mensional) formal group over R is a functor F' : Nilg — (abelian groups), where

the following properties are fulfilled:

1.

2.

F' is exact, i.e., if
02N =Ny = N3 =0

is a sequence of nilpotent R—algebras, which is exact as a sequence of R-
modules, then
0—>F(N1)—>F(N2)—>F(N3)—>O

is an exact sequence of abelian groups.
The functor £ commutes with infinite direct sums.

tr(R) is a fintely generated projective R—module. (By [Zin02, 3.1 The
functor BT.] tz(M) is in a canonical way an R-module for each M € Modpg.)

tr(R) is called the tangential space of F'. The rank of tp(R) is called the dimen-
sion of F'. The morphisms between two formal groups are the natural transfor-

mations between the functors.

Hence, we obtain the category formal groups over R.

115
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Definition A.0.2. Let O be a unitary ring and R a unitary O-algebra. Then
a formal O-module over R, is a formal group over R with an action on it by O
(i.e., a ring morphism from O to the endomorphisms of the formal group), which
induces the natural action on the tangential space, i.e., it coincides with the
O-module structure obtained by the R-module structure of the tangential space
and restriction to scalars. The morphisms between two formal O-modules are the
natural transformations between the functors respecting the attached O-actions.

Hence, we obtain the category formal O-modules over R.

A.1 rm-divisible formal O-modules

Definition A.1.1. (cf. [Zin84, 5.4 Definition]) With O an RRS and R an O-
algebra, a morphism ¢ : G — H of formal O-modules over R of equal dimension is
called an isogeny if ker ¢ is representable (i.e., ker ¢ ~ Spf A with A € Nilg, where
Spf A : Nilg — Sets is given by Spf A(N) = Hompg_a1s(A,N) for N € Nilg.).

Definition A.1.2. (cf. [Zin84, 5.28 Definition|,[FGLO7, Definition B.2.1.]) A
formal O-module G over an O-algebra R is called m—divisible, if the multiplica-
tion map 7 : G — G is an isogeny. The category of m-divisible formal O-modules
over R is a full subcategory of the category of formal O-modules over R.

Lemma A.1.3. Let (Zy,,p,p) - O — O’ be excellent morphisms of RRSs and
R an O'-algebra. Assume that 7¢ = 7’a and 7’4 = 7b holds for some a,b € O’
and ¢,d € Nj. Then a formal O@’-module G is 7’-divisible, iff 7 : G — G is an

isogeny.

This Lemma is especially interesting, when O and O’ are rings of integers of
non-Archimedean local fields of characteristic zero. Then this assertion fits well
to [FGLO7, Remarque B.2.2.].

Proof: This follows easily by [Zin84, 5.10 Satz]. O
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