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Chapter 1

In tro duction

1.1 Hot and dense strongly in teracting matter

The exploration and prediction of the behavior of nuclear matter under ex-
treme conditions is presumably one of the most challenging problems in
particle physics today.
At moderate temperatures the strong interaction con�nes the quarks and
gluons to form hadrons. However, at temperatures of the order of 1012K
hadronic matter dissolvesinto a quark-gluon plasma(QGP), in which quarks
and gluons do no longer exist as colorlessbound states only. At asymptoti-
cally large temperatures they can be consideredasa weakly interacting gas.
On the experimental side the formation of a QGP can be accomplishedin
the collision of heavy nuclei. It is expected that a thermally equilibrated
plasma is formed after the collision, before hadronization sets in. Basing
on the AGS and SPS experiments heavy ion collisions are currently under
investigation with the relativistic heavy ion collider (RHIC) at BNL and will
in future be studied with the large hadron collider (LHC) at CERN [1, 2, 3].
Furthermore a QGP existed in the early universe,a few microsecondsafter
the big bang and it may also exist at lower temperatures but higher quark
densities in the interior of compact stars.
In an experimental scenariolike heavy ion collisionsthere is not only a �nite
temperature T, but there is also a �nite baryon chemical potential � b (or
quark chemical potential � = � b=3) which is provoked through the presence
of the heavy nuclei. For example in an Au � Au collision at RHIC with an
CMS-energy of

p
s = 130GeV the hadronic freeze-outoccurs at a baryon

chemical potential of � b � 45M eV [4]. This is much smaller than the cor-
responding freeze-out temperature of Tf r eeze � 170M eV [5, 6] and hence
�=T << 1.
With increasingbeamenergythe transition temperature aswell asthe freeze
out temperature increasesand the corresponding baryon chemical potential
decreases.Fig. 1.1 shows a qualitativ e sketch of the corresponding QCD
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Figure 1.1: Qualitativ e picture of the phasediagram of QCD.

phase diagram. The 1st order phase transition line (red) ends in a 2nd
order phasetransition point at a positive value of � b. For smaller or vanish-
ing baryon chemical potentials the transition betweenhadron gasand QGP
is only a crossover (dashed red line). At � b = 0 the transition tempera-
ture of 2-
a vor continuum QCD in the chiral limit can be calculated to be
Tc � 170� 190M eV [7, 8, 9], where typical errors are of the order of 10%
of the value.
The other phasesof QCD like ordinary nuclear matter or color supercon-
ducting phaseswill not be discussedin this work.

1.2 Thermo dynamics and screening

In this work we examinesomeof the fundamental properties of strongly in-
teracting matter at �nite temperature and small baryon chemical potentials,
i.e. we will consider the properties of matter like those generatedby RHIC
in heavy ion collisions.
The emphasiswill lie on the change of bulk thermodynamical quantities
which is causedthrough the switch-on of a baryon or quark chemical poten-
tial � . The quantities of interest are related to the screeningproperties of
heavy quarks and hadrons inside the quark gluonic medium.
We will study QCD as a quantum �eld theory with gluons and N f = 2

a vors of dynamical quarks. All our calculations are done in thermal and
baryon chemical equilibrium. Our approach to study the � -dependenceis
basedon a Taylor expansionmethod in �=T .
The temperatures T under investigation range from 0:76Tc to 4Tc. The
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range of quark chemical potentials � is not known exactly since there are
no seriousestimatesof the radius of convergence� of the Taylor expansion
in �=T . Rough estimates from the equation of state suggestthat � � O(1)
[10].
In chapter 2 I give a brief summary of the theoretical fundamentals of QCD
at �nite temperature and density and describe the framework used for the
numerical evaluation. Especially I will give a description of the Taylor ex-
pansion method. This method is used up to the 6th order in � in the
subsequent chapters.
In chapter 3 we discussthe equation of state of the pure quantum �elds at
�nite temperature and baryon density which is the most simple quantit y to
be handled with the Taylor expansionmethod. Becausemost of the work
for this project was accomplishedby my colleagues,we will concentrate on
the main results only. Theseform the basisfor the other chapters. In chap-
ter 4 we changethe scenario. Namely we introduce a number of heavy test
quarks and/or anti-quarks separatedby a �xed distancer into the medium.
We study the thermodynamics of this systemby calculating the free energy
with respect to the vacuum case.
The free energycontains the whole thermodynamical information about the
heavy quarks/anti-quarks. We will concentrate on the screeningproper-
ties of the intermediate quantum �elds. In particular we will calculate the
screeningmassesm(T; � ).
In chapter 5 we then discuss the screening of hadrons instead of heavy
quarks.
Finally a summary with conclusionsand an outlook is given in chapter 6.
Someof the technical details about the Taylor expansionmethod are pre-
sented in the appendix.
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Chapter 2

Quan tum chromo dynamics
on the lattice

2.1 QCD at �nite temp erature and �nite bary on
chemical poten tial

Quantum chromodynamics is formulated asa non-Abelian SU(3) gaugethe-
ory containing a set of N f quark fermion �elds 	 1; � � � ; 	 N f with masses
m1; � � � ; mN f . The interaction with the gluonic gauge�elds Aa

� ; a = 1; � � � ; 8
as well as self interactions of the gluons are governed by an overall gauge
coupling g. In the continuum the action is written as

S(cont: )
E =

Z
d4x L E ; (2.1)

where in the Euclidean formulation the Lagrangian density adopts the form

L E =
1
4

F a
�� F a

�� +
N fX

j =1

�	 j (=D + m j ) 	 j : (2.2)

F a
�� = @� Aa

� � @� Aa
� + gf abcAb

� Ac
� is the �eld strength tensor of the gluon

�elds and =D = 
 � D � is the covariant derivative

D � = @� + igA � ; (2.3)

where A � = Aa
� � a=2. Here 
 � are the Euclidean Dirac matrices and � a the

Gell-Mann matrices which are the generatorsof the gaugegroup.
We now considerthe systemof quantum �elds to be in thermal and baryon-
chemical equilibrium. A �nite temperature T = 1=� and chemical potentials
� = (� 1; � � � ; � N f ) are introduced by consideringthe grand canonical parti-
tion function

Z (T; � ) = Tr

2

6
4e

� �

 

H �
N fP

j =1
� j Nq;j

! 3

7
5 ; (2.4)

9
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where the Hamiltonian H =
R

d3x H is related to the Minkowskian QCD
Lagrangian L M =

R
d3x L M via Legendretransformation. The Nq;j arecon-

served chargeswhich in our caseare the quark numbersof the corresponding

a vor

Nq;j =
Z

d3x J (j )
0 (x) =

Z
d3x �	 j 
 0	 j : (2.5)

The trace in (2.4) is performedover all possiblequantum statesof the �elds.
The partition function (2.4) is then translated into the path integral expres-
sion

Z (T; � ) =
Z

DAD �	 D	 e� SE ; (2.6)

where the action SE has got the samestructure as in the Euclidean contin-
uum caseapart from the fact that the temporal integral is shrinked to the
�nite interval [0; � ], namely

SE =

�Z

0

d�
Z

V
d3x

0

@L E �
N fX

j =1

� i �	 j 
 0	 j

1

A : (2.7)

The (anti-) commutation relations for the bosonicand fermionic �elds imply
that all �eld con�gurations covered by the path integral in (2.6) have to ful-
�l periodic boundary conditions for the gluons and anti-p eriodic boundary
conditions for the fermions in the temporal direction. In order to keepnu-
merical expressions�nite we alsoconsiderthe caseof a �nite spatial volume
V instead of integrating over in�nite intervals. There are no restrictions on
the boundary conditions in the spatial directions. We always choosethem
to be periodic.
Inserting (2.2) into (2.7) we seethat we can also write

SE =

�Z

0

d�
Z

V
d3x L E (� ) ; (2.8)

where L E (� ) has the samefunctional form as L E but we have to make the
replacement

igA0 ! igA0 � � j ; (2.9)

in the 
a vor j . Bulk thermodynamical quantities O(V; T; � ) can now be
calculated as ensemble averages

O(V; T; � ) = hOi V;T;� =
1
Z

Z
DAD �	 D	 O(A; � ;  ; V; T; � )e� SE : (2.10)
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Becausewe are not studying any volume dependencein this work we will
occasionallysuppressthe dependenceon V . In addition in most casesthere is
no explicit dependenceof the quantit y O on the macroscopicparametersV; T
and � . Quantities like the energydensity � , the pressurep or particle number
densitiesn i are related to derivativesof the grand canonical potential


 = � T lnZ ; (2.11)

with respect to the macroscopicparameters, i.e. we have for the pressurep
and particle numbers n i

p
T4 = �

1
T4

@

@V

= �
1

VT4 
( T; � ) ; (2.12a)

n i

T3 = �
1

VT3

@

@� i

: (2.12b)

We will also refer to the grand canonical potential as the free energy F of
the system.
For a more detailed discussionabout the fundamentals of QCD and �eld
theory at �nite temperature and density we refer to standard textb ooks
such as [11, 12, 13].

2.2 The lattice regularization

In QCD, path integral expressionslike (2.6) or (2.10) are su�ering from
ultraviolet divergencieswhich have to be properly regularized and renor-
malized. One way to do this is to discretizespace-timeby using a �nite four
dimensionalhypercubic lattice with lattice spacinga. Each lattice point x is
labeledby an integer array n = (n1; n2; n3; n4) such that x = n � a. Thereby
all momenta are cut o� becausethey can be chosenfrom the 1st Brillouin
zone [� � =a;� =a] and the ultraviolet divergenciesdo not appear anymore.
We choose to take the same number N � of lattice points in every spatial
direction. In the timelik e direction a smaller number N � is chosenin order
to accommodate the �nite temperatures. For N � =N � >� 4 corrections to the
in�nite volume limit get small. Therefore we take N � =N � = TV 1=3 = 4
here. The absolute sizesof N � and N � are chosen as large as allowed by
the available computational power. Temperature and volume can then be
obtained from N � and N �

T =
1
�

=
1

N � a
; (2.13a)

V = (N � a)3 : (2.13b)

The continuum expressionsof the precedingsection are translated into the
lattice regularized formulation by replacing space-timeintegrals and deriva-
tiv esby discretesumsand di�eren tial quotients such that in the limit a ! 0
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the continuum physics is obtained. Dimensionless�elds are intro duced by
multiplying the �elds with appropriate powers of a. The gauge �elds are
represented by the link variables

U� (n) = exp[igaA � (x)] : (2.14)

U� (n) connectsthe site n to the nearestneighbor n + �̂ in the � -direction.
The QCD lattice action can then be written as

SE = SG + SF ; (2.15)

where the Wilson gaugeaction SG is the discretized gluonic action

SG = �
X

n;�<�

�
1 �

1
Nc

Re Tr q

q q

q- 6

�
?

n �

�

�
; (2.16)

with � = 2Nc=g2 and the number of colors is Nc = 3 here. The sum extends
over all elementary plaquettes of the lattice and the symbol

q

q q

q- 6

�
?

n �

� = U� (n)U� (n + � )Uy
� (n + � )Uy

� (n) (2.17)

represents the product of the four consecutive links of the plaquette, starting
at the lattice point n. In the following we denote products of consecutive
links asdiagramswhere the order of the factors is indicated by the direction
of the links.
The fermionic part of the action is written as

SF =
X

n;m

�	 nK n;m 	 m ; (2.18)

wherethe sumextendsover all lattice sitesn and m. The choiceof the lattice
action is not unique, i.e. we are allowed to add arbitrary terms, which are
vanishing in the continuum limit. For vanishing chemical potentials the
most naive way of discretization leadsto

K n;m =
1
2

X

�


 �

�
� n+ �̂ ;m U� (n) � � n� �̂ ;m Uy

� (n � �̂ )
�

+ M � n;m ; (2.19)

where M = a � m is the dimensionlessbare massparameter. In the free case
(g = 0) the fermion propagator calculated from this action is



	 n 
 �	 m

�
= K � 1

n;m =

�Z

� �

d4p
(2� )4

� i
P

� 
 � ~p� + M
P

� ~p2
� + M 2 eip (n� m) ; (2.20)

where ~p� = sin(p� ) and '
 ' denotes the tensor product in Dirac space.
While in the continuum this propagator has got poles at p� � � im only
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there are now two poles in every direction � at the cornersof the Brillouin
zone. Therefore in the continuum limit this action describes2dim = 24 = 16
independent quarks instead of only one. There are several ways to deal with
this doubling problem one of which is introduced in the next section.
Finally we note that the replacement rule (2.9) for the introduction of a
quark chemical potential � can be transfered to the lattice gaugelinks [14].
In the action the gaugelinks in the temporal direction have to be replaced
by

U4(n) = e+ igA 4(x) ! e+ igaA 4 (x)� a� = e� a� U4(n); (2.21a)

Uy
4(n) = e� igA 4(x) ! e� igaA 4 (x)+ a� = e+ a� Uy

4(n): (2.21b)

2.3 Staggered fermions

The starting point of the staggeredfermion formulation [15] is to apply a
unitary transformation in spinor space�( n) to the fermion �elds at every
lattice point n

	 n = �( n)� n ;
�	 n = �� n � y(n) ; (2.22)

such that the Dirac matrices 
 � becomediagonal

� y(n)
 � �( n + � ) = � � (n) � 1 ; (2.23)

where the � � (n) are numbers. One possiblesolution of this task is

�( n) = 
 n1
1 
 n2

2 
 n3
3 
 n4

4 ; (2.24)

� � (n) = (� 1)n1 + ���+ n � � 1 ; (2.25)

where� � (n) arecalledthe staggeredphases.The fermion action now consists
of four equivalent terms. Leaving away three of them and keepingonly one
wecanreducethe number of fermion doublersby a factor of 4. The staggered
action can then be written as

SF =
X

n;m

�� nK n;m � m ; (2.26)

where the fermion matrix (for quark chemical potential � = 0) now has got
the form

K n;m =
1
2

"
X

�

� � (n)
�

� n+ �̂ ;m U� (n) � � n� �̂ ;m Uy
� (n � �̂ )

�
#

+ M � n;m :(2.27)



14CHAPTER 2. QUANTUM CHROMODYNAMICS ON THE LATTICE

Insight in the continuum limit is gained by de�ning the fermion �elds on
the cornersof a hypercubic lattice with lattice spacing2a and lattice points
at N � = 2n� + � � where � � is either 0 or 1.

	 f
� (n) =

1

2
p

2

X

�

�(2 n + � ) �f �U� (n)� (2n + � ) ; (2.28a)

�	 f
� (n) =

1

2
p

2

X

�

�� (2n + � ) �Uy
� (n)� y(2n + � )f � : (2.28b)

In the limit m ! 0 there remains a U(1) 
 U(1) chiral symmetry in the
staggeredaction which is a remnant of the original SU(4) 
 SU(4) symmetry
in the continuum. Due to the Nielsen-Ninomiya no-go theorem there does
not exist a local lattice action in four space-timedimensionshaving the full
chiral symmetry without including any doublers. The staggeredformulation
is a compromise in this respect. While keeping 3 doublers we have got a
remnant chiral symmetry.
Carrying out the integration over the Grassmannvalued �elds 	 n and �	 n

in (2.6) or (2.10) one is left with the determinant of the fermion matrix and
the integration measureis proportional to

DU P(U) � DU det(K ) e� SE : (2.29)

For N f degeneratedfermion 
a vors det(K ) is the N f -th power of the fermion
determinant for one single 
a vor. Therefore in order to compensatefor the
fourfold staggeredfermion degeneracywe take the fourth root of det(K ).

DU P(U) � DU (det(K )) N f =4 e� SE : (2.30)

We admit that this "fourth root trick" is still a matter of discussionand
that there is no rigorous proof for the correctnessof this procedureso far.
Due to the 
 5-hermiticit y at � = 0


 5K 
 5 = K y (2.31)

the fermion determinant is real. Furthermore it canbeshown that the eigen-
values of K are pairwise complex conjugated and therefore det(K ) is even
positive.
Becausein our numerical simulations we will have to compute the inverseof
the fermion matrix it is furthermore useful to rewrite det(K ) as the deter-
minant of a symmetric matrix which can be inverted by conjugate gradient
methods. Dividing the lattice into even and odd sites1 and writing the
fermion �elds in the corresponding representation

� =
�

� e

� o

�
; �� = ( �� e; �� o) ; (2.32)

1A site n is called even if n1 + n2 + n3 + n4 is even and it is called odd otherwise.



2.4. IMPR OVED ACTIONS 15

we seethat the fermion matrix has got the form

K =
�

M Deo

Doe M

�
; (2.33)

where for � = 0 we have D y
eo = � Doe and therefore

K yK =
�

M 2 � DeoDoe 0
0 M 2 � DoeDeo

�
�

�
(K yK )ee 0

0 (K yK )oo

�
:(2.34)

Becausethe determinants of (K yK )ee and (K yK )oo are equal we have

det(K ) = det(K yK )1=2 = det((K yK )ee) : (2.35)

We seethat if we make the replacement

det(K ) ! det((K yK )ee) ; (2.36)

in (2.30) we still describe a systemwith N f fermion 
a vors but the fermion
matrix is symmetric.
The lattice regularization method and a detailed description of the staggered
fermion formulation can be found in textb ooks like [16, 17].

2.4 Impro ved actions

The lattice actions (2.16) and (2.18) are not unique. I.e. we are allowed
to add arbitrary terms to the actions as long as the continuum limit is
not changed. This can be used to construct improved actions that show
reducedcut-o� dependencies.On the other hand including additional terms
increasesthe computational e�ort. Therefore improving the action is always
a compromisebetweennumerical accuracyand computing power.
The original Wilson action (2.16) represents the continuum action up to
O(a2). In the Symanzik improvement program [18, 19] we make an ansatz
for the action including not only 1 � 1-plaquettes but also higher loops of
gauge links. In this work we use the following Symanzik improved action
containing planar 1� 2- and 2� 1-loopswhich represent the continuum limit
up to O(a4),

S(1;2)
G = �

X

n;�<�

5
3

�
1 �

1
Nc

Re Tr q

q q

q- 6

�
?

n �

�

�

�
1
6

0

B
@1 �

1
2Nc

Re Tr

2

6
4 q q q

qqq

- - 6

��
?

n �

� +
q q

q

qq

q

- 6

6

�
?

?
n �

�

3

7
5

1

C
A : (2.37)
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In the fermionic sector we use the following way of improvement. First we
replace the gauge links U� (n) in the fermion matrix by so-called fat links
[20]

U f at
� (n) =

1
1 + 6!

0

B
B
@q- q

n � + !
X

� 6= �

q

q q

q6

-
?

n

�

�

q

q q

q
?
- 6

1

C
C
A : (2.38)

This is a weighted sum of the ordinary gaugelink and all three link paths
connectingthe samenearestneighbor sites. Thesepaths arecalled"staples".
The fat links improve the 
a vor symmetry that is reducedto a U(1) 
 U(1)
symmetry in the staggeredformulation. I.e. a reducedpion masssplitting
is observed for non-zerovaluesof ! . In our simulations we use! = 0:2.
In a secondstep we improve the rotational symmetry of the free fermion
propagator in momentum space,which is a function of p2 in the continuum.
This is accomplishedby including not only paths which connect nearest
neighbor sites but also paths connecting sites which are separatedby three
links [21]. The following general ansatz is appropriate for the staggered
fermion matrix

K n;m =
X

�

� � (n) (c10Anm + c30B1;nm + c12B2;nm ) + M � n;m ; (2.39)

where A is the fat link part connecting nearestneighbor sites.

Anm =
�

� n+ �̂ ;m U f at
� (n) � � n� �̂;m U f at y

� (n � �̂ )
�

: (2.40)

B1 consistsof three successive links in the � -direction

B1;nm = � n+3 �̂ ;m
q q q q- - -

n � � � n� 3�̂ ;m ( q q q q- - -
n � )y ; (2.41)

and B2 connectssites along L-shaped paths.

B2;nm = 1
2

P

� 6= �8
><

>:
� n+ �̂ +2 �̂ ;m

2

6
4

q q

q

q

- 6

6

n �

�
+

q

qq

q

6

6

-

n

�

�

3

7
5 � � n� �̂ � 2�̂ ;m

2

6
4

q q

q

q

- 6

6

m �

�
+

q

qq

q

6

6

-

m

�

�

3

7
5

y

+ � n+ �̂ � 2�̂ ;m

2

6
4

q q

q

q

-
?

?

n �

�

+

q

q

q q

?

?
-

n

�

�

3

7
5 � � n� �̂ +2 �̂ ;m

2

6
4

q q

q

q

-
?

?

m �

�

+

q

q

q q

?

?
-

m

�

�

3

7
5

y9
>=

>;
:

If we neglect O(g2) contributions to the coe�cien ts the relation

c10 + 3c30 + 6c12 =
1
2

(2.42)
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guaranteesthe correct continuum limit. If we furthermore demand that

c10 + 24c30 + 6c12 = 24c12 ; (2.43)

then the free lattice fermion propagator is rotationally invariant up to order
p4. In order to reducethe computational e�ort there are basically two com-
peting possibilities to solve thesetwo equations. Namely we either demand
c30 or c12 to vanish. The advantage is that we do not have to calculate
B1 or B2 respectively. The choice c12 = 0 leads to the Naik action [22].
Becauseof a better high temperature behavior of the pressure(see[23]) we
choosec30 = 0 which leadsto the p4-action [21]. Then the remainder of the
coe�cien ts are

c10 = 3=8 (2.44a)

c12 = 1=48 (2.44b)

2.5 Simulation of dynamical staggered fermions

The main task of lattice QCD is the numerical computation of the expec-
tation value of an observable O[A; � ;  ]. Assuming that the dependenceon
the fermion �elds is such that the fermionic path integral can be performed
we have

O(T; V; � ) = hOi =
1
Z

Z
DU O[U]det (K [U])N f =4 e� SG [U]; (2.45)

where the integral is to be done over the set of all SU(3) matrix con�gu-
rations on the lattice. Becausethis range is very high dimensional simple
numerical integration techniquesare not applicable. Fortunately the weight
factor

P[U] =
1
Z

det (K [U])N f =4 e� SG (2.46)

possessesonly one large peak at Ucl , the solution of the classicalequation
of motion. Therefore a con�guration U contributes the more to the integral
the closerit is to Ucl . In a numerical simulation we generatea Markov chain
of con�gurations such that the obtained ensemble f Ui gi =1 ;��� ;n is distributed
according to the probabilit y measureDU P[U] around the peak. The mean
value (2.45) can then be estimated by the sampleaverageof the correspond-
ing observable valuesf Oi gi =1 ;��� ;n .
In order to take DU P[U] as a probabilit y measureP[U] has to be real and
positive. In fact this is only true for vanishing or imaginary quark chemical
potentials. Therefore we will restrict the discussionto the case� = 0 here
and comment on the treatment of � 6= 0 in section 2.7.
In order to sample the con�guration according to the probabilit y distribu-
tion (2.46) the following procedure is adequate. Starting from an arbitrary
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con�guration, we generatea con�guration Ui +1 from Ui such that the tran-
sition probabilit y P(Ui ! Ui +1 ) ful�lls the detailed balancecondition

P(Ui )P(Ui ! Ui +1 ) = P(Ui +1 )P(Ui +1 ! Ui ); (2.47)

and such that the Markov chain is ergodic. Then the averagesin Markov
time are equal to the corresponding ensemble averages.If N f is a multiple of
4 we can make useof (2.36) and rewrite the fermion determinant in (2.46) as
a Gaussianpath integral over so-calledpseudo-fermionicbosonic�elds � e; � �

e
on the even lattice sites. In addition we need momenta H � (n) 2 SU(3)
conjugated to the gaugelinks U� (n) for the updating procedure. We then
consider the probabilit y density

P� [H ; U; � �
e; � e] =

1
Z �

e� 1
2 tr H 2 � � �

e (K yK ) � 1
ee � e � SG (2.48)

where

Z � =
Z

DH DUD� �
eD� e e� 1

2 tr H 2 � � �
e (K y K ) � 1

ee � e � SG (2.49)

and the trace is done over space-timeand color indices. We consider the
substitution

� =
�

� e

0

�
= K y� ; � y = (� �

e; 0) = � yK : (2.50)

Then � is Gaussiandistributed. In order to generatea new con�guration
Ui +1 from Ui we take the exponent in (2.48) asthe Hamiltonian of a classical
system in four spatial dimensions

H =
1
2

tr H 2 + � �
e(K yK )� 1

ee � e + SG: (2.51)

We introduce an arti�cal time � and evolve U and a H according to the
classicalequationsof motion

@U
@�

= iH U;
@H
@�

= �
@H
@U

; (2.52)

whereH and � are taken from a Gaussianheatbath at the beginning of each
tra jectory. � e is calculated from (2.50). Basically the discretized versions
of (2.52) are then solved numerically using the leapfrog algorithm with a
�nite time step size � � and a total tra jectory length � � = N l � � . In the
limit � � ! 0 the leapfrog algorithm is energy conservingand the detailed
balancecondition is ful�lled. For � � 6= 0 there is a systematic error of order
� � 2. This error can be corrected using an additional Metropolis step at the
end of each tra jectory, namely the �nal con�guration is only acceptedas a
new con�guration with a probabilit y

p = min
�

1; e� H (� +� � )+ H (� )
�

: (2.53)
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We keepthe old con�guration if the acceptancetest fails.
Unfortunately this so-called� -algorithm [24] only works if N f is a multiple
of 4. For other valuesof N f the standard way of updating is the R algorithm
[24]. Instead of introducing pseudo-fermionic�elds � we write

det
h�

K yK
�

ee

i N f
4 = exp

�
N f

4
tr

�
ln(K yK )ee

� �
; (2.54)

and we have a Hamiltonian

H =
1
2

tr P2 +
N f

4
tr

�
ln(K yK )ee + SG

�
: (2.55)

The equation of motion for the momentum then has got the form

@H
@�

= �
@SG

@U
+

N f

4
tr

�
1

(K yK )ee

@(K yK )ee

@U

�
: (2.56)

During the update procedure the trace is now approximated using a noisy
estimator

tr
�

1
(K yK )ee

@(K yK )ee

@U

�
� X y

e
@(K yK )ee

@U
X e: (2.57)

where

X e =
1

(K yK )ee

�
K yR

�

e
; (2.58)

and R is a Gaussian random noise vector, which is held �xed during the
leapfrogsteps. The inversionsof the fermion matrix aredoneusingconjugate
gradient algorithms. Due to the introduction of a stochastic term in the
equations of motion the R algorithm is not time reversible and cannot be
made exact using a Metropolis step.
Recently there have beensomeideas[25, 26] for exact algorithms which base
on approximating the function x � N f =4 by rational or polynomial functions.

x � N f =4 � r (x)2: (2.59)

Introducing pseudo-fermionic�elds the Hamiltonian can then be written as

H =
1
2

tr H 2 + � �
e r ((K yK )ee) � e + SG : (2.60)

While theseideaswill most likely be relevant for future simulations of stag-
geredfermions, all the simulations for this work werestill doneusing the R-
algorithm. The simulation parametersare shown in table 2.1. The pseudo-
critical coupling on a 16 � 4 lattice was determined in [27] from the peak
position of the chiral susceptibility. We take

� c = 3:649 (2.61)

as the numerical value here. Several thousands of con�gurations were pro-
duced for 18 di�eren t valuesof the coupling � listed in table 2.2.
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N f 2
ma 0:1
� � 0:025
N l 20
� � 0:5

Table 2.1: Simulation parameters.

� 3.52 3.55 3.58 3.60 3.63 3.65 3.66 3.68 3.70
T=Tc 0.81 0.87 0.90 0.96 1.00 1.02 1.06 1.11 1.16
Nconf : 3000 3000 3500 3800 3000 4000 4000 3600 2000

� 3.72 3.75 3.80 3.85 3.90 3.95 4.00 4.245 4.43
T=Tc 1.23 1.36 1.36 1.50 1.65 1.81 1.98 3.00 4.01
Nconf : 2000 1000 1000 1000 1000 1000 1000 1000 1600

Table 2.2: Number of con�gurations per � -value/temperature.

2.6 Setting the scale

Becausein a lattice simulation all parameters and �elds in the action are
replacedby dimensionlessquantities, all computedquantities are dimension-
less, too. Observables carrying dimension can only be obtained as dimen-
sionlessratios including an appropriate power of the lattice spacing a. A
physical scalecan then be introduced by �xing the value of somequantit y
to its physical value. Best suited for this purpose is the string tension �
at zero temperature, becauseit can easily and accurately be calculated on
the lattice and it is indirectly accessiblein experiment through the study of
heavy quark spectra. At zero temperature the physical value of the string
tension is

p
� � 460M eV [28, 29, 30].

The string tension is the proportionalit y constant describing the linear rise
of the potential between a heavy quark Q and a heavy anti-quark �Q in a
range of large distancesr

VQ �Q(r ) = �
4
3

� s

r
+ � r : (2.62)

In full QCD a heavy quark-anti-quark pair splits into two mesonsif the
distance r becomesvery large. This string breaking results in a �nite value
of VQ �Q(r ) for r ! 1 and (2.62) no longer holds. Fortunately at T = 0 and
� = 0 this string breaking doesnot occur within the accessiblerangesunder
consideration due to the use of smearedWilson loop operators. Therefore
there are no restrictions to �t VQ �Q(r ) to the form (2.62) using the strong
coupling � s and the string tension � as �t parameters. For 2-
a vor QCD
and a relatively large quark mass of M = 0:1 this has been done in [31],



2.7. THE TAYLOR EXPANSION METHOD 21

leading to

� s = 0:212(3) : (2.63)

The string tension � (� ) at T = 0 as a function of the coupling � can be
�tted to the form [32]

a
p

� = �a
1 + �c2�a2 + �c4�a4

�c0
; (2.64)

where

�a = a� L =
�

6� 0

�

� � � 1
2� 0

e� �
12� 0 (2.65)

is the solution of the two loop renormalization group equation

a
dg
da

= � 0g3 + � 1g5 + O(g7) ; (2.66)

with

� 0 =
1

16� 2

�
11�

2N f

3

�
; (2.67a)

� 1 =
1

(16� 2)2

�
102�

38N f

3

�
: (2.67b)

The �t parameters in (2.64) have beendetermined in [33, 34].

2.7 The Taylor expansion metho d for �nite quark
chemical poten tials

In order to treat DU P[U] asa probabilit y measurethe fermion determinant
has to be positive de�nite. Unfortunately this is in general only true for
� = 0 becausefor non-vanishing chemical potential the 
 5-hermiticit y is
changedinto


 5K (� )
 5 = K (� � )y; (2.68)

and therefore det(K ) is in generalnot even real because

det(K (� )) � = det(K (� � )) : (2.69)

One consequenceof this relation is that for non-real gluonic observablesO
we have

hO� i � = hOi �
� � (2.70)
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There areseveral approachesto circumvent this so-called"sign" problem, i.e.
there are multi-parameter reweighting techniques[35], where the simulation
is done at vanishing � and results are reweighted to �nite � . Then there is
the possibility of simulating at imaginary � where the fermion determinant
is real and positive as can be seenfrom (2.68). The results are analytically
continued to real values of � afterwards [36]. A recent overview on these
methods can be found in [37].
In this work we usethe Taylor expansiontechnique [38], where the fermion
determinant and if necessaryalsothe operator of an observableareexpanded
in powers of � or �=T . This results in an expansionof our observable

hOi � = o0 + o1� + o2� 2 + � � � : (2.71)

On a �nite lattice hOi � is an analytic function in � and the serieson the
right hand side is convergent for every value of � . In the thermodynamic
limit the radius of convergence� may be �nite and the observable hOi � be-
comessingular at � = � . If O is a susceptibility then the phasetransition
line should give an upper bound for the radius of convergence.
The explicit expressionsfor the expansioncoe�cien ts are discussedin ap-
pendix A. They contain traces of matrices of the form

A = K � 1 @n1 K
@� n1

� � � K � 1 @nm K
@� nm

: (2.72)

We evaluate thesetraces on every gaugelink con�guration by meansof the
random noisevector method. Given a set of independent equally distributed
random unit vectors � 1; � 2; � 3; � � � we have

Tr (A) = lim
n!1

1
n

nX

i =1

� y
i A� i (2.73)

In this work we always use n = 50 Z2-vectors with components � � 1 to
get reliable estimates of Tr (A). Becausein our estimates we use the same
random vectorsfor all the traces,the correct unbiasedestimate for a product
of traces is

mY

i =1

Tr (A i ) �
(n � m)!

n!

X

n 1 ; ��� ;n m
n i 6= n j

� y
n1

A1� n1 � � � � y
nm

Am � nm : (2.74)

We note that the sum on the right can contain a large number of terms.
Approximately there are nm terms, where in this work m is equal to 6 at
maximum. We therefore have to be very careful when executing the sum
numerically. This gets even worse if we considercorrelations of observables
in which connected and disconnectedparts almost cancel like for the 6th
order expansioncoe�cien t of the equation of state.
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The equation of state

3.1 The equation of state at �nite densit y

The equation of state of QCD at �nite temperature and alsoat �nite density
hasbeenextensively studied and received more and more attention in recent
years. This is due to both the advancesin theoretical predictions and the
possibility of comparison to experimental data, collected nowadays and in
future colliders.
The derived quantities like the pressurep, energydensity " and quark num-
ber density nq are just the derivatives of the grand canonical potential, eq.
(2.12), with respect to volume V, temperature T and quark chemical poten-
tial �

p
T4 = �

1
T4

@

@V

= �
1

VT4 
( T; � ) ; (3.1a)

"
T4 = 3

p
T4 + T

@
@T

� p
T4

�
; (3.1b)

nq

T3 = �
1

VT3

@

@�

: (3.1c)

We will only discuss the pressureand the relation to the quark number
density here. At � = 0 the equation for the pressurecan be calculated up to
an additiv e integration constant, which is unknown sincein MC simulations
we never calculate the value of the partition function itself. The common
choice is to put p = 0 at T = 0. For T 6= 0 the value of p is then obtained
by integrating the derivative of p along a line of constant physics [39].
For � 6= 0 we have to di�eren tiate (3.1) with respect to � . We then obtain
p=T4 as a Taylor series

p
T4 =

1X

n=0

cn (T)
� �

T

� n
; (3.2a)

23
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where

cn (T) =
1
n!

1
VT3

@n ln Z
@(�=T )n

�
�
�
�
� =0

: (3.3)

The cn (T) for n > 0 will be the simplest quantities to be presented in this
work. Namely, apart from a multiplicativ e factor, they are just the expan-
sion coe�cien ts of hOi � with O = 1.
In appendix A we show that the odd order derivativesof the partition func-
tion vanishand thus cn (T) = 0 for odd n. Becausethe quark number density
is related to the pressurevia

nq

T3 =
@

@(�=T )

� p
T4

�
; (3.4)

the � -expansioncoe�cien ts are related to those of the pressure

nq

T3 =
1X

n=0

(n + 1) cn+1 (T)
� �

T

� n
; (3.5)

and �nally the coe�cien ts cn (T) also occur in the expansionof susceptibil-
ities

�
T2 =

1
VT4

@


@(�=T )2 ;

=
1X

n=0

(n + 1)(n + 2) cn+2 (T)
� �

T

� n
: (3.6)

Another related quantit y of interest is the isovector susceptibility which is
de�ned as

� I

T2 =
1

VT4

@


@(� I =T)2 ;

(3.7)

where � I = (� u � � d)=2. After taking the derivativeswith respect to � I , we
set � u = � d = � such that the isovector chemicalpotential � I vanishes.Then
� I can be expandedin powers of the remaining quark chemical potential �
leading to a series

� I

T2 =
1X

n=0

(n + 1)(n + 2) cI
n+2 (T)

� �
T

� n
: (3.8)

Details on the calculation of cI
n can be found in [10]. In �g. 3.1 we show

the coe�cien ts cn (T) and cI
n (T). Due to the use of improved actions the
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high temperature limits agreebetter with the continuum Stefan-Boltzmann
limits

lim
T !1

c2 = N f =2 lim
T !1

c4 = N f =4� 2 lim
T !1

c6 = 0 ; (3.9)

than with the corresponding limits calculated from the free unimproved
lattice action [40].
The � -expansioncoe�cien ts of the equation of state show someof the typical
features shared by most of the expansioncoe�cien ts discussedin the next
chapters. The greatestchangesin the valuesof the coe�cien ts occur around
Tc. I.e. for c2 we have got the largest slope, c4 has got a strong peak and
c6 shows an abrupt change of sign. At high temperatures all coe�cien ts
converge to the corresponding Stefan-Boltzmann value, which for the 4th
and 6th order coe�cien t is reached within a range of T � 1:2Tc and T �
1:8Tc.
Finally at low temperatures T < Tc the coe�cien ts c2; c4; c6 are compatible
with predictions of a hadron resonancegasmodel [41].
Further details likepictures of the susceptibilitiesand estimatesof the radius
of convergenceof the power expansionscan be found in [10, 40].
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Heavy quarks

4.1 Heavy quark free energies

Consider the grand canonical ensemble of QCD including a set of static (or
heavy) quarks placedat positions r 1; r 2; � � � ; r n and anti-quarks at positions
r 0

1; r 0
2; � � � ; r 0

m which form a color state x. The corresponding free energy
F x

n;m = F x
n;m (r 1; � � � ; r 0

m ; T; � ) is de�ned via

exp
�
� � F x

n;m

�
= Z = N

X

jsi

hsj e� � (H � �N q ) jsi ; (4.1)

where N depends on the normalization of the states and the sum extends
over all states jsi of the quantum �elds in a �xed gauge such that the
set of static quarks and anti-quarks at the given positions form the color
state x. Let � F x

n;m = F x
n;m � F0;0 the di�erence of the free energiesof our

thermodynamical system with and without heavy quarks and anti-quarks.
For examplewe averageover all color states of every single quark and anti-
quark. We call this the color averagedstate (x=a v).
Using the common anti-commutation relations for the quark creation and
annihilation operators and their static time evolution equation it can be
shown [42] that (4.1) can be written as

exp
�
� � � F av

n;m

�
=

D
tr L (r 1) � � � tr L (r n )tr L y(r 0

1) � � � tr L y(r 0
m )

E
; (4.2)

where the "small" trace is the "real" trace divided by N c = 3

tr =
1

Nc
Tr ; (4.3)

and L(r ) is the so-calledPolyakov loop

L(r ) = T e
ig

�R

0
dtA 4 (r ;t )

: (4.4)

27
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T is the time ordering operator. On the lattice L(r ) is the ordered product
of all gaugelinks in the temporal direction at the spatial point r = an

L(n) =
N �Y

n4=1

U4(n; n4) : (4.5)

From (4.2) we seethat the Polyakov loop represents a static, heavy test
quark. Heavy anti-quarks are described by the hermitian conjugate matrix.
In color spacesingle quark and anti-quark states are represented as triplets
transforming according to the fundamental representations 3 and 3� of
SU(3) respectively. For compound states jsi as in (4.1) the corresponding
product representations can be decomposedinto irreducible representations;
i.e. for a quark anti-quark pair we have

3 
 3� = 1 � 8 ; (4.6)

or for a system of two and three quarks we have

3 
 3 = 3� � 6 ; (4.7)

3 
 3 
 3 = 1 � 8 � 80� 10 : (4.8)

Every state jsi of quarksand anti-quarks decomposesinto multiplets weighted
with the associated Clebsch-Gordon coe�cien ts. Inserting this into (4.1) it
can be shown [43, 44] that for the color averagedfree energieswe have

exp
�

� � F av
Q �Q

�
=

1
9

exp
�

� � F 1
Q �Q

�
+

8
9

exp
�

� � F 8
Q �Q

�
; (4.9)

exp
�
� � F av

QQ

�
=

1
3

exp
�
� � F 3

QQ

�
+

2
3

exp
�
� � F 6

QQ

�
; (4.10)

exp
�
� � F av

QQQ

�
=

1
27

exp
�
� � F 1

QQQ

�
+

8
27

exp
�
� � F 8

QQQ

�

+
8
27

exp
�

� � F 80

QQQ

�
+

10
27

exp
�
� � F 10

QQQ

�
;(4.11)

where i.e. F 1
Q �Q and F 8

Q �Q are the free energiesof the system with a heavy
quark-anti-quark pair in a color singlet and color octet state respectively.
They are de�ned in analogy to (4.1), where the sum extends over those
states which contain a heavy Q �Q pair in the singlet and octet state.
In what follows we will always write "F:::" instead of "� F:::" for simplicit y.
Then "F:::" contains only that part of the free energywhich is provoked by
the presenceof the heavy test quarks and anti-quarks. Therefore we will
occasionally call "F:::" the free energyof the heavy quark-anti-quark part.
The free energiesare related to the correlation functions of the Polyakov
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loops; i.e.

exp
�

� � F 1
Q �Q

�
=

D
tr

h
L 1L y

2

iE
(4.12a)

exp
�
� � F 1

QQQ

�
=

1
2

h9 tr L 1tr L 2tr L 3 � 3 tr L 1tr [L 2L 3]

� 3trL 2tr [L 1L 3] � 3trL 3tr [L 1L 2]

+tr [L 1L 2L 3] + tr [L 1L 3L 2]i ; (4.12b)

where L i = L(r i ).
Although the lattice gaugeaction is invariant under local gaugetransforma-
tions G(n) 2 SU(3)

� n ! G(n)� n ; (4.13a)

�� n ! �� nG� 1(n) ; (4.13b)

U� (n) ! G(n)U� (n)G� 1(n + �̂ ) ; (4.13c)

the Polyakov loop L(n) is gaugedependent but tr L (n) is not. Therefore
only the color averaged free energiesare gauge invariant becausethey are
calculated from traces of the Polyakov loop only. Becausewe are also in-
terested in results for the singlet free energy we have to �x the gauge. We
choose to transform our gauge link con�gurations to Coulomb gauge us-
ing the overrelaxation algorithm [45] before calculating our Polyakov loop
correlations.

4.2 The renormalized Poly akov loop

In the quenched limit (i.e. quark mass M ! 1 ) the action is invariant
under transformations

U4(n) ! zU4(n) ; (4.14)

wherez is an element of the group Z (N c) = f exp(2� in=Nc) jn = 0; � � � ; Ncg
which is the center of SU(Nc). The Polyakov loop servesasan order param-
eter for the spontaneousbreaking of this symmetry. In the thermodynamic
limit it is vanishing below and non-vanishing above the transition tempera-
ture. For �nite M this symmetry is broken explicitly .
The free energy of a single quark inside a medium contains the self en-
ergy of the quark which is a divergent quantit y in the continuum limit. A
consequenceis that the continuum limit of the Polyakov loop is vanishing
even in the non-symmetric phase. It is therefore necessaryto renormalize
the Polyakov loop with somerenormalization constant Z before taking the
continuum limit.

L r en = Z (g2) � L : (4.15)
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In generalwe may assumethat Z dependsnot only on the coupling g2 but
also on the value of the chemical potential � . In fact we will seelater that
there is no necessity for the assumption of a � -dependenceso far.
We now brie
y summarize how to determine the value of Z , more details
can be found in [46]. Considera quark Q and an anti-quark �Q with a spatial
distance r = jr j and the color averagedfree energy

F av
Q �Q(r; T; � ) = � T ln

D
tr L r en(r ) tr L y

r en(0)
E

�
: (4.16)

We note that we replaceour distancesr on the lattice by improved distances
to accommodate for lattice artefacts in the rotational symmetry of the heavy
quark potential [47].
F av

Q �Q stays �nite in the continuum limit. For in�nite separationsthe quark

Q and the anti-quark �Q are uncorrelated and F av
Q �Q(r; T; � ) can be written as

F av
Q �Q(1 ; T; � ) = � 2T ln

�
�
�htr L r en i �

�
�
� ; (4.17)

wherethe Polyakov loop is calculated at somearbitrary spatial position. We
seethat the multiplication of L with the renormalization constant Z can be
obtained by adding a constant to F av

Q �Q=T.

FQ �Q(r; T; � )

T
= � 2 ln

�
�
�htr L i �

�
�
� + c(g2) : (4.18)

Now for small distancesr the temperature and density of the medium should
have no in
uence on the free energy. Therefore we choose c such that
F 1

Q �Q(r; T; 0) matches the zero temperature heavy quark potential VQ �Q(r )
at the smallest available distance r 0. For the simulations in this work we
have N � = 4 such that r 0 = 1=(4T). VQ �Q(r ) is given in the Cornell form

VQ �Q(r ) = �
4
3

�
� s

r
+ � r ; (4.19)

After having determined c(g2) in this way the renormalization constant
Z (g2) can be calculated. Then the Polyakov loop as well as all the valuesof
the corresponding free energiesare �xed. All numerical results presented in
this chapter are renormalized following this procedure.

4.3 Singlet and color averaged free energies of a
heavy quark-an ti-quark pair

A purely gluonic observable O like the Polyakov loop L(r ) or a correspond-
ing correlation function does not explicitly depend on the quark chemical
potential; it is calculated in terms of link variables U� (x) of the gauge�eld
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Figure 4.1: The 0th order coe�cien ts f 1
Q �Q;0 and f av

Q �Q;0 in units of the square
root of the string tension for the singlet and color averagedfree energy in
the vicinit y of Tc. f 1

Q �Q;0 is matched to the T = 0 heavy quark potential at
small distances(a).
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con�guration which do not explicitly depend on � . Any � -dependenceof the
expectation value hOi � thus arisesfrom the � -dependenceof the Boltzmann
weights in the QCD partition function, i.e. the � -dependenceof the fermion
determinant.
On the lattice we average the values of the Polyakov loop and the corre-
sponding correlation functions over all sites, i.e. for the color averagedand
singlet correlation function we have

Cav (r ) =
1
N

X

x ;y
tr L (x) tr L y(y) ; (4.20a)

C1(r ) =
1
N

X

x ;y
tr

h
L(x)L y(y)

i
; (4.20b)

wherethe sumsrefer to all sitesx; y with kx � yk = r and N is the number of
thesex; y-pairs. Cav;1 and the corresponding expectation valuesare strictly
real for every singlegauge�eld con�guration. For this reasonthe odd orders
in the � -expansionvanish as is argued in appendix A. The sameis true for
the corresponding free energies

F av
Q �Q(r; T; � ) = � T ln hCav (r )i � ; (4.21a)

F 1
Q �Q(r; T; � ) = � T ln



C1(r )

�
� : (4.21b)

In order to determine the expansioncoe�cien ts of the color averagedand
singlet free energies,

F x
Q �Q(r; T; � ) = f x

Q �Q;0(r; T) + f x
Q �Q;2(r; T)

� �
T

� 2
+ f x

Q �Q;4(r; T)
� �

T

� 4

+ f x
Q �Q;6(r; T)

� �
T

� 6
+ O

� � �
T

� 8
�

; (4.22)

with x = av and 1, we apply (A.13) to the corresponding Polyakov loop
correlation functions.
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Figure 4.2: The 2nd order coe�cien ts of the singlet (a) and color averaged
(b) free energiesfor someselectedtemperatures below Tc.
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Figure 4.3: The 2nd order coe�cien ts of the singlet (a) and color averaged
(b) free energiesfor someselectedtemperatures above Tc.
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From the Polyakov loop correlations we obtain the free energiesin units
of the inverselattice spacingF=a� 1. Theseresults can be transformed into
units of temperature or the string tension via

aF = N �
F
T

= a
p

�
F

p
�

; (4.23)

where the factor a
p

� is known from (2.64). In �g. 4.1-4.5 we show the
leading and higher order expansion coe�cien ts up to sixth order in �=T
expressedin units of the square root of the string tension. The �gures do
not contain all the analyzed data becausefor T � Tc the absolute values
are very small and for T < Tc the statistical errors are sometimesvery large.
The 0th order results show the expectedstring breaking behavior due to the
screeningof the quarks in the surrounding medium. The screeningsetsin at
smallerdistancesthe morethe temperature is increased.In [31] the 0th order
data presented here have beenusedto calculate a screeningradius, de�ned
in [46], separating the Coulomb part of the potential from the exponentially
screenedpart.
For the second order expansion coe�cien ts we display separately results
below (�g. 4.2) and above (�g. 4.3) the � = 0 transition temperature Tc.
As can be seenthe secondorder expansioncoe�cien ts are always negative
and increasein magnitude in the vicinit y of Tc. Therefore for small values
of � 6= 0 the free energiesget lowered compared to the � = 0 case. The
strongest reduction can be seendirectly at the transition temperature.
The corresponding results for the 4th and 6th order expansioncoe�cien ts are
shown in �g. 4.4 and �g. 4.5, respectively. Here we only show results above
Tc; below Tc the expansioncoe�cien ts are consistent with being zerowithin
errors even at rather short distancesand errors grow large for r T � 1.
We note that all expansion coe�cien ts shown in �gs. 4.2 to 4.5 vanish at
small distances. This shows that a quark anti-quark pair is not a�ected by
the surrounding medium if its size becomessmall. This observation also
justi�es our procedure to renormalize the Polyakov loop by matching the
� = 0 singlet free energy to the T = 0 heavy quark potential, namely that
the renormalization constant is independent of � and T.
Also closeto Tc, where the � -dependenceof the free energiesis strongest,
the absolute valuesof the fourth and sixth order expansioncoe�cien ts are
of the sameorder as or smaller than the secondorder expansioncoe�cien t.
Therefore the 4th and 6th order contributions rapidly becomenegligible for
�=T < 1.
Although the errors are large for the higher order expansioncoe�cien ts they
show that at high temperature the 2nd and 4th order expansioncoe�cien ts
are opposite in sign, f av;1

Q �Q;2
(r; T) < 0 and f av;1

Q �Q;4
(r; T) > 0. This is consistent

with the expectation that at high temperature the asymptotic large distance
valueof the heavy quark freeenergyis proportional to the valueof the Debye
mass. In this limit oneobtains alternating signsof the expansioncoe�cien ts



36 CHAPTER 4. HEAVY QUARKS

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  0.5  1  1.5  2  2.5  3  3.5  4  4.5

rs1/2

f1Q-Q,4 /s1/2

T/Tc = 1.002
T/Tc = 1.02 
T/Tc = 1.07 
T/Tc = 1.11 
T/Tc = 1.22 
T/Tc = 1.50 

(a)

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  0.5  1  1.5  2  2.5  3  3.5  4  4.5

rs1/2

fav
Q-Q,4 /s1/2

(b)

Figure 4.4: The 4th order coe�cien ts of the singlet (a) and color averaged
(b) free energiesfor temperatures above Tc.
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Figure 4.5: The 6th order coe�cien ts of the singlet (a) and color averaged
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of the heavy quark free energieswhen one expandsthe perturbativ e Debye
mass[13],

mD (T; � )
g(T)T

=
mD ;0(T)
g(T)T

s

1 +
3N f

(2Nc + N f )� 2

� �
T

� 2
; (4.24)

with mD ;0(T) = g(T)T
q

N c
3 + N f

6 denoting the Debye mass for vanishing
baryon chemical potential. Although the statistical signi�cance of our re-
sults for f av;1

Q �Q;6(r; T) rapidly drops with increasingtemperature this pattern
of alternating signsseemsto be valid alsoat sixth order at least for temper-
atures T>� 1:05Tc.

Except for temperatures closeto the transition temperature the asymp-
totic behavior of the free energiesis reached at distancesr T >� 1:5. We deter-
mine their large distancevalue by taking the weighted averageof the values
at the �v e largest distances. The results are shown in �g. 4.6 and 4.7. We
note that jf av;1

Q �Q;2(1 ; T)j have a pronouncedpeak at Tc. This also holds for

jf av;1
Q �Q;2(r; T)j evaluated at any �xed distance r as indicated by �g. 4.8. The

peak height is maximum for r ! 1 . In fact, f av;1
Q �Q;2

(r; T) is proportional
to the secondderivative of a partition function including a pair of static
sources,Q �Q. I.e. from appendix A we have

f av;1
2 (r; T) = �

@2T ln


Cav;1(r )

�
�

@(�=T )2

�
�
�
�
�
� =0

;

= � T3



Cav;1(r )D2

�
�



Cav;1(r )

�
hD2i

hCav;1(r )i
: (4.25)

It thus shows the characteristic properties of a susceptibility in the vicinit y
of a (phase) transition point.
Fig. 4.6and 4.7alsoshow that at largedistances,within the statistical errors
of our analysis, the expansioncoe�cien ts for the color averagedand singlet
free energiesapproach identical values,

f av
Q �Q;n (1 ; T) = f 1

Q �Q;n (1 ; T) ; (4.26)

where

f x
Q �Q;n (1 ; T) = lim

r !1
f x

Q �Q;n (r; T) ; with x = av; 1 : (4.27)

This suggeststhat at large distances,e.g. for r T >� 1:5, the quark anti-quark
sourcesare screenedindependently from each other; their relative color ori-
entation thus becomesirrelevant.
Including all terms up to sixth order we calculated the singlet and color
averagedfree energiesin the range from �=T = 0:0 up to 0:8. Results for
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the color singlet free energiesevaluated at a few values of temperature are
shown in �g. 4.9. Similar results hold for the color averagedfree energies.
The free energiesdecreaserelative to their values at �=T = 0 for all tem-
peratures above and below Tc. At small distancesthe curves always agree
within errors. With increasing distance a gap opens up which re
ects the
decreasein freeenergyat non zero� . As indicated by the asymptotic values
f av;1

Q �Q;2(1 ; T), which give the dominant � -dependent contribution at large
distances,the medium e�ects are largest closeto the transition temperature
and becomesmaller with increasingtemperature.
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Figure 4.9: The singlet free energiesF 1
Q �Q as function of distance for �nite

chemical potential and for various temperatures.
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Figure 4.10: The singlet free energiesF 1
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4.4 Screening masses

For temperatures above Tc and large distancesr the heavy quark free ener-
giesare expected to be screened,

� F av;1
Q �Q

(r; T; � ) = F av;1
Q �Q

(1 ; T; � ) � F av;1
Q �Q

(r; T; � ) ;

�
1
r n e� mav ;1 (T;� )r (4.28)

with n = 1; 2 for the singlet and color averagedfree energiesrespectively. In
the in�nite distance limit we thus can extract the screeningmasses,

mav;1(T; � ) = � lim
r !1

1
r

ln
�

� F av;1
Q �Q

(r; T; � )
�

: (4.29)

We usethis asour starting point to derive a Taylor expansionfor the screen-
ing masses.Expanding the logarithm in (4.29) in powersof �=T it is obvious
that also the screeningmassesare even functions in �=T ,

mav;1(T; � ) = mav;1
0 (T) + mav;1

2 (T)
� �

T

� 2
+ mav;1

4 (T)
� �

T

� 4

+ mav;1
6 (T)

� �
T

� 6
+ O

� � �
T

� 8
�

: (4.30)

To analyze the approach of the various expansion coe�cien ts to the large
distance limits we introduce e�ectiv e masses,mx

e� ;n (r; T), with x = av; 1,

mx
e� ;2(r; T) = �

1
r

� f x
Q �Q;2(r; T)

� f x
Q �Q;0(r; T)

; (4.31a)

mx
e� ;4(r; T) = �

1
r

2

4
� f x

Q �Q;4(r; T)

� f x
Q �Q;0(r; T)

�
1
2

 
� f x

Q �Q;2(r; T)

� f x
Q �Q;0(r; T)

! 2
3

5 ; (4.31b)

mx
e� ;6(r; T) = �

1
r

"
� f x

Q �Q;6(r; T)

� f x
Q �Q;0(r; T)

�
� f x

Q �Q;4(r; T)� f x
Q �Q;2(r; T)

� f x
Q �Q;0(r; T)2

+
1
3

 
� f x

Q �Q;2(r; T)

� f x
Q �Q;0(r; T)

! 3
3

5 : (4.31c)

In the limit of largedistancestheserelations de�ne the expansioncoe�cien ts
of the color averagedand singlet screeningmasses,

mav;1
n (T) = lim

r !1
mav;1

e� ;n (r; T) : (4.32)

As will becomeobvious in the following the e�ectiv e massesde�ned above
show only little r -dependence. They are thus suitable for a determination
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Figure 4.11: Example for the distancedependent e�ectiv e massesconverging
at large distance to the expansioncoe�cien ts for the screeningmasswhich
are represented by the horizontal lines.
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of the � -dependent corrections to the screeningmasses.This is not the case
for the leading order, � -independent, contribution. In order to determine
m1

0(T) we use an ansatz for the large distance behavior of the singlet free
energymotivated by leading order high temperature perturbation theory,

f 1
Q �Q;0(r; T) = f 1

Q �Q;0(1 ; T) �
4
3

� 0(T)
r

e� m1
0 (T )r : (4.33)

We �t our data to this ansatzusing � 0(T) and m1
0(T) as�t parameterswhere

f 1
Q �Q;0(1 ; T) is determined as described in the previous section. We average

results received from �v e �t windows with left borders between r T = 0:8
and r T = 1:0 and right border at r T = 1:73. While the above ansatz
is known to describe rather well the large distance behavior of the color
singlet free energy, it also is known [44, 48] that the sub-leadingpower-like
correctionsaremuch moredi�cult to control in the caseof the color averaged
free energy. For this reason we will analyze here only the leading order
contribution to the singlet screeningmass. Results for e�ectiv e massesin
the singlet channelareshown in �g. 4.11asfunction of r T for onevalueof the
temperature. As can be seenthe asymptotic value is indeedreached quickly
before the errors grow large at distancesr T >� 1. The expansioncoe�cien ts
mav;1

2 (T), mav;1
4 (T) and mav;1

6 (T) are thus well determined from the plateau
values of these ratios. Similar results hold in the color averaged channel.
We found the left border of the plateau to lie betweenr T = 0:48 closeto Tc

and r T = 0:23 for T > 1:15Tc. Results for the various expansioncoe�cien ts
are shown in �g. 4.12. This �gure shows that at high temperatures the
� -dependent corrections to the screeningmass of the color averaged free
energiesmav (T; � ) are twice as large as thoseof the (Debye) screeningmass
in the singlet channel, m1(T; � ). This is expected from high temperature
perturbation theory [48] , which suggeststhat the leading order contribution
to the color singlet freeenergyis given by onegluon exchangewhile the color
averagedfree energyis dominated by two gluon exchange. Using resummed
gluon propagators then leads to screeningmassesthat di�er by a factor of
2,

m1
n (T) =

1
2

mav
n (T) ; n = 2; 4; 6 ; (4.34)

Our results suggestthat this relation holds already closeto Tc (�g. 4.12).
We thus have no evidencefor large contributions from the magnetic sector,
which is expectedto dominate the screeningin the color averagedchannel at
asymptotically large temperatures [49] and which would violate the simple
relation given in (4.34).
In order to comparethe expansioncoe�cien ts with perturbation theory we
needto specify the running coupling g(T). We usethe next-to-leading order
perturbativ e result for the running of the coupling with temperature but
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allow for a freeoverall scalefactor. We thus �t our data on the T-dependence
of the leading order (� = 0) screeningmassby the ansatz,

m1
0(T) = A �

2
p

3
g(T)T ; (4.35)

with the 2nd order perturbativ e running coupling,

g(T)2 =
�

29
24� 2 ln

�
e�T

� M S

�
+

115
232� 2 ln

�
ln

�
e� T

� M S

��� � 1

; (4.36)

where we useTc=� M S = 0:77(21) and the scalee� = 2� . Fitting our data to
(4.35) with �t parameter A, yields

A = 1:397(18) : (4.37a)

Our �t result is included in �g. 4.12. We also compare the temperature
dependenceof m1

2(T), m1
4(T) and m1

6(T) with corresponding expansionco-
e�cien ts of the perturbativ e Debye mass which result from an expansion
of (4.24) using (4.35) as the 0th order. These expansion coe�cien ts are
alternating in sign,

mD ;2(T) =

p
3

4� 2 � Ag(T) ; (4.38a)

mD ;4(T) = �
3
p

3
64� 4 � Ag(T) ; (4.38b)

mD ;6(T) =
9
p

3
512� 6 � Ag(T) : (4.38c)

At least for the secondorder coe�cien t m1
2(T) we �nd that this yields a

satisfactory description of the numerical results for T >� 2Tc. (4.38) shows
that subsequent terms di�er by about an order of magnitude, which explains
why our signal for a non-zerocontribution m1

n (T) is rather poor for n > 2.
From (4.38) we �nd mD ;2(T)=mD ;0(T) = 3=8� 2 which is independent of A
and g(T) and is comparedwith our numerical results in �g. 4.14(a). We note
that the perturbativ e value for this ratio is already reached for T=Tc>� 2. In
�g. 4.14(b) we show the � -dependenceof the singlet screeningmass for a
small valuesof �=T . Here we included only contributions from the 0th and
2nd order expansionin the calculation of m1(�; T)=T.

In order to further justify the procedure to extract the screeningmasses
from our e�ectiv e masses,which mainly are basedon fractions of the free
energiesat rather short distances, we additionally performed �ts over the
full range of distances. Using an ansatz

� (T; � ) = � 0(T) + � 2(T)
� �

T

� 2
+ � � � + � 6(T)

� �
T

� 6
+ O

� � �
T

� 8
�

;
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Figure 4.12: 0th and 2nd order expansion coe�cien ts of screeningmasses
in the color singlet (m1) and color averaged(mav ) channels. mx

2(T) is de-
termined from the r ! 1 limit of (4.31). The lines are the �rst order
perturbativ e predictions according to (4.38). The dotted lines in (a) show
the 1� -range of the � 2-�t with parameter A.
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Figure 4.13: 4th and 6th order expansion coe�cien ts of screeningmasses
in the color singlet (m1) and color averaged(mav ) channels. mx

n (T) is de-
termined from the r ! 1 limit of (4.31). The lines are the �rst order
perturbativ e predictions according to (4.38).
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Figure 4.14: The ratio mx
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and expanding (4.28) in powers of � we get expressionsfor the higher order
coe�cien ts, i.e. for the secondorder

m1
2(T) �

c2(T)
r

= �
1
r

� f 1
Q �Q;2(r; T)

� f 1
Q �Q;0(r; T)

;

where

c2(T) =
� 2(T)
� 0(T)

: (4.39)

We usem2(T) and c2(T) as�t parameters. We chooseto vary the left border
of our �t window betweenthe �rst and 9th value of the available distances
where we �nd smooth plateaus. We compare the results obtained in this
way (open squaresin �g.4.15 (b)) to those of our previous analysis (closed
circles). In fact there are almost no signi�cant di�erences. Only closeto the
transition the results from the �ts are slightly smaller. Unfortunately the
�tting procedure su�ers from large errors. Results for m4 and m6 remain
consistent with zero.
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Figure 4.15: Comparison of the 2nd order coe�cien ts obtained with the
e�ectiv e mass limit (closed circles) and with the �tting procedure (open
squares).
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4.5 The � , T-dep endence of the Poly akov loop

In contrast to the free energiesdiscussedso far the trace of the Polyakov
loop

tr L �
1

N 3
� N �

X

x
tr L (x) (4.40)

is not exclusively real but is in generala complex quantit y. Anyhow in full
QCD the expectation value P0 = htr L i at � = 0 is real. In fact we �nd the
imaginary parts of all the � -expansion coe�cien ts to be non-uniform and
vanishing within statistical errors.
We write the expansionof the renormalized Polyakov loop as

htr L i � = P0 + P1
�
T

+ P2

� �
T

� 2
+ P3

� �
T

� 3
+ � � � ; (4.41)

wherewe assumeP0; P1; � � � to be real. The results are shown in �g. 4.16 to
4.18.
The 0th order P0 in �g. 4.16 is the � = 0 Polyakov loop, which is an order
parameter for the decon�ning phasetransition in the quenched approxima-
tion. We note that htr L i is not restricted to values below 1 due to the
multiplication with the renormalization constant Z (g2). The higher orders
are multiplied with the sameconstant.
All the higher order coe�cien ts show large peakscloseto or at Tc and tend
quickly towards zeroor at least to comparatively small valuesfor T > Tc. At
least for the coe�cien ts of order 0,1,2and maybe 3 we �nd speci�c algebraic
signs.
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Figure 4.16: Lowest orders of the renormalized Polyakov loop
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Figure 4.17: 3rd, 4th and 5th order of the Polyakov loop
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Figure 4.18: 6th order of the Polyakov loop



4.5. THE � , T-DEPENDENCE OF THE POLYAK OV LOOP 57

The logarithm of the expectation value of the renormalized Polyakov
loop is related to the free energyof a single heavy quark.

FQ(T; � ) = � T ln
�

htr L i �

�
: (4.42)

We insert the expansionof the Polyakov loop (4.41) into this equation. Then
the free energyhas the form

FQ(T; � ) = f Q;0(T) + f Q;1
�
T

+ f Q;2

� �
T

� 2
+ f Q;3

� �
T

� 3
+ f Q;4

� �
T

� 4

+ f Q;5

� �
T

� 5
+ f Q;6

� �
T

� 6
+ O

� � �
T

� 7
�

; (4.43)

where

f Q;0(T)
T

= � ln P0 ;

f Q;1(T)
T

= �
P1

P0
;

f Q;2(T)
T

= �
P2P0 � 1

2P2
1

P2
0

;

f Q;3(T)
T

= �
P3P2

0 � P2P1P0 + 1
3P3

1

P3
0

; (4.44)

f Q;4(T)
T

= �
P4P3

0 � P3P1P2
0 � 1

2P2
2 P2

0 + P2P2
1 P0 � 1

4P4
1

P4
0

;

f Q;5(T)
T

= �

P5P4
0 � P4P1P3

0 � P3P2P3
0 + P3P2

1 P2
0

+ P2
2 P1P2

0 � P2P3
1 P0 + 1

5P5
1

P5
0

;

f Q;6(T)
T

= �

P6P5
0 � P5P1P4

0 � P4P2P4
0 + P4P2

1 P3
0 � 1

2P2
3 P4

0 � 1
6P6

1
+2P3P2P1P3

0 � P3P3
1 P2

0 + 1
3P3

2 P3
0 � 3

2P2
2 P2

1 P2
0 + P2P4

1 P0

P6
0

:

For a heavy anti-quark we have

htr L y i � = htr L i �
� � : (4.45)

Weconcludethat the expansioncoe�cien ts of the quark freeenergyFQ(T; � )
and the anti-quark free energy F �Q(T; � ) are equal for even orders and have
opposite sign for odd orders

f �Q;n (T) = (� 1)n f Q;n (T) : (4.46)

Resultsfor the f Q;n (T) areshown in �g. 4.19to 4.21. We alsocomparethem
to the in�nite distance limit of the QQ-free energieswhich are discussedin
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the next section. Namely for in�nite separation of two heavy quarks we
should have twice the free energyof a single quark

F x
QQ (1 ; T; � ) = 2FQ(T; � ) : (4.47)

We con�rm that this relation holds to all orders. The in�nite distance
valuesweredetermined in the sameway as in the Q �Q case.Deviations from
(4.47) occur becausethe asymptotic values are not always reached within
the accessibledistance range. In general the sextet free energiesare more
consistent with the singleheavy quark free energies,becausethey show only
little dependenceon the distance.
We also note that the asymptotic values of the free energiesF x

Q �Q(1 ; T; � )
are consistent with the corresponding relation

F x
Q �Q(1 ; T; � ) = FQ(T; � ) + F �Q(T; � ) (4.48)

This holds for all orders in � . So for all valuesof T and � we have that the
asymptotic values of the free energiesof heavy quarks and/or anti-quarks
in somecolor state are equal to the free energiesof the corresponding single
quarks and anti-quarks.

From (4.1) we can seethat for the net number of light seaquarks N q,
i.e. the di�erence of quarks and anti-quarks, we have

@� F x
n;m

@�
= �

�
hNqi x

n;m � hNqi 0;0

�
; (4.49)

whereh� � � i x
n;m is the ensemble averageof a systemcontaining n heavy quarks

and m heavy anti-quarks in the state x. Then

� Nq = Nq � hNqi 0;0 : (4.50)

can beunderstood asthe changein the light quark number that is causedby
the presenceof the heavy quarks. For one single heavy quark the ensemble
averageof Nq is

h� Nqi � = �
@FQ

@�
= � f Q;1

1
T

� 2f Q;2
�
T2 � O(� 2) : (4.51)

Becausef Q;1 is positive we expect the light anti-quarks to dominate the
quarks for small valuesof � ,

h� Nqi � < 0 : (4.52)

Thus the presenceof a heavy test quark will induce the supply with anti-
quarks from the particle reservoir.
The lowest order of the light quark number susceptibility f Q;2 is related
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Figure 4.19: 0th, 1st and 2nd order coe�cien ts of the free energyof a single
heavy quark calculated from the Polyakov loop (black circles) and from anti-
triplet (red triangles) and sextet (blue triangles) free energiesof a QQ-pair
at in�nite distance.
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Figure 4.20: 3rd, 4th and 5th order coe�cien ts of the free energyof a single
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Figure 4.21: 6th order coe�cien ts of the free energyof a singleheavy quark.

to the 
uctuations in the light quark number which becomelarge at the
transition point, namely we have



� N 2

q

�
�

� h� Nqi 2 = �
1
T

@2FQ

@� 2 = � 2
f Q;2

T3 � O(� ) : (4.53)

Looking at the higher order coe�cien ts, we observe that the diagrams of
f Q;0 and f Q;1 (�g. 4.19) are similar in sign and shape. The sameis true for
f Q;2 and f Q;3 (�gs. 4.19 and 4.20) as well as for f Q;4 and f Q;5 (�g. 4.20). In
general the signsof the coe�cien ts seemto changeevery two orders.
From perturbation theory we expect that the free energy of a single heavy
quark is proportional to the product of the Debye massand the squareof
the coupling [50].

FQ(T; � ) / � m(T; � ) � g(T)2 ; (4.54)

where we assumeonly a small or no dependenceof the coupling g on � .
Hencethe coe�cien ts f Q;n (T) should show a similar asymptotic behavior as
a function of T as the corresponding screeningmasscoe�cien ts. A compar-
ison of �gs. 4.12 and 4.13 to the even orders in 4.19, 4.20 and 4.21 supports
this picture. Namely the 0th ordersare both monotonically decreasing.The
2nd orders are decreasingvery slowly and still show a �nite value even at
large temperaturesand the 4th and 6th ordersare both consistent with zero
for T > 2Tc.
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4.6 Free energies of two heavy quarks

In the absenceof a quark reservoir any state of a medium with two heavy
quarks has got the trialit y

t � N mod 3 = 2 : (4.55)

Here N is the total quark number which is the di�erence of the number of
quarks and anti-quarks. Therefore no bound states exist and the partition
function is ZQQ = 0. Neverthelessin the grand-canonicalcasethe two heavy
quarks may take up additional light quarks or anti-quarks from the quark
reservoir to form trialit y zerostates. Then the partition function is non-zero
ZQQ 6= 0 and the free energy is �nite.
I.e. we will consider the free energy calculated from the color averaged
Polyakov loop correlation function

Cav(r ) =
1
N

X

x ;y
tr L (x)tr L (y) ; (4.56)

where the sum refers to all pairs of sites with distance r .
Furthermore the decomposition of the color states of heavy diquarks into
irreducible representations leads to an anti-triplet and a sextet part. The
corresponding Polyakov loop correlation functions are

C �3(r ) =
1
N

X

x ;y

3
2

tr L (x)tr L (y) �
1
2

tr (L (x)L (y)) ; (4.57)

C6(r ) =
1
N

X

x ;y

3
4

tr L (x)tr L (y) +
1
4

tr (L (x)L (y)) ; (4.58)

Thesecorrelation functions are related via

Cav(r ) =
1
3

C �3(r ) +
2
3

C6(r ) : (4.59)

The corresponding free energiesare calculated and expanded in powers of
�=T in the sameway as for the Polyakov loop.

F av;�3;6
QQ (r; T; � ) = � T ln

D
Cav;�3;6(r )

E

T;�

= f av;�3;6
QQ; 0 (r; T) + f av;�3;6

QQ; 1 (r; T)
�
T

+ � � � (4.60)

In �gs. 4.22 and 4.23 we show the r -dependent 0th order coe�cien ts of the
free energies.Figs. 4.24to 4.32contain the higher ordersof the free energies
F �3

QQ and F 6
QQ up to 6th order in �=T . We do not show the higher orders

of the color averaged free energy explicitly here. In fact they are all very
similar to the anti-triplet coe�cien ts.
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Figure 4.22: 0th order coe�cien t of the color averagedfreeenergycalculated
from the Polyakov loop correlations.

The 0th order shows that the potential betweenheavy quarks is attractiv e
in the color averagedor anti-triplet and repulsive in the sextet state.
As in the caseof a single heavy quark we also seea non-vanishing 1st or-
der contribution to the heavy diquark free energies. The amplitude of the
coe�cien ts f 3;6

QQ; 1 get smaller with increasing temperature. While the sex-
tet coe�cien t f 6

QQ; 1 is always positive and approaches the asymptotic clus-
ter value very quickly, the anti-triplet coe�cien t is negative for very small
distances and changesthe sign at some intermediate distance r � between
r � 1=2 = 1 and r � 1=2 = 1:5. The position of the null r � � 1=2 shows only little
dependenceon the temperature. If at all then the data suggestthat r � � 1=2

tends to smaller valueswith increasingtemperature.
According to (4.49) we may interpret this change of sign in the following
way. If � is small or even zero and if the two heavy quarks are very closeto
each other, the particle reservoir provides the system with additional light
quarks such that



� N av;3

q

�
�

= �
f av;3

QQ; 1

T
+ O(� ) > 0 : (4.61)

Here � N av;3
q is the number of light quarks in the color averagedand anti-

triplet case respectively. This behavior is di�eren t from the �QQ-system
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where


� N x

q

�
�

= 0 for � = 0 with x = av; 1.
The two heavy quarks try to form a trialit y zero state with one of the
provided light quarks. If on the other hand the QQ-separation becomes
very large, the formation of a baryon is unlikely. In this casethe two heavy
quarks try to build two mesonicstates with anti-quarks from the particle
reservoir. This is why we observe a negative total light quark number in the
system even if the value of � is positive but small.



� N av;3

q

�
�

< 0 : (4.62)

In �g. 4.34 the �rst order coe�cien ts of the color averagedfree energiesare
shown in units of the temperature. Becauseof eq. (4.61) � f 1=T is just the
light quark number at � = 0. In �g. 4.35we show the light quark number at
� = 0 for the smallest available separation r 0 and for the in�nite separation
of the QQ-pair. We see,that the light quark number is consistent with the
assumption that in the limit T ! 0, the QQ-pair in a color averaged or
anti-triplet state picks up exactly one light quark if r is small and picks up
exactly two light anti-quarks if r becomesin�nite.
For a diquark in a sextet state this consideration does not hold. At least
for temperaturesabove Tc the sextet free energyis not only repulsive in the
0th order but a medium with anti-quarks is always preferred by the sextet
QQ-pair. The reasonis, that the formation of a color singlet state made up
of a diquark in a sextet and a third quark in a triplet state is impossible.
This is due to the reduction rule

3 
 6 = 8 � 10 : (4.63)

On the other hand a color singlet does exist if the diquark is a color anti-
triplet

3 
 �3 = 1 � 8 : (4.64)

The question of the binding properties of the sextet QQ-pair below Tc re-
mains still open.
Becausethe absolutevalue of f 3;6

QQ; 2 is maximum at Tc we concludethat the

uctuations in the light quark number are largest at Tc, namely we have

D�
� N av;3;6

q

� 2
E

�
�



� N av;3;6

q

� 2
= �

1
T

@2F av;3;6
QQ

@� 2 ;

= � 2
f av;3;6

QQ; 2

T3 � O(� ) ; (4.65)

which is always positive for small � .
The third order coe�cien ts f 3;6

QQ; 3 have the opposite sign of the �rst order

coe�cien ts and the fourth order coe�cien ts f 3;6
QQ; 4 have the opposite sign of
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the secondorder ones.This holdsboth for anti-triplet and sextet coe�cien ts.
5th and 6th order result have the same signs as the 1st and 2nd order
respectively. The coe�cien ts of order greater than one seemto follow the
rule of thumb that the sign 
ips whenever the order is increasedby two.
The large distance asymptotic values of the coe�cien ts are determined by
�tting the values over the �v e largest distancesto a constant. The results
are included in �gs. 4.19 to 4.21. They are consistent with the free energies
of two single heavy quarks.
In �g. 4.33 we show the free energiesat Tc for typical valuesof � = 0:4 and
� = � 0:4 comparedto the � = 0 case.We include all available orders from
0 to 6 in this calculation. For other temperatures than Tc the � -e�ects are
smaller. We seethat the free energygets loweredas in the Q �Q-casebecause
the main contribution stems from the secondorder in �=T . Nevertheless
the �rst order leadsto a signi�cant di�erence betweenpositive and negative
quark chemical potential.
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Figure 4.23: 0th order coe�cien ts of the antitriplet and sextet color free
energycalculated from the Polyakov loop correlations.
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Figure 4.24: First order correction of heavy quark-quark free energiesbelow
Tc.
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Figure 4.25: First order correction of heavy quark-quark free energiesabove
Tc.
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Figure 4.26: Secondorder correction of heavy quark-quark free energies
below Tc.
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Figure 4.27: Second order correction of heavy quark-quark free energies
above Tc.
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Figure 4.28: 3rd order correction of heavy quark-quark free energiesbelow
Tc.
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Figure 4.29: 3rd order correction of heavy quark-quark free energiesabove
Tc.
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Figure 4.30: 4th order correction of heavy quark-quark free energiesabove
Tc.
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Figure 4.31: 5th order correction of heavy quark-quark free energiesabove
Tc.
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Figure 4.32: 6th order correction of heavy quark-quark free energiesabove
Tc.
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Figure 4.33: Example of the anti-triplet (a) and sextet (b) free energy at
T = 1:002Tc and �nite valuesof � .
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Figure 4.34: The 1st order correction of the color averaged free energy in
units of the temperature.
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Figure 4.35: The light quark number hNqi � at � = 0 for the smallest sep-
aration r 0 of a heavy QQ-pair in a color averaged (magenta triangles), in
a triplet (black squares)and in a sextet state (red circles) and for in�nite
separation (blue triangles). The latter is calculated from the corresponding
cluster value. The T ! 0 limits are expectedto be +1 for the color averaged
and anti-triplet states and � 2 for in�nite distance.
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4.7 Screening of diquark free energies

In analogyto the heavy quark anti-quark freeenergythe anti-triplet diquark
free energy ful�lls a screeninglaw of the form

� F �3
QQ (r; T; � ) = F �3

QQ (1 ; T; � ) � F �3
QQ (r; T; � ) ;

�
1
r

e� m �3 (T;� );r : (4.66)

BecauseF �3
QQ (r; T; � ) alsocontains odd ordersin �=T weexpect the screening

massm�3(T; � ) to be of the form

m�3(T; � ) = m�3
0(T) + m�3

1(T)
�
T

+ m�3
2(T)

� �
T

� 2
+ O

� � �
T

� 3
�

: (4.67)

The 0th order screeningmassm �3
0(T) is equal to the screeningmassm1

0(T)
as discussedin [51]. Following section 4.4 we determine the higher order
coe�cien ts of m �3(T; � ) by solving (4.66) for m �3(T; � ) and taking the in�nite
distance limit. We then have

m�3
n (T) = lim

r !1
m�3

e� ;n (r; T) : (4.68)

The expressionsfor the e�ectiv e massesm �3
e� ;n (r; T) are similar to those in

the Q �Q case,apart from contributions of odd orderswhich arezeroin (4.31).

m�3
e� ;1(r; T) = �

1
r

� f �3
QQ; 1(r; T)

� f �3
QQ; 0(r; T)

; (4.69)

m�3
e� ;2(r; T) = �

1
r

2

4
� f �3

QQ; 2(r; T)

� f �3
QQ; 0(r; T)

�
1
2

 
� f �3

QQ; 1(r; T)

� f �3
QQ; 0(r; T)

! 2
3

5 : (4.70)

As an examplewe show the e�ectiv e massesfor T=Tc = 1:11 in �g. 4.70. We
determine the large distance limit by �tting the ratios in (4.70) to a con-
stant. In comparison to the Q �Q-casethe in�nite distance limit is reached
at larger separationsr T. Near Tc we have to choosethe left border of our
�t window at r T = 0:9 for m �3

1 and at r T = 0:7 for m �3
2. The right border we

always place at the maximum distance. With increasing temperature the
left border of the �t window can then be shifted further to the left. For
T=Tc > 1:5 a �t over the full range of distancesis possiblefor both of the
coe�cien ts.
The �rst order correction to the screeningmassis exclusively negative. This
means that for small � the screeninglength of a QQ-pair increasesif the
number of light quarks in the medium is increased. At large temperatures
m�3

1(T) approaches very small values. We cannot concludewhether there is
an asymptotic value which is signi�cantly di�eren t from zero. At T=Tc = 3
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Figure 4.36: Example for the distance dependent e�ectiv e masses. The
horizontal line represents the in�nite distance limit.
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we still have m �3
1 = � 0:0020(20)but at T=Tc = 4 we have m �3

1 = � 0:0156(16).
To our knowledgeperturbativ e predictions for the screeningmassm �3(T; � ),
which may be gaugedependent, do not exist. Neverthelesswe observe that
the valuesfor the secondorder coe�cien ts of QQ and Q �Q are in almost per-
fect agreement. This is quite remarkable, becausem �3

2 has got contributions
from �rst order corrections in the free energywhich were absent in m1

2.
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Figure 4.37: 1st and 2nd order correction of the anti-triplet screeningmass.
The secondorder is compared to the screeningmass of a Q �Q-pair in the
singlet state.
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4.8 The singlet free energies of three heavy quarks

The singlet free energiesF 1
QQQ of three heavy quarks in a singlet state are

calculated from the correlation function

C1
QQQ (r12; r13; r23) =

1
2N 0

X

x ;y ;z
9 tr L (x)tr L (y)tr L (z)

� 3 tr L (x)tr [L (y)L (z)] � 3trL (y)tr [L (x)L (z)]

� 3trL (z)tr [L (x)L (y)] + tr [L (x)L (y)L (z)]

+tr [L (x)L (z)L (y)] ; (4.71)

N 0 extends over all positions x; y; z of the three heavy quarks which lead
to the samequark-quark separationsr 12; r13; r23, where r ij is the distance
between the quarks i and j , i.e. r 12 = jx � yj. In the following we will
restrict to thosesinglet free energiesin which the three quarks are placedon
the cornersof an equilateral triangle such that r 12 = r13 = r23. Furthermore
we will use the perimeter r � = r12 + r13 + r23 = 3r ij as parameter instead
of r12; r13 or r23.
As can be seen from �g. 4.38 and 4.39 the 0th order coe�cien ts are T
independent at short distancesand f 1

QQQ;n for n � 1 approaches zero for
r ! 0. This behavior could be observed for the Q �Q-singlet free energies,
too. In any casewe seethat the surrounding medium has no in
uence on
small colorlessheavy quark states.
Due to the small number of data points per temperature a quantitativ e
estimate of the asymptotic value of f 1

QQQ;n is di�cult especially for low
temperatures and odd n. Neverthelesswe seethat our coe�cien ts are still
consistent with the expansioncoe�cien ts of 3FQ (T; � ), which is the expected
cluster value.
At � = 0 the singlet free energy F 1

QQQ (r � ; T; � ) can be compared to the
free energiesof two heavy quarks. From the lowest non-vanishing order in
perturbation theory the following relation has beenproposedat � = 0 [51].

F 1
QQQ (3r; T; � ) = 3F �3

QQ (r; T; � ) � 3F �Q (T; � ) : (4.72)

In �g. 4.38(a) we compare the left handside (red closedsymbols) and the
right handside(underlying open grey symbols) of this equality for � = 0. In
fact they are in good agreement. We can verify that this relation seemsto
hold also for the secondorder in � (�g. 4.39(a)), whereasfor the 1st order
it is violated. Therefore the relation (4.72) doesnot hold for � 6= 0.
Although we cannot make a quantitativ e analysis of the screening mass
m1;QQQ for three heavy quarks, we can still make somestatements. The 0th
order m1;QQQ should be equal to m �3

0 because(4.72) is full�lled at � = 0.
The e�ectiv e massis calculated in the sameway as in the QQ-case.
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For the �rst order of m1;QQQ
e� we have

m1;QQQ
e� ;1 (r; T) = �

1
r

� f 1
QQQ; 1(r; T)

� f 1
QQQ; 0(r; T)

: (4.73)

Becauseboth f 1;eq
QQQ; 0 and f 1;eq

QQQ; 1 approach their asymptotic values from

below, the �rst order correction m1;QQQ
1 is negative. This we observed for

the heavy diquark, too.
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Figure 4.38: 0th (a) and 1st (b) order of the singlet free energy of three
heavy quarks. The underlying grey points in (a) are the data for 3f �3

QQ; 0. The
horizontal bars on the righthandside of (b) indicate the asymptotic values
3f Q;1 and corresponding errors, which weredetermined from the analysisof
the Polyakov loop. r � is the perimeter of the equilateral triangle.
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Figure 4.39: The orders2,3 and 4 of F 1;eq
QQQ . The grey point in (a) are 3f �3

QQ; 2
and the bars in (b) and (c) are the asymptotic valueswith errors, asexpected
from the analysis of the Polyakov loop.



Chapter 5

Hadrons

5.1 Meson correlation functions at �nite densit y

On the lattice of hypercubes with lattice spacing 2a the meson operators
are de�ned as

M (n) = �	( n) (� D 
 � F ) 	( n) (5.1)

where � D and � F are products of 
 -matrices which contain the symmetry
properties of the corresponding meson. � D acts on the Dirac indicesand � F

on the 
a vor part of the fermionic �elds. We will restrict the discussionto
the case� D = � F � �. The mesoncorrelation functions are gaugeinvariant
observables.
According to (2.28) the �elds 	( n) and �	( n) can be replacedby the stag-
gered�elds. Then the local mesonoperator is

M (n) = ~� (n) �� n � n ; (5.2)

where ~� (n) is a phasefactor dependingon the choiceof �. The mesoncorre-
lation function in the spatial z-direction and at zero transversemomentum
is then obtained as

C(z) = h0j
X

n1 ;n2 ;n4

M (n)M y(0) j0i

�
�
�
�
�
n3= z=a

: (5.3)

It can be shown that the connectedpart of this correlation function has the
form

Cc(z) = �
X

n1 ;n2 ;n4

~� (n)G(n; 0)� G(0; n) � : (5.4)

The minus sign originates from the transposition of the fermionic �elds.
G(n; 0)� is the quark propagator

G(n; 0)� = h0j � n � 0 j0i � = K (� ) � 1
n;0 : (5.5)

87
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In this work we usepointlik e quark sourcesfor the quark propagators. The
mesoncorrelation function is therefore gaugeinvariant and there is no need
to �x the gaugehere.
For non-vanishing � the quark propagator has the property

G(n; 0)� = � (n)G(0; n)y
� � ; (5.6)

with

� (n) = (� 1)n1 + n2+ n3+ n4 : (5.7)

A proof of the relation (5.6) for vanishing � can be found in [52]. The
generalization to non-vanishing � is straight forward.
Inserting (5.6) into the mesoncorrelation operator we get

Cc(z) = �
X

n1 ;n2 ;n4

� (n)G(n; 0)� G(n; 0)y
� � (5.8)

where � (n) = � (n) ~� (n). The minus sign originates from the transposition of
the fermionic �elds. The valuesof � (n) for various choicesof � are listed in
table 5.1. We alsolist the contributing particle states. Further details canbe
found in [53, 54]. The � -dependenceof hadronic correlation function is much

No. � ~� (n) particle states
1 
 1
 3 (� )n1 aT ; � T

2 
 2
 3 (� )n2 aT ; � T

3 
 4
 3 (� )n4 aL ; � L

4 1 1 f 0; �
5 
 1 (� )n2+ n4 bT ; � T

6 
 2 (� )n1+ n4 bT ; � T

7 
 4 (� )n1+ n2 bL ; � L

8 
 5 (� )n1+ n2+ n4 � ; �

Table 5.1: Meson phasefactors, the partners of aT;L and bT;L are also re-
ferred to as � 2 and � 1 respectively.

more involved than for the other observablesdiscussedsofar. This is because
not only the fermion determinant but also the correlation function Cc(z)
dependson the quark chemical potential � . Namely the quark propagator
is itself � -dependent and can be written as a power expansionin � .

G(n; 0)� = G(0)
n;0 + G(1)

n;0 � + G(2)
n;0 � 2 + O

�
� 3�

: (5.9)

Expanding eq. (5.6) in powers of � we get an alternating sign.

G(i )
n;0 = (� 1)i � (n)G(i )y

0;n for i = 0; 1; 2; � � � : (5.10)
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Hencethe propagator for the anti-quarks contains the corresponding adjoint
coe�cien ts and the opposite sign in front of � .

G(n; 0)y
� � = G(0)y

n;0 � G(1)y
n;0 � + G(2)y

n;0 � 2 � O
�
� 3�

: (5.11)

Becauseof eq. (5.5) the expansioncoe�cien ts G(i )
n;0 are calculated from the

derivativesof the inverseof the fermion matrix, i.e.

G(0)
n;0 = K � 1

n;0

�
�
�
� =0

;

G(1)
n;0 = � K � 1

n;m
@K m;j

@�
K � 1

j; 0

�
�
�
�
� =0

;

G(2)
n;0 = K � 1

n;m

�
@K m;l

@�
K � 1

l ;k
@K k;j

@�
�

1
2

@2K m;j

@� 2

�
K � 1

j; 0

�
�
�
�
� =0

; (5.12)

where K is the fermion matrix and doubly occuring indices on the right
hand side are implicitly summed. We then have

Cc(z) = C0(z) + C1(z) � + C2(z) � 2 + O
�
� 3�

; (5.13)

which corresponds to the expansion(A.14) and where

Ci (z) = �
X

n1 ;n2 ;n4

� (n)

0

@
iX

j =0

(� 1)i � j G(j )
n;0G(i � j )y

n;0

1

A (5.14)

for i = 0; 1; 2; � � � . Taking the adjoint of this equation we can immediately
seethat the coe�cien t Ci (z) of order i is real for even and imaginary for odd
i . Becausethis also holds for the expansion coe�cien ts D i of the fermion
determinant the � -expansionof the expectation value hCc(z)i � is also real
in the even and imaginary in the odd orders. Moreover becausehCc(z)i � is
an even function in � the odd orders vanish and only the real even orders
remain.

Cc(z) = hCc(z)i � = C0(z) + C2(z)
� �

T

� 2
+ C4(z)

� �
T

� 4
+ O

� � �
T

� 6
�

:(5.15)

In particlular Cc(z) is real and the coe�cien ts Ci (z) can be calculated using
eq. (A.18).

5.2 Screening of mesons

On a �nite lattice the screeningbehaviour of mesoncorrelation functions at
large distancesz can for staggeredfermions be parametrized as the sum of
an oscillating and a non-oszillating cosh.

Cc(z) = A cosh(mA ~z) + (� )~zB cosh(mB ~z) ; (5.16)
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Figure 5.1: (a): Someexamplesof the 0th order pion correlation function.
(b): Example for the � T ; aT -correlation function (see entry no.1 in table
5.1). The multiplicativ e factor of (� 1)z+1 has been added to make the
correlation function positive for every value of z. The values of the �tting
function at the positions z=a = 0; 1; 2; � � � ; 16 are connected via straight
lines for convenience.
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where ~z = z � N � =2. mA and mB are the screeningmassesof the con-
tributing particle states. For small z there may in general be corrections
to this �t ansatz resulting from contributions of excited states. In this case
additional cosh's would have to be taken into account in order to get an
improved �t ansatz. Due to the small number of independent data points in
the z-direction we cannot proceedin this way here. Therefore we will only
consider the �t ansatz (5.16) which is valid in the vicinit y of ~z = 0.
Furthermore, for the screeningbehaviour of the pion (no. 8 in table 5.1)
there is only one lowest contributing state and we can put B = 0 explicitly .
The � -dependenceis included in the ansatz (5.16) by assumingpower ex-
pansionsfor the parameters.

A(T; � ) = A0(T) + A2(T)
� �

T

� 2
+ O

� � �
T

� 4
�

; (5.17a)

B (T; � ) = B0(T) + B2(T)
� �

T

� 2
+ O

� � �
T

� 4
�

; (5.17b)

mA (T; � ) = mA0(T) + mA2(T)
� �

T

� 2
+ O

� � �
T

� 4
�

; (5.17c)

mB (T; � ) = mB 0(T) + mB 2(T)
� �

T

� 2
+ O

� � �
T

� 4
�

: (5.17d)

Inserting theseexpansionsinto (5.16) we get

C0(z) = A0 cosh(mA0~z) + (� )~zB0 cosh(mB 0~z) (5.18a)

C2(z) = A2 cosh(mA0~z) + A0mA2~z sinh(mA0~z)

+ (� )~z [B2 cosh(mB 0~z) + B0mB 2~z sinh(mB 0~z)] (5.18b)

For the 0th order we perform � 2-�ts accordingto eq. (5.18a) using mA0, A0,
mB 0 and B0 asparameters. In caseof the pion channel (no.8) wecansetmB 0

and B0 to zero and the oscillating terms drop out. It turns out that apart
from the pion the initial values of our parameters have to be chosenvery
carefully in order to guarantee the convergenceof the Levenberg-Marquardt
algorithm [55]. We choosethe left and the right borders of our �t windows
at + ~zb and � ~zb symmetric to the point ~z = 0. We then look for plateaus
in the �t parametersas a function of the window size2~zb. Our plateausare
located in the range ~zb=a 2 [2; 6].
In �g. 5.1 we show someexamplesof the 0th order correlation functions for
the pion and the rho comparedto the corresponding �t results. The middle
points around z=a = 8 match the �tting function quite well. The higher the
temperature the more the border points near z=a = 0 and z=a = 16 violate
our �t ansatz. On the one hand this is a consequenceof higher excited
states contributing to the outer points. On the other hand it is related to
the fact that for small meson-mesonseparationsz and high temperatures
the meson correlation function is best described by perturbation theory.
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For very large temperatures we eventually seethe free propagation of the
constituting mesons.
Let C f (z) the pion correlation function for non-interacting free quarks with
a � -expansion

C f (z) = C f
0 (z) + C f

2 (z)
� �

T

� 2
+ O

� � �
T

� 4
�

: (5.19)

C f (z) can becalculatedon the lattice by calculating the correlation function
on a unit con�guration where all the links are put to U� (n) = 1. In �g. 5.2
(a) we calculated the ratio of C0(z) for sometemperaturesand the free cor-
relation C f

0 (z). We seethat with increasing temperature C0(z) converges
slowly to the free correlation C f

0 (z). This is especially true for the borders
of our z-range where the ratio C0(z)=Cf

0 (z) is closestto one.
Following this consideration especially the border points show only the free
propagation of quarks and our �t window becomesnarrower if temperature
increases.
The coe�cien ts A0 and B0 are temperature dependent. For sometempera-
tures and in somechannelseven for all temperatures one of the coe�cien ts
A0 or B0 is several orders of magnitude greater than the other one. In this
casegood plateauscanonly beseenfor that particle state which corresponds
to the greater coe�cien t. This is why the results shown in �g. 5.4 do not
include all particle states.
The lowest screeningmassis observed for the pion. Here we seea constant
value of m0=T � 4 for temperatures below Tc. At Tc the value of m0=T
starts increasing monotonically up to an in�nite temperature limit m f

0=T
which is the samefor all particle states apart from lattice corrections. In
the continuum and chiral limit m f

0 is twice the lowest quark momentum
which is twice the lowest Matsubara frequency.

mf
0 = 2� T : (5.20)

In order to determine the 2nd order we �t the data of the 0th and 2nd order
to the functional forms (5.18a) and (5.18b) simultaneously. Unfortunately
�ts including non-vanishing parametersB 0; B2; mB 0 and mB 2 could not be
accomplished. The �tting processwas not able to �nd a stable minimum
of � 2. Therefore we always drop the oscillating terms, i.e. we set B 0 =
B2 = mB 0 = mB 2 = 0 explicitly . For the pion this is correct. For other
mesonsthis only leadsto good results if the correct value of B is very small
comparedto A. In this way we could get reliable estimatesfor the screening
masscoe�cien t m2 of the � meson.
For conveniencewe furthermore replaceeq. (5.18b) by the ratio

C2(z)
C0(z)

= mA2~z tanh (mA0~z) + ~A2 : (5.21)
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Thereby the exponential factor contained in the 0th and 2nd order drops
out. ~A2 = A2=A0 is the o�set at ~z = 0 and mA2 is basically the slope of
C2(z)=C0(z) near ~z = 0. We use (5.21) as a �t ansatz for C2=C0 in the
vicinit y of ~z = 0.
The statement that the data points at large temperaturesand small meson

seperations �t in the picture of free quark propagation carries over to the
ratio C2(z)=C0(z). In �g. 5.2 (b) we compare this ratio to the free case.
Again we seethat the border points show the characteristics of a free prop-
agation of the quarks.
Fig. 5.3(a) showsthe ratio C2=C0 for the pion at low temperaturesT < 1:2Tc

and the corresponding �tting functions of the form (5.21). We seethat the
�tting functions and the data are in good agreement. For higher tempera-
tures the outer points start to deviate from this behaviour as can be seen
in �g. 5.3 (b). Generalizing the results for �nite T in [56] to �nite � the
continuum pseudoscalarmeson correlation function for freely propagating
quarks in the chiral limit has the form [57]

Ccont
c (z) =

NcT
2� z2 sinh(2� Tz)

f cos(2z� ) [1 + 2� Tz coth (2� Tz)]

+2z� sin(2z� )g : (5.22)

Using T = 1=(N � a) and

Ccont
2 (z) =

1
2!

@2Ccont (z)

@(�=T )2

�
�
�
�
� =0

; (5.23)

we get

Ccont
2 (z)

Ccont
0 (z)

=
1

N 2
�

� z
a

� 2

2

4� 1 +
2

1 + 2�
N �

z
a coth

�
2�
N �

z
a

�

3

5 : (5.24)

In �g. 5.3(c) we include this function asthe red curve. Weseethat it is quali-
tativ ely in good agreement with the ratio C2=C0 for the highest temperature
evaluated by us. Hencewith increasingtemperature we have to restrict our
�tting range for the screeningansatz (5.21) to a smaller interval around
~z = 0. We average the obtained values for the screeningmass coe�cien t
m2 over the �t results obtained from symmetric �t windows with left(righ t)
borders between ~z=a = � 7(+7) and ~z=a = � 6(+6) for low temperatures
and between ~z=a = � 5(+5) and ~z=a = � 2(+2) for large temperatures.
The results for the screeningmasscoe�cien ts for higher temperatures have
to be treated with care as there is a more distinctiv e dependenceon the
�tting range. For T=Tc < 1:5 the results are non-ambiguous.

The result for the secondorder screeningmassof the pion m �
2 and the

transversal � -mesonm �
2 are shown in �g. 5.4 (b). They are qualitativ ely in



94 CHAPTER 5. HADRONS

1

10

100

1000

10000

100000

1e+06

0 2 4 6 8 10 12 14 16

C0(z)/Cf
0(z)

z/a

T/Tc = 1.002
T/Tc = 1.50
T/Tc = 1.98
T/Tc = 3.00
T/Tc = 4.01

(a)

0

0.5

1

1.5

2

2.5

3

0 2 4 6 8 10 12 14 16

C2(z)/C0(z)
Cf

2(z)/Cf
0(z)

z/a

T/Tc = 1.002
T/Tc = 1.50
T/Tc = 1.98
T/Tc = 3.00
T/Tc = 4.01

(b)

Figure 5.2: The 0th order pion correlation function C0(z) (a) and the ratio
C2(z)=C0(z) (b) comparedto the free casecalculated on the lattice.
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Figure 5.3: The ratio of C2=C0 for the pion at temperatures T < 1:2Tc

including the �tting functions (a). For temperaturesT > 1:2Tc the screening
ansatz becomesmore and more misleading especially for large ~z (b). For
very high temperatures (c) the free continuum quark propagator (red line)
is in better agreement with the data at large ~z than the screeningansatz
(black line).
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Figure 5.4: Mesonscreeningmassesat � = 0 (a). The horizontol bar shows
the continuum value for masslessfreely propagating quarks. a0 corresponds
to f 0 in tabular 5.1. (b): The secondorder responsesfor the screeningmass
of the � and the � meson.
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good agreement with results from QCD-TARO [58].
For both mesonsm2=T starts from zeroat low temperaturesand risesquickly
to higher values especially at Tc. At T � 1:07Tc we observe a small bump
for both particles which could still be a statistical e�ect. Below Tc there is
no signi�cant di�erence betweenm �

2 and m�
2. Above Tc m�

2 increasesfaster
than m�

2 such that for temperatures T > 1:2Tc m�
2 is almost twice as large

as m�
2 .

This picture results from the �t ansatz (5.16) with the assumption of
a � -dependent screeningmass. On the other hand in view of eq. (5.22)
the concept of a � -dependent mesonscreeningmassmay be misleading at
least for the caseof free quark propagation. Namely we have for the free
correlation at large distancesz

Ccont
c (z) �

1
z

e� m0z [m0 cos(2z� ) + 2� sin(2z� )] (5.25)

wherem0 = 2� T. We seethat the exponential screeningpart is independent
of � and that the � -dependenceis contained solely in a factor which is
oscillating in z for � 6= 0. Therefore the screeningmass contained in the
exponential factor is independent of � in the in�nite temperature limit. On
the one hand our �t ansatz (5.16) leads to a good description of our data.
On the other hand there is no connection of m2 to the caseof free quark
propagation so far.

5.3 Nucleon correlation function

For compound particles like mesonswhich e�ectiv ely contain two quarks
the total momentum of the constituents is zero in the rest frame. This does
not hold for particles made up of more than two constituents like baryons.
According to [59] we therefore include the lowest Matsubara frequency for
a fermion � T in the staggerednucleon propagator in the following way

Cc(z) =
X

n1 ;n2 ;n4

cos(� T � ) � ij k G1;i (0; n)G2;j (0; n)G3;k (0; n)

�
�
�
�
�

n 4 = � =a
n 3 = z =a

: (5.26)

The quark propagator Ga;b(0; n) describes the propagation of a quark with
color a at position 0 to a quark with color b in n.

5.4 Screening of nucleons

On a �nite lattice the screeningbehaviour of the nucleoncorrelation function
can be parametrized in the form

Cc(z) = hCc(z)i = A
�

e� mA z=a + (� )z=ae� mA (N � � z=a)
�

+ B
�

(� )z=ae� mB z=a + e� mB (N � � z=a)
�

: (5.27)
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In contrast to the �t ansatz for temporal nucleon-nucleon separations [54]
there areplus signsbetweenthe terms inside the brackets dueto the periodic
boundary conditions in the spatial direction.
In practice we �nd that B is in generalmuch smaller than A. This prevents
our �t algorithm to converge if we take the full ansatz. Therefore we put
B = 0 explicitly .
Someexamplesof the � = 0 correlation function are given in �g. 5.5. We
show the absolute value jCc(z)j of the correlation function in a logarithmic
plot multiplied with the sign of Cc(z).
For low temperaturesthe �tting function matchesthe data almost perfectly.
With increasing temperature the data points oscillate around the �tting
function due to a �nite value of B which we do not take into account here.
Neverthelesswe are allowed to assumethat the extracted values for A and
m0 = mA give us good estimates of the correct values although the value
of � 2=d:o:f: may be quite large. I.e. m0 is given by the slope of the �tting
function in the region of z=a < N � =2. The oscillation of the points doesnot
have a large e�ect on this slope.

In �g. 5.6 we show the screeningenergyfor the nucleon. For all tempera-
tures weonly seesmall deviations from the freecontinum limit of m0 = 3� T.
We also tried to get information about the � -dependenceof the nucleoncor-
relation funcion Cc(z) by assuming� -dependent parameters A; B ; mA and
mB . The � -expansionshould in generalinclude non-vanishing even and also
odd orders in �=T . The corresponding n'th order correction of the screening
masswould then be extracted from the ratios Cn=C0. We �nd that all these
ratios vanish within statistical errors.
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Figure 5.5: Someexamplesof nucleoncorrelation functions for variuos tem-
peratures below (a), at (b) and above (c) Tc. The values of the �tting
function at z=a = 0; 1; 2; � � � are connectedvia straight lines.
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Chapter 6

Conclusions and outlo ok

This work is devoted to the application of the Taylor expansionin the baryon
chemical potential. Using this method we could extend results obtained at
�nite temperature QCD to the caseof non-vanishing baryon densities.
The simplest quantities under investigation are the pressureand particle
number densitiesin a hot and densemedium. Here reliable results could be
obtained up to the 6th order in the baryon chemical potential � .
Introducing a set of static heavy quarks and/or anti-quarks into the medium
we could calculate the changesof the freeenergyin comparisonto a medium
without any heavy quarks. The free energieswereevaluated with respect to
the screeningproperties of the medium. We could give genuine expressions
on how to calculate the corresponding screeningmass coe�cien ts exactly.
For temperaturesT > 2Tc the � -expansioncoe�cien ts of the screeningmass
of a heavy quark-anti-quark pair could be related to results from high tem-
perature perturbation theory. A non-vanishing 1st order appears in the
screeningmasscoe�cien ts of a heavy quark pair. This order is totally ab-
sent in high temperature perturbation theory. Nevertheless the observed
high temperature limit is zero such that there is no contradiction.
Furthermore we observed that for temperaturesT < Tc heavy quarks induce
the generationof light quarks and/or anti-quarks from the particle reservoir.
This is due to the fact that at temperature T = 0 only color singlet statesof
quarks are stable. Further data at lower temperaturesasthosestudied by us
are still desirable. It would also be interesting to investigate the coe�cien ts
of the local free energydensity in order to localize the induced light quarks.
Finally the screeningof hadron correlation functions was studied. For the
0th order screening masseswe could get numerous results which are at
high temperature in agreement with the freepropagation of the constituting
quarks. The 2nd order coe�cien t m2 of the � - and the � -mesonshow almost
the samebehaviour below Tc. Above Tc the m2-value of the � becomessig-
ni�can tly larger than the value of the � . On the one hand an explanation
for this observation is missing so far. On the other hand the coe�cien ts at
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large temperatures have to be treated with care as the free propagation of
quarks starts dominating the correlation functions.



App endix A

Details on the power
expansion in �

A.1 Calculation of � -expansion coe�cien ts

The � -dependent expectation value of a complex quantit y O is

hOi � =
1

Z �

Z
DUO� e� S =

R
DUO� e� S

R
DU� e� S ; (A.1)

whereZ � is the partition function for �nite � and where� = (det K (� )) N f =4

is the determinant of the fermion matrix. In the following we denoteexpec-
tation valuesfor vanishing � as h�� � i = h�� � i 0. We de�ne

L n �
dn ln �

d� n

�
�
�
�
� =0

=
N f

4
dn ln det K

d� n

�
�
�
�
� =0

: (A.2)
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The L n can be written as traces over the inverseof the fermion matrix and
its derivatives

L 1 =
N f

4
Tr

�
K � 1 @K

@�

� �
�
�
�
� =0

; (A.3a)

L 2 =
N f

4
Tr

�
K � 1 @2K

@� 2 � K � 1 @K
@�

K � 1 @K
@�

� �
�
�
�
� =0

; (A.3b)

L 3 =
N f

4
Tr

�
K � 1 @3K

@� 3 � 3K � 1 @K
@�

K � 1 @2K
@� 2

+ 2K � 1 @K
@�

K � 1 @K
@�

K � 1 @K
@�

� �
�
�
�
� =0

; (A.3c)

L 4 =
N f

4
Tr

�
K � 1 @4K

@� 4 � 4K � 1 @K
@�

K � 1 @3K
@� 3 � 3K � 1 @2K

@� 2 K � 1 @2K
@� 2

+ 12K � 1 @K
@�

K � 1 @K
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K � 1 @2K
@� 2

� 6K � 1 @K
@�

K � 1 @K
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K � 1 @K
@�

K � 1 @K
@�

� �
�
�
�
� =0

; (A.3d)

L 5 =
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K � 1 @5K
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@� 3

+ 20K � 1 @K
@�

K � 1 @K
@�

K � 1 @3K
@� 3 + 30K � 1 @K

@�
K � 1 @2K

@� 2 K � 1 @2K
@� 2

� 60K � 1 @K
@�

K � 1 @K
@�

K � 1 @K
@�

K � 1 @2K
@� 2

+ 24K � 1 @K
@�

K � 1 @K
@�

K � 1 @K
@�

K � 1 @K
@�

K � 1 @K
@�

� �
�
�
�
� =0

; (A.3e)

L 6 =
N f

4
Tr

�
K � 1 @6K

@� 6 � 6K � 1 @K
@�

K � 1 @5K
@� 5 � 15K � 1 @2K

@� 2 K � 1 @4K
@� 4

� 10K � 1 @3K
@� 3 K � 1 @3K

@� 3 + 30K � 1 @K
@�

K � 1 @K
@�

K � 1 @4K
@� 4

+ 60K � 1 @K
@�

K � 1 @2K
@� 2 K � 1 @3K

@� 3 + 60K � 1 @2K
@� 2 K � 1 @K

@�
K � 1 @3K

@� 3

+ 30K � 1 @2K
@� 2 K � 1 @2K

@� 2 K � 1 @2K
@� 2 � 120K � 1 @K

@�
K � 1 @K

@�
K � 1 @K

@�

K � 1 @3K
@� 3 � 180K � 1 @K

@�
K � 1 @K

@�
K � 1 @2K

@� 2 K � 1 @2K
@� 2 � 90K � 1 @K

@�

K � 1 @2K
@� 2 K � 1 @K

@�
K � 1 @2K

@� 2 + 360K � 1 @K
@�

K � 1 @K
@�

K � 1 @K
@�

K � 1 @K
@�

K � 1 @2K
@� 2 � 120K � 1 @K

@�
K � 1 @K

@�
K � 1 @K

@�
K � 1 @K

@�

K � 1 @K
@�

K � 1 @K
@�

� �
�
�
�
� =0

: (A.3f )



A.1. CALCULA TION OF � -EXPANSION COEFFICIENTS 105

From

K y(� ) = 
 5K (� � )
 5 (A.4)

it follows that L n is real for even and imaginary for odd n. Using � = eln �

we �nd

�( � ) = �(0)
�
1 + D1� + D2� 2 + � � � + D6� 6 + O(� 7)

�
; (A.5)

where

D0 = 1 ; (A.6a)

D1 = L 1 ; (A.6b)

D2 =
1
2

�
L 2

1 + L 2
�

; (A.6c)

D3 =
1
6

�
L 3

1 + 3L 1L 2 + L 3
�

; (A.6d)

D4 =
1
24

�
L 4

1 + 6L 2
1L 2 + 3L 2

2 + 4L 1L 3 + L 4
�

; (A.6e)

D5 =
1

120

�
L 5

1 + 10L 3
1L 2 + 15L 1L 2

2 + 10L 2
1L 3

+ 10L 2L 3 + 5L 1L 4 + L 5) ; (A.6f )

D6 =
1

720

�
L 6

1 + 15L 4
1L 2 + 45L 2

1L 2
2 + 15L 3

2 + 20L 3
1L 3 + 60L 1L 2L 3

+10L 2
3 + 15L 2

1L 4 + 15L 2L 4 + 6L 1L 5 + L 6
�

: (A.6g)

We immediately seethat D n is real for even and imaginary for odd n. Be-
cause

Z � = Z0 �


1 + D1� + � � � D6� 6�

+ O(� 7) (A.7)

is real onehashDn i = 0 for odd n. Weconsiderthe casewherethe observable
O is independent of � . The expectation value (A.1) then becomes

hOi � =
hOi + hOD1i � + � � � + hOD6i � 6

1 + hD2i � 2 + � � � + hD6i � 6 + O(� 7) : (A.8)

Expanding in powers of � we get

hOi � = hOi
�
1 + O1� + (�D 2 + O2) � 2 + (�D 2O1 + O3) � 3 +

�
D2

2 � D4

� D2O2 + O4) � 4 +
�
D2

2O1 � D4O1 � D2O3 + O5
�

� 5 +
�
�D 3

2

+2D2D4 � D6 + D2
2O2 � D4O2 � D2O4 + O6

�
� 6�

+ O(� 7)(A.9)

where we usethe notation

Oi =
hOD i i

hOi
; (A.10a)

Di = hD i i : (A.10b)
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In the casethat O is strictly real on every con�guration OD n is imaginary
for odd n. In order to keep hOi � real hODn i has to vanish for odd n and
the precedingexpansionsimpli�es to

hOi � = hOi
�
1 + (�D 2 + O2) � 2 +

�
D2

2 � D4 � D2O2 + O4
�

� 4

+
�
�D 3

2 + 2D2D4 � D6 + D2
2O2

�D 4O2 � D2O4 + O6) � 6�
+ O(� 8) ; (A.11)

i.e. this formula is applicable to the correlation function in (4.20). Because
free energiesare calculated from logarithms of correlation functions we give
here the expansion coe�cien ts of the logarithm of an observable O which
can be obtained by inserting the above expansioninto the expansionof the
logarithm. For a generic,not necessarilyreal observable the expansionis

ln hOi � = ln hOi + O1� +
�

�D 2 �
1
2

O2
1 + O2

�
� 2 +

�
1
3

O3
1 � O1O2+

O3) � 3 +
�

1
2

D2
2 � D4 �

1
4

O4
1 + O2

1O2 �
1
2

O2
2 � O1O3

+ O4) � 4 +
�

1
5

O5
1 � O3

1O2 + O1O2
2 + O2

1O3 � O2O3

�O 1O4 + O5) � 5 +
�

�
1
3

D3
2 + D2D4 � D6 �

1
6

O6
1 + O4

1O2

�
3
2

O2
1O2

2 +
1
3

O3
2 � O3

1O3 + 2O1O2O3 �
1
2

O2
3 + O2

1O4

�O 2O4 � O1O5 + O6) � 6 + O(� 7) : (A.12)

For observableswhich are real on every con�guration and have a real expec-
tation value at every value of � this reducesto

ln hOi � = ln hOi + (�D 2 + O2) � 2 +
�

1
2

D2
2 � D4 �

1
2

O2
2 + O4

�
� 4

+
�

�
1
3

D3
2 + D2D4 � D6 +

1
3

O3
2 � O2O4 + O6

�
� 6 + O(� 8) : (A.13)

Finally we can considerthe casewhere O = O(� ) is depending on � explic-
itly . Assuming that we have a Taylor expansion

O(� ) = O0
�
1 + O1� + O2� 2 + � � �

�
; (A.14)
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and inserting this into (A.8) we get

hOi � = hO0i
�
1 + (O01 + O10) � + (�D 2 + O02 + O11 + O20) � 2

+ (�D 2 (O01 + O10) + O03 + O12 + O21 + O30) � 3 +
�
�D 4 + D2

2

�D 2 (O02 + O11 + O20) + O04 + O13 + O22 + O31 + O40) � 4

+
� �

D2
2 � D4

�
(O01 + O10) � D2 (O03 + O12 + O21 + O30) + O05

+ O14 + O23 + O32 + O41 + O50) � 5 +
�
�D 3

2 + 2D2D4 � D6

+
�
D2

2 � D4
�

(O02 + O11 + O20) � D2 (O04 + O13 + O22 + O31

+ O40) + O06 + O15 + O24 + O33 + O42 + O51 + O60) � 6

+ O(� 7)
�

; (A.15)

where

Oij =
hOi D j i
hO0i

(A.16)

If hOi � as well as all the coe�cien ts Oi are real Oij is vanishing for odd j
and we are left with

hOi � = hO0i
�
1 + O10� + (�D 2 + O02 + O20) � 2 + (�D 2O10 + O12

+ O30) � 3 +
�
�D 4 + D2

2 � D2 (O02 + O20) + O04 + O22 + O40
�

� 4

+
� �

D2
2 � D4

�
O10 � D2 (O12 + O30) + O14 + O32 + O50

�
� 5

+
�
�D 3

2 + 2D2D4 � D6 +
�
D2

2 � D4
�

(O02 + O20) � D2 (O04

+ O22 + O40) + O06 + O24 + O42 + O60) � 6 + O(� 8)
�

: (A.17)

In chapter 5 we are faced with the special casethat Oi is real for even and
imaginary for odd i . Then Oij is real if and only if both i and j are even or
both are odd. In particular Oij is imaginary if only i or only j is even and
the other index is odd. If we demand now that hOi � is real for every value
of � the imaginary Oij have to cancel in someway. Becausethe odd orders
of hOi � in the expansion (A.15) are made up of imaginary O ij only these
orders must vanish. We are then left with

hOi � = hO0i
�
1 + (�D 2 + O02 + O11 + O20) � 2 +

�
�D 4 + D2

2 � D2 (O02

+ O11 + O20) + O04 + O13 + O22 + O31 + O40) � 4 +
�
�D 3

2

+2D2D4 � D6 +
�
D2

2 � D4
�

(O02 + O11 + O20) � D2 (O04 + O13

+ O22 + O31 + O40) + O06 + O15 + O24 + O33 + O42 + O51

+ O60) � 6 + O(� 8)
�

: (A.18)
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App endix B

Tabulated results

B.1 Screening mass coe�cien ts

Table B.1: Screening mass coe�cien ts of the heavy Q �Q pair in a
singlet state:

T=Tc m1
0=T m1

2=T m1
4=T m1

6=T
1.002 3.03(32) 1.846(77) -1.28(22) -0.38(59)
1.02 2.95(46) 1.710(53) -0.50(19) -1.70(71)
1.07 3.14(17) 1.034(53) -0.57(18) -0.09(48)
1.11 3.24(26) 0.529(21) -0.32(5) 0.043(81)
1.16 3.39(28) 0.427(12) -0.072(18) -0.056(23)
1.23 3.16(26) 0.345(12) -0.117(14) -0.022(17)
1.35 3.08(24) 0.211(9) -0.038(10) -0.0052(71)
1.50 2.90(17) 0.157(7) -0.0255(64) -0.0013(66)
1.65 2.84(11) 0.122(5) -0.0233(56) 0.0120(48)
1.81 2.85(19) 0.162(5) 0.0176(33) 0.0031(37)
1.98 2.57(7) 0.131(3) -0.0006(34) 0.0042(24)
3.00 2.46(8) 0.098(3) -0.0013(35) -0.0025(15)
4.01 2.34(9) 0.071(2) -0.0084(8) -0.0012(3)
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Table B.2: Screening mass coe�cien ts of the heavy Q �Q pair in a
color averaged state:

T=Tc mav
2 =T mav

4 =T mav
6 =T

1.002 2.72(36) -1.15(1.17) 0.44(3.39)
1.02 2.90(33) -0.56(1.24) -2.26(4.59)
1.07 1.91(44) -1.04(1.56) -0.22(4.26)
1.11 1.13(22) -0.63(57) -0.01(92)
1.16 1.02(11) -0.21(19) -0.07(24)
1.23 0.80(13) -0.24(16) -0.05(23)
1.35 0.46(13) -0.02(14) -0.00(11)
1.50 0.38(10) -0.13(10) -0.02(10)
1.65 0.25(11) -0.07(12) 0.00(9)
1.81 0.32(8) -0.01(5) 0.00(7)
1.98 0.28(7) -0.01(5) 0.00(5)
3.00 0.23(7) -0.02(9) -0.00(4)
4.01 0.15(6) -0.01(2) -0.00(1)

Table B.3: Screening mass coe�cien ts of the heavy QQ pair in a
anti-triplet state:

T=Tc m�3
1=T m�3

2=T
1.002 -0.459(56) 1.78(32)
1.02 -0.354(63) 1.66(22)
1.07 -0.210(17) 1.20(11)
1.11 -0.170(12) 0.60(55)
1.16 -0.138(8) 0.48(38)
1.23 -0.133(10) 0.37(30)
1.35 -0.079(6) 0.23(25)
1.50 -0.062(4) 0.18(19)
1.65 -0.035(3) 0.13(14)
1.81 -0.040(4) 0.17(11)
1.98 -0.042(3) 0.15(14)
3.00 -0.002(2) 0.10(7)
4.01 -0.016(2) 0.08(6)
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Table B.4: 0th order screening masses m0=T of mesons:

T=Tc � a0 � 1 � 2 � T bL aT

0.76 3.983(3) 6.248(55) 6.85(57)
0.81 3.989(3) 6.163(44) 6.58(22)
0.87 4.001(5) 6.101(52) 6.45(12)
0.90 4.001(5) 5.970(59) 6.25(11) 8.37(56)
0.96 4.085(8) 5.38(90) 5.977(55) 6.17(10) 7.48(40)
1.002 4.199(11) 5.09(49) 5.986(37) 6.51(52) 7.26(21)
1.02 4.300(12) 5.34(41) 6.032(57) 7.22(75) 7.06(19)
1.07 4.562(16) 5.33(20) 6.181(53) 6.96(28) 6.78(15)
1.11 4.736(18) 5.37(16) 6.276(51) 6.99(30) 6.71(14)
1.16 4.906(22) 5.37(12) 6.359(60) 6.92(15) 6.681(65)
1.23 5.119(26) 5.48(13) 6.432(66) 6.84(27) 6.66(14)
1.35 5.301(20) 5.521(77) 6.401(62) 6.61(20) 6.559(97)
1.50 5.471(24) 5.58(28) 6.493(42) 6.76(12) 6.63(11)
1.65 5.590(27) 5.673(97) 6.475(61) 6.71(11) 6.565(86)
1.81 5.671(28) 5.72(14) 6.550(56) 6.76(14) 6.62(13)
1.98 5.765(32) 5.847(85) 6.516(65) 6.68(11) 6.55(11)
3.00 6.075(37) 6.32(42) 6.632(11) 6.67(10) 6.57(11)
4.01 6.243(40) 6.19(12) 6.692(61) 6.76(11) 6.70(10)

Table B.5: 2nd order screening masses m2=T of mesons:
T=Tc � �
0.76 0.013(13) -0.11(13)
0.81 0.060(11) 0.238(90)
0.87 0.120(8) 0.28(13)
0.90 0.171(15) 0.203(76)
0.96 0.344(26) 0.505(89)
1.002 0.649(37) 0.727(78)
1.02 0.724(29) 0.773(79)
1.07 0.864(52) 1.098(47)
1.11 0.717(19) 0.948(30)
1.16 0.754(24) 1.646(67)
1.23 0.800(38) 1.738(90)
1.35 1.044(24) 2.037(64)
1.50 1.216(16) 2.389(44)
1.65 1.334(7) 2.517(45)
1.81 1.472(20) 2.70(10)
1.98 1.603(31) 2.853(80)
3.00 2.058(11) 3.409(28)
4.01 2.228(17) 3.726(19)
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Table B.6: 2nd order screening masses m2=T of mesons:

T=Tc � �
0.76 0.013(13) -0.11(13)
0.81 0.060(11) 0.238(90)
0.87 0.120(8) 0.28(13)
0.90 0.171(15) 0.203(76)
0.96 0.344(26) 0.505(89)
1.002 0.649(37) 0.727(78)
1.02 0.724(29) 0.773(79)
1.07 0.864(52) 1.098(47)
1.11 0.717(19) 0.948(30)
1.16 0.754(24) 1.646(67)
1.23 0.800(38) 1.738(90)
1.35 1.044(24) 2.037(64)
1.50 1.216(16) 2.389(44)
1.65 1.334(7) 2.517(45)
1.81 1.472(20) 2.70(10)
1.98 1.603(31) 2.853(80)
3.00 2.058(11) 3.409(28)
4.01 2.228(17) 3.726(19)

Table B.7: 0th order screening masses m0=T of the nucleon:
T=Tc N
0.76 9.86(21)
0.81 9.70(15)
0.87 10.00(20)
0.90 9.49(20)
0.96 9.34(22)
1.002 9.28(15)
1.02 9.22(20)
1.07 9.29(15)
1.11 9.29(28)
1.16 9.29(26)
1.23 9.30(37)
1.35 9.45(22)
1.50 9.67(32)
1.65 9.59(25)
1.81 9.73(27)
1.98 9.49(31)
3.00 9.79(27)
4.01 9.95(25)
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